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ORDEE OF PROCEEDINGS 

AT THE 

FORMAL CELEBRATION BY THE UNIVERSITY OF CAMBRIDGE 

OF 

THE JUBILEE OF 

Sir GEORGE (JABRIEL STOKES, Bart, MA, Hon LLD, Hon ScD 
Thursday, 1 June, 1899. 

In the evening the Vice-Chancellor was present at a Conversazione in the 
Fitzwilliam Museum About one thousand guests accepted the invitation of 
the University 

Lord Kelvin, on behalf of the subscnbeis to the maible busts of Sir G G. 
Stokes by Hamo Thornycroft, R A , offered one of tliem to the University, 
and the other to Pembioke College. The formei was accepted on behalf of the 
University by the Vice-Chancellor, the latter on behalf of the College by the 
Rev C. H. Prior, M A 

Friday, 2 June, 1899. A Congregation was held this day at 11 a.m. 
Sir G G Stokes sat on the right hand of the Vice-Chancellor 

The Delegates sent by Universities, Academies, Colleges and Societies were 
presented to the Vice-Chancellor in the chronological oidei of the Institutions 
represented. 

The names of the Institutions and of the Delegates were announced by 
the Registrary, as follows 

Univcisity of Pans Professor Gaston Daiboiix, Doifen de la Facultd 

des Sciences 

University of Oxford Sir William Reynell Auson, Bait, MP, and 

Robert Edward Baynes, M A , Leds Reader 
in Phi/sics 

University of Heidelberg Professor Quincke 

b2 
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University of St Andrews 
University of Glasgow 

Academies of Upsala, Copenhagen, Helsingfors 
University of Aberdeen 
University of Edinburgh 

University of Dublin 
Royal Society 


Academic des Sciences, Pans 
University of Pennsylvania ) 

American Philosophical Society j 

Gesellschaft der Wissenschaften zu Gottingen 
New York, Columbia University 

Pnnceton University, New Jersey 
Imperial Academy of Military Medicine, St 
Petersburg 

Bataafsch Genootschap voor Physika, Rotter- 
dam 

Acaddmie Royale des Sciences des Lettres et 
des Beaux Arts de Belgique 
Manchester Literary and Philosophical Society 
Royal Insh Academy 


Royal Society of Edinburgh 

St Edmund’s College, Ware 

icole Polytechnique, Pans 
ilcole Normale Sup4neure, Pans 
Royal Institution 


P. R. Scott Lang, M.A, Regius Professor of 
Mathematics. 

Very Rev. Robert Herbert Story, D.D., Prin- 
cipal, and Lord Kelvin, M.A., Hon. LL.D , 
GC.VO 

Professor Mittag-Leffler 
Sir William Duguid Geddes, LL.D., Principal. 
George Chrystal, M.A., Professor of Mathe- 
matics, and G. F. Armstrong, M.A , Pro- 
fessor of Engineering. 

George Salmon, D.D, Provost, and Benjamin 
Williamson, M.A., D.Sc. 

Lord Lister, Hon LLD, President 
Alfred Bray Kempe, M A , Treasurer 
Michael Foster, M A , Professor 
of Physiology 

Arthur William Rucker, M A. [• Secretaries 
(Oxon.), Professor of Physics, 

Royal College of Science. 

Professor Becquerel. 

Professor G F. Barker, Vice-President. 

Edward Riecke, P; ofessor of Physics 
Robert S Woodward, Ph D , Professor of 
Mechanics and Mathematical Physics, 
Dean of the Faculty of Pare Science 
Professor Edgar Odele Lovett 
Professor Egoroff. 

Dr Elie van Rijckevorsel. 

Professor Alphonse Ri^nard, Professor G Van 
der Mensbrugghe. 

Reginald Felix Gwyther, M.A, Secietary 
Earl of Rosse, K P , President, George F 
FitzGerald, M A , Professor of Natural 
and Experimental Philosophy, Trinity 
College, Dublin 

Lord Kelvin, M.A , Hon LL D , President, and 
Sir John Murray, KCB, Hon ScD 
Right Rev. J. L. Patterson, M A. (Oxon.), 
Bishop of Emmaus. 

Professor Cornu and Professor Becquerel. 
Professor Borel. 

Sir J Crichton Browne, M D (Edinb ), 
Treasurer. 
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Philosophical Society of Glasgow 
University of Bonn 
Cambridge Philosophical Society 
Royal Astronomical Society 

University of Toronto 

St David’s College, Lampeter 

Institution of Civil Engineers 
King’s College, London 

British Association 
University of Durham 

Solar Physics Committee, Science and Art 
Department 
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University of London 
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Queen’s College, Belfast 
Queen’s College, Galway 
University of Sydney 

Royal College of Science, London 
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University of Madras 

London Mathematical Society 
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Durham College of Science, Newcastle-on- 
Tyne 

University of Adelaide 

University College of Wales, Aberystwyth 
Physical Society of Pans 
Yorkshire College, Leeds 

Physical Society of London 

Mason College, Birmingham 


Lord Blythswood. 

Professor Kayser. 

Joseph Larmor, M A., President. 

George Howard Darwin, M.A., Plumian Pio- 
fessor of Astronomy, President 
R. Ramsay Wright, MA., B.Sc, Professor of 
Biology. 

A. W. Scott, M.A, Trinity College (Dubl.), 
Professor of Physical Science and Mathe- 
matics 

William Henry Preece, CB, President. 
Archibald Robertson, DD. (Duiham), Prin- 
cipal. 

Sir William Crookes, President 
Ralph Allen Sampson, M.A , Professor of 
Mathematics 
Prof G H. Darwin 

Alfred Newton, M A , Professor of Zoology 
and Comparative Anatomy. 

Sir H Roscoe. 

Dr T E Thorpe 

Thomas Hamilton, D.D., President 
Alexander Anderson, M A , President 
Philip Sydney Jones, M D (Lond ), Fellow of 
the Senate of the University of Sydney 
John Wesley Judd, C.B, LL.D, Dean] W A. 

Tilden, Piofessor of Chemistry 
Alfred Hopkinson, Q C , M A , Principal. 

Dr H M Biidwood, M A., CS.I 
Hon H H. Shephard, M A , Puisne Judge of 
the High Court of Madras 
Lord Kelvin, M A , Hon LL D , President. 
Edward John Routh, M.A , Sc.D 
Henry Palm Gurney, MA, Principal. 

Horace Lamb, M A , Professor of Mathematics 
in Owens College, Manchester. 

Robert Davies Roberts, M.A 
M Henri Deslandres 

Leonard J. Rogers, M A , Professor of Mathe- 
matics 

Oliver J Lodge, D Sc., Professor of Physics, 
University College, Liverpool, President. 
John Henry Poynting, Sc D , Professor of 
Physics 
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Johns Hopkins University, Baltimore 


Firth College, Sheffield 
University College, Bristol 

City and Guilds of London Institute for 
Advancement of Technical Education 
University College, Dundee 
University College, Nottingham 
Victoria University 
Royal University of Ireland 
Royal College of Science for Ireland 
University College, Liverpool 
University of the Punjab 


University College of South Wales, Cardiff 

University College of North Wales, Bangor 
Royal Indian Engineering College, Coopers 
Hill 

University of Allahabad 
University of Wales 


Simon Newcomb, Hon. Sc.D , LL D , Professor 
of Mathematics and Astronomy ; and 
Professor Ames. 

William Mitchinson Hicks, Sc.D., Principal. 
Frank R Barrell, M.A, Professor of Mathe- 
matics 

Sir Frederick Abel. K.C.B. 

John Yule Mackay, Principal 
John Elliotson Symes, M A , Principal. 
Nathan Bodington, Litt.D , Vice-Chancellor 
Right Rev. Monsignor Molloy, D.D , D Sc 
Walter Noel Hartley, Professor of Chemistry 
Richard Tetley Glazebrook, MA, Principal 
Sir Charles Arthur Roe, M A , late First 
Judge of the Chief Courts Punjab; late 
Vice-Chancellor of the University. 

H, W Lloyd Tanner, M A (Oxon ), Professor 
of Mathematics 

Henry R Reichel, M A (Oxon ), Principal 
Prof. A Lodge, M A. (Oxon.), Professor of 
Mathematics 

G. Thibaut, Ph D , Principal of the Muir 
Central College, Allahabad 
J Viriamu Jones, M A , Vice-Chancellor. 


The following Institutions sent Addresses : 

Yale University. 

American Academy of Arts and Sciences, Boston 
Royal Academy of the Netherlands 
Imperial University of Tokio 
Reale Accademia dei Lincei di Roma 

A telegram was received from the Hungarian Academy, and a letter from 
Professor Pascal, in the name of himself and the University of Pavia. 

At 1.30 p.M. the Vice-Chancellor gave a luncheon at Downing College, at 
which the Chancellor, Sir G. G. Stokes, the Delegates, the invited guests of 
the University, and many members of the Senate were present. 
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A second Congregation was held at 2.45 p.m. 

A Procession was formed at the Library at 2.35 p.m. in the following 
order . 

The Esquire Bedells 

Sir G. G. Stokes The Chancellor 

The Recipients of the Degree of Doctor in Science, honoris causd : 

1. Marie Alfred Cornu 2. Jean Gaston Darboux 

3. Alfred Abraham Michelson 4. Magnus Gustaf Mittag-Leffler 

5. Georg Hermann Quincke 6. Woldemar Voigt 

The Lord Lieutenant The Vice-Chancellor accompanied by the Registrary 
The Representatives in Parliament 
The Heads of Colleges 
Doctors in Divinity 
Doctors in Law 
Doctors in Medicine 
Doctors in Science and Letters 
Doctois in Music 

The Public Oiator 

The Librarian 
Professors 

Members of the Council of the Senate 
The Proctors 

The Procession passed round Senate House Yard, and entered the Senate 
House by the South Door 
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The following Address, as approved by the Senate, and sealed with the 
University seal, was read by the Public Orator, and presented to Sir George 
Gubriel Stokes by the Chancellor. 

Baronetto ineigni 
Georgia Gabrieli Stokes 
luns et Scientiarum Doctoi'i 
Regiae Societatis quondam Praesidi 

Scientiae Mathematicae per annos quinquaginta inter Cantabrigienses Professori 

S P, R 

Universitas Cantabrigiensis 

Quod per annos quinquaginta inter nosmet ipsos Professoris munus tarn praeclare 
omavisti, et tibi, vir venerabilis, et nobis ipsis vehementer gratulamur. luvat vitam tarn 
longam, tarn serenam, tot studioruni fructibus maturis felicem, tot tantisque honoribus 
illustrem, tanta morum modestia et benignitate msignem, hodie paulisper contemplan Anno 
eodem, quo Regina nostra Victoria insularum nostrarum solio et sceptro potita est, ipse 
eodem aetatis anno Newtoni nostri Universitatem luvenis petisti, Newtoni cathedram postea 
per decern lustra ornaturus, Newtoni exemplum et in Senatu Britannico et in Societate 
Regia ante oculos habiturus, Newtoni vestigia in scientiarum terminis profeiendis pressurus 
et ingenii tanti imaginem etiam nostro in saeculo praesentem redditurus Ohm studiorum 
matheinaticorum e certamine laurea puma reportata, postea (ne plura commemoremus) 
primum aquae et immotae et turbatae rationes, quae hydrostatica ct hydrodynamica 
nommantur, subtihssime exammasti , demde vel aquae vel aeris fluctibus corporum motus 
paulatim tardatos mmutissime perpendisti, lucis denique leges obscuras ingenii tui lumine 
luculenter illustrasti. Idem etiam scientiae mathematicae in puro quodam caelo diu vixisti, 
atque hominum e contro versus procul remotus, sapientiae quasi in teinplo quodam seieno 
per vitam totam securus habitfisti. In posterum autem famam diuturnam tibi ptopterea 
praesertim auguramur, quod, in mventis tuis pervulgandis perquam cautus et consideratus, 
nihil praeproperum, nihil immaturum, iiihil temporis cursu postea obsolefactum, sed omnia 
matura et perfecta, omnia omnibus numeris absoluta, protuhsti Talia propter merita non 
modo in insulis nostris doctrinae sedes septem te doctorem honoris causa nominaverunt, 
sed etiam exterae gentes honoribus eximiis certatim cumulaverunt Hodie eodem doctoris 
titulo studiorum tuorum socios nonnullos exteris e gentibus ad nos advectos, et ipsorum 
et tuum in honorern, velut exempli causa, libenter ornamus. In perpetuum denique obser- 
vantiae nostrae et reverentiae testimonium, in honorern alumni diu a nobis dilecti et ab 
aliis nomisrnate hononfico non uno donati, ip&i nomisma novum cudendum curavimus In 
honore nostro novo in te primum conferendo, inter vitae ante actae gratulationes, tibi 
omnia prospera etiam in posterum exoptamus. Vale 

Datum in Senaculo 
mensis lunii die secundo 

A. 8 MDCCCXCIX 
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A Commemorative Gold Medal was presented to Sir G. G. Stokes by the 
Chancellor. 

Professor Cornu and Professor Becquerel presented the Arago Medal to 
Sir G. G. Stokes on behalf of the Academy of Sciences, Paris. 

The following degrees were conferred : 

Doctors in Science {honoris camd) 

Mane Alfred Cornu 

(Professor of Experimental Physics in the ^cole Polytechnique, Pans) 

Jean Gaston Darboux 

(Dean of the Faculty of Sciences m the University of France) 

Albert Abraham Michelson 

(Professor of Experimental Physics in the University of Chicago) 

Magnus Gustav Mittag-Leffler 
(Professor of Pure Mathematics, Stockholm) 

Georg Hermann Quincke 

(Professor of Experimental Physics in the University of Heidelberg) 

Woldemar Voigt 

(Professor of Mathematical Physics in the University of Gottingen) 

The Public Orator made the following speeches in presenting the several 
recipients of honorary degrees to the Chancellor. 

Primum vobis praesento artium plurimarum Scholae Parisiensis professorera, quern in 
hoc Ipso loco die hesterno perspicuitate solita disserentem audivistis, virum non modo solis 
de lumine in partes suas solvendo, sed etiam orbis terrarum de mole metienda per annos 
plurimos praeclare meritum. Lucis in natura explicanda, quanta cum doctrmae elegantia, 
quanta cum experimentorum subtilitate, quam diu versatus est Idem quam accurate 
velocitatem illam est dimensus, qua per aens intervallum immensum lucis simulacra 
imnutissima transvolitant, 

* suppeditatur enim confestim lumine lumen, 
et quasi protelo stimulatur fulgere fulgur.’ 

Lucis transmittendae in Xafnra87j<f>opCa quam fcliciter lampada a suis sibi traditara ipse 
etiam trans aequor Atlanticum alii tradidit 

Duco ad VOS Alfredum Cornu 

VoL. XVIII. 
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Sequitur deinceps vir insignia Nemausi natus, Parisiensium m Universitate illustri 
geometriam diu professus et scientiarum facultati toti praepositus. Pentis nota sunt 
quattuor ilia volumina, in quibus superficierum rationem universam inclusit ; etiam pluribus 
notum est, quantum patnae legatus deliberationibus illis profuent, quae a Societate nostra 
Regia priraum institutae, id potissimum spectant, ut omnibus e gentibus quicquid a 
scientiarum cultoribus conquintur, indicia unius m thesaurum, gentium omnium ad fructum, 
in posterum conferatur. Incepto tan to talium virorum auxilio ad exitum perducto, inter 
omnes gentes ei qui rerum naturae praesertim scientiam excolunt, sine dubio vinculis 
artioribus inter sese coniungentur. 

Duco ad VOS Iohannem Gastonum Darboux. 

Trans aequor Atlanticum ad nos advectus est vir msignis, qui ea quae professor 
noster Lucasianus de aethens immensi regione, in qua lux propagatur, orbia terrarum 
motu perturbata, ohm praesagiebat, ipse expenmentis exquisitis adhibitis penitus exploravit. 
Lucis explorandae m provincia is certe scientiarum inter lumina numerator, qui ohm 
fratrum nostrorum transmarinorum in classe non ignotus, lampade trans oceanum e Gallia 
sibi tradita fehciter accepta, etiam exteris gentibus subito affulsit, velocitatem immensam 
eleganter dimensus, qua lucis fluctus videntur (ut Lucretii verbis utar) 

‘per totum caeh spatium diffundere sese, 
perque volare mare ac terras, caelumque rigare' 

Duco ad VOS Albertum Abraham Michei^son. 


Scandinavia ad nos misit scientiae mathematicae professorem illustrem, qui studiorum 
suorum velut e campo puro laudem plurimam victor reportavit Idem Regis sui auspiciis, 
qui praemiis propositis magnum huic scientiae attulit adiumentum, etiam exterarum 
gentium ad communem fructum prope viginti per annos Acta ilia Mathematica edidit, quae 
in his studiis quasi gentium omnium mtemuntium esse dixenm Ipse Homerus (ut Pindari 
versus verbo uno tantum mutato proferam) arfyeXov i&\6v rifiav ’jrpd’^^rL 

travrX <f>€peiv' aH^erai teal Md07jcri<; Bi dyy€\ia<; opOd<i. 

Duco ad VOS Magnum Gustavum Mittag-Lepfler. 

Universitatem Heidelbergensem abhinc annos quadraginta professorum par nobile 
spectroscope invento in perpetuum illustravit Adest inde discipulorum plurimorum m 
scientia physica praeceptor, qui et in instrumentis novis mvemendis sollertiam smgularem 
et in eisdem adhibendis industriam indefessam praestitit Ei qui in scientiae physicae 
ratione universa versati, viri huiusce inventis utuntur, etiam de sua scientia verum esse 
confitebuntur, quod de arte oratona praesertim dixit Quintilianus : — ‘ m omnibus fere minus 
valent praecepta quam expenmenta.’ 

Duco ad VOS Georgium Herm annum Quincke. 
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Univereitatem Goettingensem, a Rege nostro Hanoveriensi Georgio secundo conditam, 
vinculo non uno cum Universitate nostra coniunctam esse constat. Constat eandem etiam 
per annos prope quinquaginta Caroli Frederici Gaussii, scientiae mathematicae et physicae 
professons celeberrimi, gloria esse illustratam, qui cum ingenio fecundissimo disserendi genus 
Donsummatum comunxit. luvat mde professorem ad nos advectum excipere, qui scientiae 
eiusdem pulchemmam nactus provinciam, etiam lucem ipsam et crystalla ingemi sui lumme 
illustravit. 

Sex virorum insigmum senem consummavit hodie Woldemar Voigt 

In the evening the Chancellor presided at a dinner in the Hall of 
Trinity College (kindly placed at the disposal of the University by the 
Council of the College), at which Sir George Gabriel Stokes, the Delegates, 
and the invited guests of the University were entertained. 


JOHN WILLIS CLARK, 
Registrary, 




LA THfiOEIE DES ONDES LUMINEUSES; 

SON INFLUENCE SUE LA PHYSIQUE MODEENE*. 


Par ALFRED CORNU, 

DE l’aCADEMIS DBS BCIENOES ET DE LA BOCU&tA BOYALE DE LONDRBS, 
PEOFESBEUB X l’^OOLE POLYTECHNIQDE. 


THE REDE LECTURE (l®’^ JUIN 1899). 


Notre ^poque se distingue des 4ges prdc^ents par une merveilleuse utilisation des 
forces naturelles; rhomme, cet ^tre faible et sans defense, a su, par son g^nie, acqu6rir 
une puissance extraordinaire et plier k son service des agents subtils ou redoutables, dont 
ses anc^tres ignoraient m^me I’existence. 

Cet admirable accroissement de la puissance mat^rielle de Thomme dans les temps 
modemes est dd tout entier k I’^tude patiente et approfondie des phdnomenes de la 
Nature, k la connaissance precise des lois qui les rdgissent et 6, la savante combinaison 
de leurs effets 

Mais ce qui est particuli^rement instructif, c’est la disproportion qui existe entre le 
ph^nombne primitif et la grandeur des effets que I’lndustrie en a fait jaillir Ainsi, ces 
formidables engins fondds sur I’^lectricit^ ou la vapeur ne ddnvent ni de la foudre, ni 
des volcans; ils tirent leur origine de ph^nombnes presque imperceptibles qui seraient 


* En dehors de I’lnt^rdt que pidsente un coup d’ceil 
d’ ensemble sur les progrds et I’lnfluence de I’Optique, cette 
lecture offre lee conclusions d’une dtude approfondie da 
Trait4 d’Optique de Newton. On verra que la p€n84e du 
grand physicien a 4t6 Bingulidrement alt4r4e par une sorte 
de 14gende r4pandue dans les trait4s 414nieDtaires od la 
th4orie de r4miB8ion est expoB4e Pour rendre plus claire 
la th4orie des aocds, les oommentateurs ont imagin4 de 
inat4nali8er la mol4cule lumineuse, sous la forme d’nne 
fl4ohe rotative se pr48entant altemativement par la pointe 
et par le travers. Ce mode d’exposition a oontnbu4 k 
faire oroire que toute la th4orie newtonienne de P4mission 
4tait renferm4e dans cette image un peu enfantine , il n’en 
est rien. Nulle part, dans son Trait4, Newton ne donne 
une repr4sentatiou m4oanique de la mol4oule lummeuse il 


se borne k d4crire les faits, puis les r4sume dans un 4nonc4 
empiriquc, sans explications hypoth4tique8 II se d4fend 
m4me de faire aiicune th4one, quoique I’lntervention des 
ondes excit4eB dans r4ther lui apparaisse oomme fort pro- 
bable De sorte que Timpression g4n4rale r4sultant de la 
lecture du Trait4 d’Optique, et surtout des "Questions” du 
troi8i4me livre, peut se r4sumer en disant que Newton, 
loin d’etre I’adversaire du syst^me de Descartes, comma on 
le repr4sente g4n4ralement, est, au oontraire, tr4s favo- 
rable aux principes de ce syst^me frapp4 des ressources 
qu’offrait rhypoth^se ondulatoire pour I’explication des 
ph4nom4ne8 lumineux, il I’aurait sans doute adopt4e, si 
Tobjection grave relative k la propagation rectiligne de la 
lami4re, rdsolue seulement de nos jours par Fresnel, ne 
Ten avait d4tourn4. 
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demeur^s dternellement caches aux yeux du vulgaire, mais que des observateurs p^n^tranta 
out su reconnaltre et appr^cier. 

Cette humble origine de la plupart des graudes d^couvertes dont rhumanit6 b^n^ficie 
montre bien que c’est I’espnt scientifique qui est adjourd’hui le grand ressort de la vie 
des nations et que c’est dans le progr^s de la Science pure qu’il faut chercher le secret 
de la puissance croissante du monde modeme 

De Ik une s4rie de questions qui s’lmposent k Tattention de tous. A quelle occasion 
le goiit de la Philosophic naturelle, si chbre aux philosophes de I’Antiquit^, abandonn^e 
pendant des siecles, a-t-il pu renaitre et se ddvelopper? Quelles ont 4t4 les phases de 
son ddveloppement ? Comment ont apparu ces notions nouvelles qui ont si profonddment 
modifid nos iddes aur le mdcanisme des forces de la Nature^ Enfin, quelle est la voie 
fdconde qui, insensiblement, nous conduit k d’admirables gdndralisations, conformdment au 
plan grandiose entrevu par les fondateurs de la Physique moderne ? 

Telles sont les questions que je me propose, comme physicien, d’examiner devant 
vous : c’est un sujet un peu abstrait, je dirai mdme un pen sdvbre , mais nul autre ne 
m’a paru plus digne d’attirer votre attention, k la fete que I’Universite de Cambridge 
cdlbbre aujourd’hui, pour honorer le cmquantenaire du professorat de Sir George-Gabnel 
Stokes, qui, dans sa belle carndre, a prdcisdment touchd d’une main rnagistrale aux 
problbmes les plus profitables k Tavancement de la Philosophie naturelle. 

Ce sujet est d’autant mieux k sa place ici qu’en citant les noras des grands esprits 
qui ont le plus fait pour la Science, nous trouverons ceux qui honorent le plus I’Universitd 
de Cambndge, ses professeurs on ses dleves, Sir Isaac Newton, Thomas Young, George 
Green, Sir George Airy, Lord Kelvin, Clerk Maxwell, Lord Rayleigh; et le souvenir de 
gloire qui se perpdtue k travers les sidcles jusqu’au temps prdsent rehaussera I’dclat de 
cette belle cdrdraonie. 


I 

Cherchons done, dans un rapide coup d'oeil sur la Renaissance scientifique, a reconnaitre 
Tinfluence secrete, mais puissante, qui a dtd la force directnce de la Physique moderne. 

Je suis portd k penser que I’dtude de la lumikre, pai I'attraction qu’elle a exerc4e 
sur les plus vigoureux esprits, a 4t4 Tune des causes les plus efficaces du retour des 
id4es vers la Philosophie naturelle, et k consid^rer I’Optique comme ayant eu sur la 
marche des Sciences une influence dont on ne saurait exag4rer la portde. 

Cette influence, d4jk visible d^s la creation de la Philosophic experimentale, par 
Galilde, a grandi dans de telles proportions qu’on pr4voit aujourd’hui une immense synthase 
des forces physiques, fondee sur les pnncipes de la The'oiie des ondes lumineuses. 

On se rende compte ais4ment de cette mfluence lorsqu’on songe que la voie par 
laquelle arrive k notre intelligence la connaissance du monde ext4neur est la lumikre. 

C’est, en effet, la vision qui nous fournit les notions les plus rapides et les plus 
completes sur les objets qui nous entourent, nos autres sens, Touie, le toucher, nous 
apportent aussi leur part d’mstruction, mais la vue seule nous foumit une abundance 
d’informations simultan^es, forme, dclat, couleur, qu’aucun des autres sens ne peut nous 
donner. 
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II n’est done pas dtonnant que la lumifere, hen perpdtuel entre notre personnalit4 
et le monde ext^neur, intervienne k chaque instant, par toutes lea ressources de sa 
constitution intime, pour pr6ciser Tobservation des ph^nom^nes naturels. Aussi chaque 
d(^couveite relative k quelque propridtd nouvelle de la lumibre a-t-elle eu un retentissement 
imm^diat sur les autres branches des connaissances humaines, souvent m^me, elle a d^ter- 
min^ la naissance d’une science nouvelle en apportant un nouveau moyen d’investigation 
d’une puissance et d’une ddlicatesse mattendues. 

L’Optique est v4ritablement une science moderne, les anciens philosophes n’avaient 
pas soup9onn4 la complexity de ce qu’on appelle vulgairement la lumi^ie: ils coufondaient 

sous la mdme dynomination ce qui est personnel k Thomrae et ce qui lui est ext4rieur. 

Ils avaient cependant aper^u une des propn^tys cai’actynstiques du hen qui existe entre 
la source lumineuse et Toeil qui per^oit Timpression : la lumikre se meut en ligne droite. 

L’expynence vulgaire leur avait ryvyiy cet axiome, en observant les trainyes bnllantes 

que le Soleil trace dans le ciel en per 9 ant les nudes brumeuses ou en pdndtrant dans 
un espace obscur De l^l dtaient rdsultyes deux notions empiriques- la ddfinition des 
rayons de himi^re et celle de la hgne droite , la premiere devint la base de I’Optique , 
Tautre, la base de la Gdomytrie 

II ne nous reste presque rien des livres d’Optique des anciens, nous savons, toutefois, 
qu’ils connaissaient la rdflexion des rayons luraineux sur les surfaces pohes et I’explication 
des images forindes par les miroirs. 

II faut attendre bien des sidcles, jusqu’^i la Renaissance scientifique, pour rencontrer 
un nouveau progrds dans I’Optique, mais celui-l^i est considdrable, il annonce I’dre nouvelle: 
e’est I’lnvention de la lunette astronomique. 

L’fere nouvelle commence a Galilde, Boyle et Descartes, les fondateurs de la Philo- 
sophie expdrimentale , tons trois consacrent leur vie k mdditer sur la nature de la lumi^re, 
des couleurs et des forces Galilde jette les Bases de la Mdcanique, et, avec le telescope 
^ refraction, celles de 1’ Astronomic physique , Boyle perfectionne Texperimentation , quant 
It Descartes, il embrasse d’une vue pendtrante I’enserable de la Philosophic naturelle, 
il repousse toutes les causes occultes admises par les scholastiques , il pose en principe 
que tons les phenom^nes sont gouvernes par les lois de la Mycanique. Dans son systeme 
du monde, la lumifere joiie un r61e preponderant*, elle est produite par les ondulations 
excitees dans la mati^re subtile qui, suivant lui, rempht tout I’espace Cette matiere 
subtile (qui reprysente ce que nous appelons aujourd'hui I’yther), il la considfere comme 
formye de particules en contact immydiat, elle constitue done en m^me temps le vehicule 
des forces existant entre les corps inatyriels qui y sont plongys. On reconnait lit les fameux 
tourbillons de Descartes, tant6t admirds, tant6t bafou^s aux sibcles demiers, mais auxquels 
d’habiles gyomytres contemporains ont rendu la justice qui leur est due. 

Quelle que soit Topinion qu’on porte sur la rigueur des dyductions du grand philosophe, 
on doit rester frappy de la hardiesse avec laquelle il affirme la liaison des gi'ands probl^mes 
cosmiques, et de la pynytration avec laquelle il annonce des solutions dont les gyndrations 
actuelles s’approchent msensiblement 


Le Monde de M. Descartes ou le TraiU de la Lumtire. Pans, 1664. 
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Pour Descartes, le m^canisme de la lumifere et celui de la gravitation sont inseparables ; 
le sifege des phenombnes qui leur correspondent est cette matifere subtile qui remplit 
rUnivers et leur propagation doit s’effectuer par ondes autour des centres actifs. 

II 

Cette conception de la nature de la lumiere heurtait les id^es en faveur, elle souleva 
de vives oppositions Depuis I’Antiquite, on avait couturae de se representer les rayons 
lumineux comme la trajectoire de projectiles rapides lances par la source radiante, leur 
choc sur les nerfs de Toeil produisant la vision, leur rebondissement ou leur changement 
de Vitesse, la rdflexion ou la refraction 

La thdorie cartesienne avait toutefois des aspects sdduisants qui lui amen^rent des 
defenseurs: les ondes excitdes k la surface des eaux tranquilles offrent une image si 
claire de la propagation d’un mouvement autour d’un centre d’^branlement ! D’autre part, 
n’est-ce pas par ondes que nous arnvent les impressions sonores? L’esprit dprouve done 
une veritable satisfaction penser que nos deux organes les plus precis et deiicats, I’ceil 
et Toreille, sont irapressionnes par un mecanisme de meme nature 

Cependant, une grave difference subsiste; le son ne se meut pas necessairement en 
ligne droite comme la luraiere, il tourne les obstacles quon lui oppose et parcourt les 
routes les plus sinueuses presque sans s’affaiblir. 

Les physiciens se partagbrent alors en deux camps, les uns, partisans de remission, 
les autres, partisans des ondes Comme chacun des deux systfemes se pretendait superieur 
k I’autre, et I’etait en effet sur quelques points, il fallait en appeler d’autres phenombnes 
pour trancher entre eux. 

Le hasard des ddeouvertes en amena plusieurs qui auraient dff decider en faveur 
de la thdorie des ondes, ainsi qu’on le reconnut un si^cle plus tard, mais les claires 
ventds n’apparaissent jamais sans un long labeur. 

Un compromis singulier s’etablit entre les deux systdmes, ^ Tabri d’un nom illustre 
entre tous, et la victoire fut attnbude, pendant un sidcle, k la thdorie de remission; 
en voici I’etrange histoire • 

En 1661 , un jeune dleve plein d’ardeur et de pendtration entrait k Trinity College 
de Cambridge ; il se nommait Isaac Newton , il avait ddj^ lu dans son village VOphque 
de Kepler A peine entrd, tout en suivant les lemons d’Optique de Barrow, il dtudie 
avec passion la Geometne de Descartes, il achhte sur ses economies un prisme pour 
etudier les couleurs et, entre temps, mddite ddj^t longuement sur les causes de la 
gravite. Huit ans aprhs, ses raaitres le trouvent digne de sucedder k Barrow dans la 
chaire lucasienne, et il enseigne k son tour I’Optique L’dldve ddpasse bientdt le maitre 
et annonce une ddeouverte capitale- La lumidre blanche, qui semblait le type de la 
lumihre pure, n’est pas horaogdne; elle est formee de rayons de diverses rdfrangibilites. 
Et il le ddmontre par la cdldbre expdnence du spectre solaire, dans laquelle un rayon 
de lumibre blanche est ddeomposd en une sdrie de rayons colords comme I’arc-en-ciel ; 
chacune de ces couleurs est simple, car le prisme ne la decompose plus. Telle est 
rorigine de I’analyse spectrale. 
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Cefcte analyse de la lumi^re blanche amena Newton k exphquer les colorations des 
lames minces qu’on observe en particulier sur les bulles de savon , I’exp^rience fonda- 
mentale, dite des anneaux de Newton, est Tune des plus mstructives de I’Optique, et 
les lois qui la r^sument sont d’une admirable simplicity. II en exposa la throne dans 
un discours adress^ y, la Soddtd Royale sous le titre : Hypothese nouvelle concernant la 
lumi^re et les couleurs. 

Ce discours provoqua de la part de Hooke une vive reclamation. Hooke avait 

antyrieurement observy aussi les colorations des lames minces et cherchy k les exphquer 
dans le systbme des oudes: il avait eu le myrite (que Newton lui-myme reconnut sans 
peine) de substituer k I’onde progressive de Descartes une onde vibratoire, notion 

nouvelle et extremement importante : il avait meme aper 9 u le rdle des deux surfaces 
ryflychissantes de la lame mince, ainai que Taction mutuelle des ondes ryflychies Hooke 
eht ainsi le vyritable prycurseur de la the'orie moderne, s’ll avait eu, coinme New- 

ton, la perception claire des rayons simples ; mais ses raisonnements vagues pour ex- 
pliquer la coloration 6tent toute valeur demonstrative a sa thyorie 

Newton fut trfes aflfecty de cette rydamation de priority, il combat les arguments 
de son adversaire en rappelant que la thyorie des ondes est inadmissible, parce qu’elle 

ne rend pas compte de Texistence du rayon lumineux et des ombres II se dyfend 

d’avoir constituy une thyone, il declare qu’il n’admet ni Thypothbse des ondes, ni celle 
de remission , seulement il est obligy, pour abieger le discours et faire image, d’avoir 
recours Time et Tautie, comme s’ll les admettait. 

Et, en fait, dans la XII® Proposition, au II® livre de son Optique*, qui constitue 

ce que Ton a appeld depuis la thdorie des acch, Newton reste absolument sur le terrain 

des faits 

Il dit simplement “Le phynomyne des lames minces prouve que le rayon lumineux 
est mis alternativement dans un acces de facile ryflexion on de facile transmission” 
Il ajoute, totttefois, (pie si Ton ddsire une explication de ,ces alternances, on peat les 
attnbuer aux vibrations excityes par le choc des corpuscules et propagyes sous forme 
d’ondes par Tytherf 

En rysumd, malgre son ddsir de rester sur le terrain 'solide des faits, Newton n’a 
pas pu s’empecher d’essayer une explication rationnelle, il a trop lu les dents de Des- 
cartes pour n’dtre pas, au fond, comme Huyghens, partisan de Tuniversel mdcanisme et 
pour ne pas ddsirer seerdtement trouver, dans les ondulations pures, Texplication du 
beau phynorndne qu’il a rdduit en lois si simples 

Son admiiable livre des Pnneipes porte la trace de ses profondes rndditations sur la 
propagation des ondes, car on y trouve, pour la premiere fois, Texpression mathymatique 
de leur vitesse, aussi bien pour les vibrations longitudinales des corps compressibles que 
pour les vibrations transversales des surfaces fluides. 

* Prop XII —Tout rayon de lumidre dans son passage r4frmgente, et entre les retours, k 6tre ais4ment r4fl6ohie 
1 ^ travers une surface r4fringente est mis dans un certain par elle 

4tat passager qui, dans la progression du rayon, revient k (Sir Isaac Newton, Optteks or a Treatise of the Be- 
intervalles 4gaux et dispose le rayon, k ohaque retour, A flections. Refractions, Inflexions and Colours of Light — 
6tre facilement transmis k travers la procbaine surface London, 1718, second edition, with additions, p 263 ) 
t Loe. ett , p 255 
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Mais c’est surtout le troisifeme livre de son Optique, qui t^moigne le plus vivement 
de ses ajspirations cart^siennes et surtout de sa perplexity. Ses fameuses Questions ’* 
sont un exposy si complet des arguments en faveur de la thyorie des ondes lumineuses 
que Thomas Young les citera plus tard comme preuve de la conversion finale de 
Newton k la doctnne ondulatoire Newton aurait certainement c^dd k ce secret en- 
trainement si la logique inflexible de son esprit le lui avait per mis ; mais, apies avoir 
dnumyre toutes les ressources dont la thdone des ondes dispose pour expliquer la nature 
intime de la lumifere, arnvy aux demi^rea questions, il s^arr^te comme pris d’un remords 
subit et la rejette rdsolument. Et le seal argument qu’il donne, c’est qu’il n’y voit 
pas la possibility de rendre compte du rayon lummeux rectihgne* 


* Voici, d’abord, un extrait des “ QuetUons" qui prouve 
la tendance des vues de Newton vers la throne ondulatoire 
et les id^es oart^siennes 

**Quettton 12 — Lee rayons de lumifire, en frappant le 
fond de Toeil, n’excitent-ils pas des vibrations dans la 
tunica retina 1 Ces vibrations, 4tant propag^es le long des 
fibres solides des nerfs optiques dans le oerveau, causent la 
sensation de la vision 

“ Queetion 13 — Les di verses sortes de rayons ne font- 
elles pas des vibrations de diverses grandeurs, qui, suivant 
leurs diverses grandeurs, exoitent les sensations des diverses 
oouleurs, de la mfime mani^re que les vibrations de I’air, 
suivant leurs diverses grandeurs, exoitent les sensations 
des divers sons? Et, en partioulier, ne sont-oe pas les 
rayons les plus r^frangibles qui exoitent lee plus oourtes 
vibrations pour produire la sensation du violet extreme, 
les moms r4frangibles, les plus grandee, pour produire la 
sensation du rouge extreme, etc.? 

“ Question 18 — La chaleur d’un espace chaud n’est-elle 
pas tiansmise k travcrs le vide par les vibrations d’nn 
milieu beaucoup plus subtil que I’air, qui reste dans le vide 
aprds que Fair en a 4t4 enlev4 ? 

"Et ce milieu n’est-il pas le m4me que le milieu par 
lequel la lumi4re est r6fract6e et r4fl4chie, par les vibra- 
tions duquel la lumidre communique la chaleur aux corps 
et est mise dans les acc^s de facile reflexion et de facile 
transmission ? 

" Et ce milieu n’est-il pas infiniment [exceedingly) plus 
rare et subtil que Fair et infiniment plus ^lastique et actif ? 
Et ne remplit-il pas tons les corps? Et (par sa force 
^lastique) ne se r4pand-il pas dans tout Fespaoe celeste?” 

Newton examine ensnite le r6le possible de ce milieu 
(Father) dans la gravitation et dans la transmission des 
sensations et du mouvement chez les 4tres vivants (ques- 
tions 19 k 24) Les propn4t4s dissym4triques des deux 
rayons du spath d'lslande attirent 4galement son attention 
(questions 26 et 26). 

Puis arrive cette volte-face soudame, cette espdce de 
remords d’avoir expose avec trop de complaisance les 
ressources de la throne cart^sienne fondde sur le pUtn il 
fait, en quelque sorte, amende honorable et continue ainsi* 

" Question 27 — Ne sont-elles pas erron4es toutes les 
hypotheses qui ont 4t4 invent4es jusqu’ici pour expliquer 


les ph4nomenes de la lumiere par de nouvclles modifica- 
tions des rayons ? 

‘‘ Question 28 — Ne sont-elles pas erron4e8 toutes les 
hypotheses dans lesquelles la lumiere est supposde con- 
sister en une pression ou un mouvement propag4 k travers 
un milieu fiuide ? 

" Si elle (la lumi4re) cousiste seulement en une pression 
ou un mouvement propag4 in8tantan4ment ou progressive- 
ment, elle se courberait dans Fombre. Car une pression 
ou un mouvement ne pent pas se propager en ligne droite 
dans un fluide au deU de Fobstacle qui arr4te une partie 
du mouvement , il y a inflexion et dispersion de tons c6t6s 
dans le milieu en repos 8itu4 au deld de Fobstacle 

" Car une cloche ou un canon peuvent s’entendre au 
deld d’une colline qui mtercepte la vue du corps sonore, et 
les sons se propagent aussi bien k travers des tubes courb48 
qu’h travers des tubes droits Tandis que Fon ne voit 
jamais la lumi6ie suivre des routes tortueuses, ni s’ln- 
fl4chir dans Fombre ” 

Devant cette objection, Newton se voit oblig4 do revenir 
k la th4one corpusoulaire 

** Question 29 — Les rayons de lumi4re ne sont-ils pas 
de petits corps 4mi8 par les substances bnllantes? 

“ Question 30 — Les corps grossiers de la lumi4re ne sont- 
ils pas convertissables Fun dans I’autre? Le changement 
des corps en lumidre et de lumi4re eu corps mat4rielB est 
trbs conforme au cours de la nature, qui se plait aux trans- 
mutations." 

La logique le force k poursuivre I’hypoth^se du vide et 
des atomes et m4rae k invoquer (question 28, p 343), ^ ce 
sujet, Fautorit4 des anciens philosophes de la GrSce et de 
la Phenicie on ne doit done pas s’4toDner de voir sa per- 
plexit4 se traduire par les paroles suivantes 

‘‘ Question 31* et derni4re — Les petites particules des 
corps n’ont-elles pas certains pouvoirs, vertus ou forces, 
par lesquels elles agissent k distance non seulement sur les 
rayons de lumiftre pour les r4fl4chir, les r4traoter ou les 
infl4chir, mais aussi les unes sur les autres pour produire 
une grande partie des ph4nom4ne8 de la Nature?” 

Mais il s’aperqoit qu'il va peut-fitre un pen lorn et qu’il 
va se compromettre aussi ses seerdtes tendances, d4velop> 
p4e8 dans la premiere question, reparaissent-elles un in- 
stant * 
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Consid^r^ It ce point de vue, le troisi^me livre de XOptique n'est plus la discussion 
seulement impartiale de syst^mes opposes ; il apparait comme la peinture des 8ou6Prances 
d’lm g4nie puissant, tourment^ par le doute, tour It tour entrain^ par les suggestions 
sdduisantes de Tiinagination et rappele par les exigences imp^rieuses de la logique. 
Nous assistons It un diame, k I’^ternel combat de Tamour et du devoir, et c’est le 
devoir qui a 4t4 le plus fort 

Telle est, j’lmagine, la genfese intime de la Throne des accfes, m(^lange bizarre des 
deux systfemes opposes, elle a 6t4 beaucoup admirde k cause de I’autonte du grand 
g^ombtre qui a eii la gloire de ramener Tensemble des mouvements celestes k la loi 
unique de la gravitation universelle. 

Aujourd’hui, cette throne est abandonn4e , elle est condamn^e par Vexperiinentum 
cruets d’Arago, realise par Fizeau et Foucault on doit pourtant reconnaitre qu’elle a 
constitu^ un r^el progr^s par la notion precise et nouvelle qu’elle lenferme. Le rayon 
de lumi^re consider^ jusque-llt etait simplement la trajectoire d’une particule en mouve- 
ment rectiligne le rayon de lumi^re tel que le d^crit Newton possede une structure 
p^nodique rdgulifere, et la p<^riode ou longueur d’acch caract4rise la couleur du rayon; 
c’est IIl un r^sultat capital 11 ne manque plus qu’une interpretation convenable pour 
transformer le rayon lumineux en une onde vibratoire , mais il faut attendre un sibcle, 
et c’est le Thomas Young qui, en 1801, aura I’honneur de la d^couvrir 


III 


Reprenant I’etude des lames minces, Thomas Young montre que tout s’explique 
avec une extreme simphcite, si Ton suppose que le rayon lumineux homogfene est 
I’analyse de I’onde sonore produite par un son musical , 4^e les vibrations de Tether, 
soumises aux lois des petits mouvements, doivent se composer, c’est-ll-dire interf^rer, 
suivant Texpression qu’il propose pour exprimer leur action mutuelle. Quoique Young 
eOt pns Thabile precaution de se redamer de Tautonte de* Newton*, Thypoth^se n’eut 
aucune faveur , son pnncipe d’lnterference conduisait k cette smgulifere consequence que 
la lumi^re ajoutee k de la lumi^re pouvait, dans certains cas, produire Tobscurite , 
resultat paradoxal, contiedit par Texperience jouinahere La seule verification que Young 
apportUt etait Texistence des anneaux obscurs dans Texperience de Newton, obscurite 
due, suivant lui, k Tinterference des ondes refiechies aux deux faces de la lame , mais, 
corame la theorie newtonienne interpretait le fait autrement, la preuve restait douteuse, 
il fallait un expenmentum cruets, Young ne reussit pas k Tobtenir 


“ Comment ces attractions (gravity, magn^tisme et Elec- 
tricity) peuvent-elles se produire, je ne m’y arrEte pas ici. 
Ce que j’appelle attraction pout Etre produit par des impul- 
sions ou par d’autres moyens que j ’ignore ” 

11 y aurait encore bien des remarques curieuses k faire 
sur I’Etat d’esprit du grand physioien, gEomEtre et philo- 
sophe, qui se rEvEle nalvement dans ces “ QuesUong ” Les 
courts extraits qui prEcEdent suffisent, je crois, k justifier 
la conclusion qui ressori de cette Etude, k savoir, que 
Newton n’avait pas, sur le mEcanisme de la lumiEre, les 
idEes arrEtEes qu’on lui prEte en le oonsidErant comme 


initiateur de la thEone de I’Emission. En rEalitE, il hEsite 
entre les deux systEmes opposEs dont il aper<;oit claire- 
ment I’lnsufiisanoe et, dans cette discussion, il s’efforce de 
s’Eloigner le moms possible des faits bien Etablis voili 
pourquoi il ne formule aucune thEone dogmatique II 
serait done injuste de rendre Newton responsable de tout 
ce que les partisans de I’Emission ont abntE sous son 
autoritE 

* The Bakerian Lecture, on the Theory of Light and 
Colours. — By Thomas Young Philos, Trans, of the Royal 
Society of London, 1802, p. 12 
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La th^rie des ondes retombait done encore une fois dans Tobscurit^ des contro- 
verses, et le terrible argument de la propagation rectihgne se dressait de nouveau 
centre elle. Les plus habiles g4omfetres de I’dpoque, Laplace, Biot, Poisson, s’dtaient 
naturellement ranges k Topinion newtomenne : Laplace en particulier, le c41febre auteur 
de la Micanique cdleste, avait m^me pris Toffensive; il 4tait aiy attaquer la throne 
des ondes jusque dans le plus solide de ses retranchements, celui qui avait 4t6 ^lev^ 
par Tillustre Huyghens 

Huyghens, en efFet, dans son Traitd de la Lumihret avait r^solu un problems devant 
lequel la throne de remission 4tait rest^e muette, ^ savoir, I’explication de la bir6- 
fnngence du cristal dlslande, la throne des ondes, au contraire, ramenait k une con- 
struction gdomdtnque des plus simples la marche des deux rayons, ordinaire et extra- 
ordinaire , Texpdnence confirrnait en tous points ces r^sultats. Laplace r^ussit, k son 
tour, k I’aide d’hypothfeses sur la constitution des particules lurnineuses, a expliquer la 
marche de ces Stranges rayons. La victoire de la throne paiticulaire paraissait done 
complete: un nouveau ph^nomhne arrivait m^me tout k point pour la rendre dclatante. 

Malua ddcouvrait qu’un rayon de lumifere naturelle, rdfl^chi sous un certain angle, 
acquiert des propridtds dissyrn4triques semblables k celles des rayons du cristal d’Islande, 
il expliqua ce phdnomene par une orientation de la molecule lumineuse, et, en conse- 
quence, nomma cette lumifere, lurrnhe polarisde ; c’dtait un nouveau sucefes pour remission, 

Le triomphe ne fut pas de longue duree , en 1816, un jeune ingenieur, k peine 
sorti de I’^lcole Polytechnique, Augustin Fresnel, confiait k Arago ses doutes sur la theorie 
en favour et lui indiquait les experiences qui tendaient k la renverser, s’appuyant sur 
les idees d’Huyghens, il avait attaqud la redoutable question des rayons et des ombres et 
I’avait r^solue , tous les phdnom^nes de diffraction 6taient ramen4a ^ un probl^me 
d’analyse et I’observation v^nfiait merveilleusement le calcul II avait, sans les connaitre, 
retrouvd les raisonuements de Young, ainsi que le prmcipe des interferences, mais, plus 
heureux que lui, il apportait Yexpenmentum cruets, I’exp^rience des deux miroirs , Ik, 
deux rayons issus d’une m^ine source, purs de toute alteration, produisent par leur 
concours, tant6t de la lumi^re, tantdt de fobscuritd L’lllustre Young fut le premier 
k applaudir au succes de son jeune dmule et lui t^moigna une bienveillance qui ne 
se ddmentit jamais. 

Ainsi, grkce k I’expdrience des deux miroirs, la throne du D' Young, c’est-k-dire 
I’analogie complete du rayon lumineux et de I’onde sonore, est solidement etabhe. 

En outre, la thdone de la diffraction de Fresnel montre la cause de leur dissemblance, 
la lumifere se propage en ligne droite parce que les ondes lummeuses sont extremement 
petites; au contraire, le son se diffuse parce que les longueurs des ondes sonores sont 
relativement trhs grandes. 

Amsi s’dvanouit la temble objection qui avait taut tourmentd Tesprit du grand 
Newton. 

Mais il restait encore k expliquer une autre diffi^rence essentielle entre I’onde 
lumineuse et I’onde sonore; celle-ci ne se polarise pas, comment se fait-il que I’onde 
lumineuse se polarise ? 

La rdponse k cette question paraissait si difficile que Young ddclara renoncer k 
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la chercher. Fresnel travailla plus de cinq ans k la d4couvnr; elle est aussi simple 
qu’inattendue : 

L’onde sonore ne peut pas se polanser parce que ses vibrations sent longitudmales ; 
la lumi^re, au contraire, se polarise parce que ses vibrations sont transversales, c'est-A-dire 
perpendiculaires au rayon lumineux. 

D^sormais, la nature de la lumibre est complbtement btablie , tous les phbnombnes 
prbsentbs comme des objections absolues s’exphquent avec une merveilleuse facility, jusque 
dans leurs plus minutieux details 

Je voudrais pouvoir vous retracer par quel admirable enchainement d’expbriences et 
de raisonnements Fresnel est arrivb k cette dbcouverte, Tune des plus importantes de la 
science moderne , mais le temps me presse. II m’a suffi de vous faire comprendre la 
grandeur des difficultbs qu’il a fallu vamcre pour I’accomplir ; j'ai hAte d’en faire res- 
sortir les consequences. 


IV 

Vous avez vu, au debut, les raisons purement physiologiques qui font de I’etude 
de la lumibre le centre nbcessaire des informations de Tintelligence humaine Vous devez 
juger mamtenant par les pbripeties de ce long developpement des theories optiques, quelle 
preoccupation elle a toiijours causee aux puissants esprits qui s’lnteressent aux forces 
naturelles En effet, tous les phenombnes qui se passent sous nos yeux impliquent une 
transmission k distance de force ou de mouvement , que la distance soit infiniment grande, 
comme dans les espaces cblestes, ou infiniment petite, comme dans les intervalles molb- 
culaites, le mystbre est le mbme. Or, la lumibre est I’agent qui nous ambne le mouve- 
ment des corps lumineux . approfondir le rnbcaiiisme de cette transmission, e'est approfondir 
celui de toutes les autres, et Descartes en avait eu I’admirable intuition lorsqu’il embrassait 
tous ces problbmes dans une meme conception mbcanique.. voilA le hen secret qui a 
toujours attirb les physiciens et les gbombtres vers I’etude de la lumibre 

Envisagbe ii ce point de vue, I’histoire de TOptique acquiert une portbe philosophique 
considerable, elle devient I’histoire des progrbs successifs de nos connaissances sur les 
moyens que la Nature emploie pour transmettre k distance le mouvement et la force. 

La premibre idde qui est venue k I’espnt de I'homme, dbs Thtat sauvage, pour 
exercer sa force hors de sa portbe, e’est le jet d’une pierre, d’une flbche ou d’un pro- 
jectile quelconque , voilA le germe de la thborie de remission • cette thborie correspond 
au systbme philosophique qui suppose un espace vide oil le projectile se meut librement. 

A un degrb de culture plus avaneb, Thomme, devenu physicien, a eu I’ldbe plus 
dblicate de la transmission du mouvement par ondes, suggbrbe d’abord par I’btude des 
vagues, puis par celle du son. Ce second mode suppose, au contraire, que I’espace est 
plein • il n’y a plus ici transport de matibre, les particules oscillent dans le sens de 
la propagation, et e’est par compression ou dilatation d’un milieu blastique continu que 
le mouvement et la force sont transmis Telle a btb Torigme de la thbone des ondes 
lummeuses, sous cette forme, elle ne pouvait reprbsenter qu’une partie des phbnombnes, 
ainsi qu’on I’a vu preebderament ; elle btait done insuffisante. Mais les gbombtres et 
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leg physiciens avant Fresnel ne connaissaient pas d’autre m^nisme ondulatoire dans un 
milieu continu. 

La grande d^couverte de Fresnel a de r^vdler un troisifeme mode de trans- 
mission, tout aussi naturel que le pr^c^dent, mais qui offre une richesse de ressources 
incomparable. Ce sent les ondes vibrations transversales excit^es dans un milieu 
continu incompressible, celles qui rendent compte de toutes les propri^t^s de la lumi^re. 
Dans ce mode ondulatoire, le d^placement des particules met en jeu une ^lasticit^ d’un 
genre special, e’est le glissement relatif des couches concentriques k I’^branlement qui 
transraet le mouvement et I’effort. Le caract^re de ces ondes est de n’imposer au 
milieu aucune variation de density, comme dans le systfeme de Descartes 

La richesse de ressources annonc^e plus haut provient de ce que la forme de la 
vibration transversals reste inddterminde, ce qui conf^re aiix ondes une vari4t6 infinie 
de propridt6s diflfdrentes. 

Les formes rectiligne, circulaire, elliptique, caractdrisent pr^cis^ment ces polarisations* 
si inattendues que Fiesnel a d^couvertes et a I’aide desquelles il a si admirablement 
expliqud les beaux ph4nom^nes d’Arago produits par les lames cristallis^es 

L’existence possible d’ondes se propageant sans changement de density a modifi6 
profond4ment la throne math6matique de T^lasticit^ Les g^omfetres retrouv^rent dans 
leurs Equations ces ondes k vibrations transversales qui leur etaient inconnues, ils appnrent, 
en outre, do Fresnel la constitution la plus gen^rale des milieux ^lastiques, ^ laquelle 
ils n’avaient pas 8ong4 

C'est dans son admirable M4moire sur la double refraction que le grand physicien 
4met I’ldi^ que, dans les cristaux, I’dlasticitd de Tether doit etre vanable avec la direction, 
condition inattendue et d’une extreme importance qui transforinera les bases fondamentales 
de la M^canique mol^culaire, les travaux de Cauchy et de Green en sunt la preuve 
frappante 

De ce pnneipe, Fresnel conclut la forme la plus g^n^rale de la surface de Tonde 
lumineuse dans les cristaux et retrouva (comme cas particulier) la sphhre et Tellipsoide 
que Huyghens avait assign^s au cristal d’Islande. 

Cette uouvelle d^couverte excita Tadmiration universelle parmi les physiciens et les 
g^omJitres, lorsque Arago vint Texposer devant TAcadt^inie des Sciences, Laplace, si long- 
temps hostile, se declara convaincu Deux ans apr^s, Fresnel, 41u membre de TAcad^mie 
k Tunanimit^ des suffrages, 4tait 41u, avec la meme unanimit4, membre Stranger de la 
Socidtd Royale de Londres, ce fut Young lui-m^me qui lui transmit la nouvelle de cette 
distinction avec Thommage personnel de son admiration sincere 


V 

L’dtablisseraent ddfinitif de la thdorie des ondes impose la ndcessit^ d’admettre Texistence 
d’un milieu dlastique pour transmettre le mouvement luraineux Mais toute transmission 
a distance de mouvement ou de force n’lmplique-t-elle pas la m^me condition ? C’est 
& Faraday que revient Thonneur d’avoir, en veritable disciple de Descartes et de Leibnitz, 
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proclam^ ce principe et d’avoir r^aolument attribu4 aux reactions du milieu ambiant 
Tapparente action k distance des systbmes ^lectnques et magn^tiques. Faraday fut 
compens4 de sa hardiesse par la d6couverte de Tinduction. Et, comme I’mduction s’exerce 
m^me k travers un espace vide de matifere ponderable, on est forc6 d’admettre que le milieu 
actif est justement celui qui transmet les ondes lummeuses, I’ether. 

La transmission d’un mouvement par un milieu eiastique ne peut pas ^tre mstantanee; 
si c’est vraiment Tether lummitere qui est le milieu transmetteur, Tinduction ne doit-elle 
pas se propager avec la vitesse des ondes lummeuses. 

La venfication dtait malais^e , Von Helmholz, qui tenta la mesure directe de cette 
Vitesse, trouva, comme autrefois Galilee, pour la vitesse de la lumifere, une valeur pratique- 
ment infinie. 

Mais Tattention des physiciens fut attiree par une singiihere coincidence numenque; 
le rapport de Tunite de quantite eiectrostatique k Tunite eiectro-magnetique est represente 
par un nombre precisement egal a la vitesse de la lumifere 

L’lllustre Clerk Maxwell, suivant les idees de Faraday, n’hesita pas k voir dans ce 
rapport la mesure mdirecte de la vitesse d’lnduction, et, par une sdrie d'mtuitions 
remarquables, il parvint it dlever cette cdiebre theorie eiectro-magnetique de la liimiere, 
qui identifie, dans un mdme mecanisme, trois groupes de phenomenes en apparence 
compietement distmcts . Lumi^re, ^lectricite, Magnetisme 

Mais les theories abstraites des phenomenes naturels ne sont rien sans le contr61e 
de Texperience. La thdorie de Maxwell fut soiimise k Tdpreuve et le succes ddpassa 
toute attente 

Les resultats sont trop rdcents et trop bien connus, ici surtout, pour qu’il soit 
necessaire d’y insister 

Un jeune physicien allemand, Henry Hertz, enleve prematiirdment k la Science, 
empiuntant ^ von Helmholz et k Lord Kelvin leur belle analyse des ddcharges oscil- 
lantes, realisa si parfaitement des ondes dlectriques et eiectro-.magndtiques, que ces ondes 
possfedent toutes les propndt4s des ondes lummeuses, la seule particularity qui les dis- 
tingue, c’est que leurs vibrations sont moms rapides que celles de la liimi^re. 

II en rdsulte qu’on peut reproduire, avec des dycharges* dlectriques, les expyriences 
les plus dyiicates de TOptique moderne rdflexion, ryfraction, diffraction, polarisation 
rectiligne, circulaire, elliptique, etc 

Mais, je m’arryte, Messieurs, je sens que j’ai assumd une t«Lche trop lourde en 
essayant de vous ynumdrer toutes les richesses que les ondes vibrations transversales 
concentrent aujourd’hui dans nos mams 

J’ai dit, en commen 9 ant, que TOptique me paraissait etre la Science directnce de 
la Physique moderne. 

Si quelque doute a pu s’dlever dans votre esprit, j’espyre que cette impression 
s’est eflfacye pour faire place ^ un sentiment de surprise et d’adiniration en voyant 
tout ce que Tdtude de la lumifere a apportd d’lddes nouvelles sur le mdcanisme des 
forces de la Nature 

Elle a ramend msensiblement k la conception cartdsienne d’un milieu unique rem- 
pUssant Tespace, sidge des phynomdnes dlectriques, magnytiques et umineux; elle laisse 
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entrevoir que ce milieu est le d^positairo de l’6nergie r^papdue dans le monde materiel, 
le v^hicule n^cessaire de toutes les forces, Torigine mSme de la gravitation universelle. 
Voil^ I’oeuvre accomplie par I’Optique ; c’est peut-etre la plus grande chose du si^cle ! 
L’^tude des propn4t^s des ondes envisag^es sous tous leurs aspects est done, k 
I'heure actuelle, la voie v^ritablement f^conde. 

C’est celle qu'a suivie, dans sa double carribre de gbombtre et de physicien, Sir 
George Stokes, k qui nous allons rendre un hommage si touchant et si mbritb. Tous 
ses beaux travaux, aussi bien en Hydrodynamique qu'en Optique thbonque ou expbri- 
mentale, se rapportent prbcisbment aux transformations que les divers milieux font subir 
aux ondes qui les traversent. Dans les phenombnes varibs qu’il a dbeouverts ou 
analyses, mouvement des iiuides, diffraction, interferences, fluorescence, rayons Rdntgen, 
I’idbe directnce que je vous signale est toujours visible, et c’est ce qui fait I’harmo- 
nieuse unitb de la vie scientifique de Sir George Stokes 

Que rUniversitb de Cambridge soit fibre de sa chaire Lucasienne de Physique 
mathbmatique, car, depuis Sir Isaac Newton jusqu'k Sir George Stokes, elle contribue 
pour une part gloneuse aux progrbs de la Philosophie naturelle. 
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I. On the analytical representation of a uniform branch of a monogenic function. 
By G. Mittag-Leffler. 

[Received 26 Api'ily 1899.] 


Let a denote a point in the plane of the complex variable x, and associate with 
a an unlimited array of quantities 

F{a), F^>{a) (1), 

where each quantity is completely determinate when the position which it occupies in 
the array is known 

Suppose that, as is possible in an infinite number of ways, these quantities F are 
chosen so that Cauchy’s condition*, that the series 

P(®la)= I (2). 

shall have a circle of convergence, is satisfied 

In the theory of analytic functions constructed by Weierstrass, the function is defined 
by the senes P (x\a) and by the analytic continuation of this series. The function is 
completely determinate provided the elements 

F{a), F^»{a), (a), (a), 

are given We denote generally by F(x) the function in its totality which is defined 
by these elements 

If ^ is a continuum formed by a single piece, which nowhere overlaps itself and 
encloses the point a, and if it is such that the branch of the function F(x) formed 
by P(x\a) and by its analytic continuation within K remains uniform and regular, I 
shall denote this branch by FK(x) The problem to be discussed here is that of finding 


* Oaaohy, Coura d' Analyse de V locale royaU polytechnique, 
!»«• partie, Analyse Algdbnqne, Pans 1821, ohapitre 9, § 2, 
theordme i, p. 286. Expressed in modem phraseology, 
Cauchy’s condition would be formulated thus * The upper 
limit of the limiting values of the moduli 
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IS a finite magnitude It is known that, if this finite 
magnitude be denoted by - , the quantity r is the radius of 
the circle of convergence of the series (2). 
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an analytical representation of a branch FK{x) which is to he chosen as extensive as 
possible 

Merely from the definition of the analytic function F (x) and from that of the branch 
FK (x), there follows at once a kind of analytical representation of the branch FK (x) 
in question In effect, such a representation is always given by an enumerable number 
of analytical continuations of P {x\ a) But as the radius of the circle of convergence 
of such an analytical continuation is given only by Cauchy’s criterion already quoted, 
this mode of representing FK{x) becomes extremely complicated and rather unworkable 
The analytical continuation ought rather to be regarded as the definition of the function 
than as a mode of repiesentation 

There is another mode of representation which arises immediately from the principles 
upon which Cauchy’s theory of functions is based. Such a representation is given by 
the formula 

(3), 

where the integral is taken along a closed contour S within K, By the definition of an 
integral, it is clear that the integral (3) can be replaced by an infinite sum of rational 
functions of x, the coefficients of which are expressed by special values of x (there being 
an enumerable number of these) and the corresponding values of FK (x) This observation 
was the point of departure of the investigation of M Runge* as well as of the subsequent 
investigations of MM. Painleve, Hilbert and others The analytical representation thus 
obtained accordingly requires a knowledge of the value of FK (x) at an infinite and 
enumerable number of points Now in the customary problems of analysis these values 
are not known In general it is, on the contrary, the series of values 

F(al F(»(a), F(^^(a),... 

which IS given. Adopting the usual point of view, it is thus for instance in the problem 
of the integration of differential equations. 

When, then, we have to find the analytical representation of FK{x), it must be diawn 
from the elements (1) and, by means of those elements alone, a formula must be constructed 
to represent the branch FK{x) completely Let C denote the circle of convergence of the 
series (2). The expression 

then gives the analytical representation of FC{x), the equality 

F(J{x)=: % ^ .F^){a){x-aY 
1^=0 P ' ' 

holding for all points within C This expression is constructed by means of the elements 

F{a), F^^''{a), . 

* “ Zur Theone der emdeutigcn analytischen Punctionen,” § 1, pp 229—239, Acta MathemaUca, tome 6 
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and of the rational numbers ™ independent of the choice of the elements* and it is to 

be remarked that the expression is formed without any a prion knowledge of the radius 
of the circle C This radius is determinate, m connection with the elements, by Cauchy’s 
theorem, and there are various methods of obtaining it from them , but it does not enter 
explicitly into the expression Thus Taylor’s senes is formed simply by the elements 

F{a), F^^Ha),..., 

when these are the derivatives of the function 


The following question may therefore be proposed Is it possible to obtain for a branch 
FK {x) with the greatest range possible an analytical representation of this nature ? As I 
have shewn in vaiious notes, published in Swedish by the Stockholm Academy of Sciences 
during the past year, the reply is in the affirmative, and consequently it is possible to fill 
an important lacuna in the theory of analytic functions. In fact, hitherto it has been 
impossible to give for the general branch FK(x) an analytical representation similar to that 
found from the very beginning of the theory for the branch FC (x). 

For a fundamental treatment of the question which has been pioposed, it is first 
necessary to define a domain K which shall be as great as possible This I shall do by 
the introduction of a new geometrical conception — a N^ar-figure. 

In the plane of the complex variable x, let an area be generated as follows. Round 
a fixed point a let a vector I (a straight line terminated at a) revolve once on each position 
of the vector, determine uniquely a point, say a,, at a distance from a greater than a 
given positive quantity, this quantity being the same for all positions of the vector. The 
points thus determined may be at a finite or at an infinite distance from a. When the 
distance between a, and a is finite, the part of the vector from a, to infinity is excluded 
fiom the plane of the vaiiable 

The region which remains after all these sections {coupures) in the plane of x have 
been made is what I call a Nto? -figure Manifestly the star is a continuum formed of a 
single simply-connected area. 

Associate with a the elements 

F{a), (a), F^^^(a),.. , (a), 

satisfying Cauchy’s condition, and form the series 

P(^|a)= X (a) 

Construct the analytical continuation of P{x\a) along a vector from a It may be the 

case that every point of this vector belongs to the circle of convergence of a senes which 

itself IS an analytical continuation of P{x\a) obtained by proceeding along the vector; but 
it is also possible that, on proceeding along the vector, a point is met not situated within 

the circle of convergence of any analytical continuation of P{x\a) along the vector In the 

latter case, I exclude from the plane of the variable that part of the vector comprised 

1—2 
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between the point thus met and infinity On making this vector describe one complete 
revolution round a, a N^ar-figure (as defined above) is obtained. 

This, star being given in a unique manner as soon as the elements (1) are assigned, I 
call it the Star belonging to these elements, and I denote* it by A, In defining the star, 
straight lines have been used as vectors it is easy to see that curved lines, suitably 
defined, might have been chosen loi the purpose. 

In accordance with the phrase the star belonging to the elements (1), I speak of the 
function F{x), as well as of the functional branch FA(x), belonging to these elements. 

These preliminaries being settled, my mam theorem is as follows — 

Denote by A the star belonging to the elements 

F{a\ F^^\a), F^^^(a), .. 

and by FA{x) the corresponding functional branch belonging to the same elements, let X 
be any finite domain within A ; and let a denote a positive quantity as small as we 
please Then it is always possible to find an integer h such that the modulus of the 
difference between FA{x) and the polynomial 

gn (.-r) = (x - af 

for values of n greater than n, is less than <r for all the values of a belonging to X The 
coefficients c^ff are chosen a priori and are absolutely independent of a, of F{a), F^^^(a), 
F^^^{a), , and of x 

It 18 very important to observe that the explicit knowledge of the star is not 
necessary for the construction of the function gn(^) When the elements F{a), 

F^^^(a), . are once given, the star belonging to them is definite, but it does not entci 
explicitly into the expression gn{^) The case is precisely the same* as for Taylor’s 
senes where the radius of the circle of convergence does not enter explicitly into the 
expression. 

The theorem can be proved by very elementaiy considerations, using especially the 
fundamental theorem established by Weierstrass in his memoir Zu? Theoiie dei Fotenzi eihen, 
dated t 1841 


Passing from the same theorem for functions of several vaiiables, we can easily obtain 
a generalisation of my mam theorem which includes the case of any finite number of inde- 
pendent variables 


The coefficients denoted by Cy are given a piiori They aie quite independent of 
the special function to be represented just as are the coefficients in Taylor’s series. 

But the choice of these coefficients is not unKpic On the contrary it can be made in 
an infinitude of ways, and when conditions are given, the pioblem arises of making a 
choice which is the best adapted to these conditions. 


As the first letter of the word d<rTT)p 


t Oes Werke, Bd i, p 67 
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The formula 


s 

A, = 0 /tn=0 


5r„ («) = S t 






__ f^\Ai+A3+ +hti 


(4) 


gives an expression for («) which perhaps is the simplest of all as regards the mere 
form There are other forms in which the coefficients 4”^ are rational numbers, or are 
numbers depending in a special maimer upon the transcendents e and tt, and which are of 
great simplicity. 


Upon this I shall not dwell • but I enunciate another theorem which is an almost 
immediate consequence of my mam theorem. 


Denote hy A the star which belongs to the elements 
F{a), F^^^(a), 

and hy FA{x) the corresjwnding functional branch belonging to the same elements This branch 
FA{x) can always be represented by a series 

I (?,(*), 

M-O 

where the quantities G^{x) are polynomials of the form 

y 

each coeficient being a determinate number {which can be taken as rational) depending 
only upon p and v The senes 

t G,{x\ 

converges for every value of x within A, and it converges uniformly for every domain within 
A For all values within A we Imve 


i G^{x) = Lim gn{x\ 

ft=0 

where gn{x) is the polynomial in my mam theorem. 

In what precedes, a definition has been given of the star belonging to the elements 
F(a), F(^^{a\ F<^>{a), . (1) 

In accordance with this terminology, we can speak of the circle belonging to the 
elements (1) which, in fact, is the circle of convergence C of the series 

P(«|o)= S i, PW(a)(a;-o)'‘ 

>1=0 ^ ’ 

It IS evident that this circle is inscribed m the star which belongs to the same elements 
The circle may be regarded as a first appioximation to the star To the circle G cone- 
sponds an analytical expression P (a; | a) which has the property of representing FA {x) 
withm U, of conveiging uniformly for any domain within C, and of ceasing to converge outside 



6 


Prof MITTAG-LEFFLER, ON THE ANALYTICAL REPRESENTATION 


C. Between the circle and the star, intermediary domains (a^= 1. 2, 3, exist, 
unlimited in number , each of them m succession includes the domain that precedes it , 
and they can bo chosen so that, correspondmg to each domain there is an analytical 
expression representing FA (.v) within which converges uniformly for every domain 
within and ceases to converge outside On this question there is an interesting 

study to be made which I have merely sketched in my Swedish memoirs, to it I shall 
return on another occasion 

The only writer who, so far as I know, has found a general representation of FA (a;) 
valid outside the circle belonging to the elements (1) is M Borel. In two important 
memoirs* * * § , M Borel is concerned with what he calls the summability of a series. It appears 
to mo that the chief interest of this investigation of M Borel is that the author leally 
finds an expression valid for a domain which in general includes the circle 0 The 
domains which I have called can easily be chosen so that becomes this domain 
K so that M. Borel’s domain K becomes the second approximation to the Star, the 
circle being the first as already indicated 

But M Borel has discussed the same class of ideas m another publication In his 
bookf published without any acquaintance with my Swedish Notes of the same year, the 
author says} — 

“Pour rdsumer les rdsultats acquis sur le problbme de la lepriisentation analytique 
“des functions uniformes, nous pouvons diie§ que nous en connaissons deux solutions 
“completes, Tune est fournie par le th^oi^me de Taylor, Tautre par lo the'orfeme dc 
“ M. Range II Ces deux solutions ont une trbs grande importance a cause de leur 
“g^n^ralit^, mais chacune d’elles a de graves inconv^nients dont les piincipaux sont, pour 
" la s4ne de Taylor, de diverger en des regions oil la lonction existe , et, poui la repr^- 
“sentation de M Range et celles de M. Painlevd, d’6tre possibles d’une mfinitd dc 
“ mani^res 1j 


“ Le but id^al k attemdre, e’est de trouver une representation r^unissant les av.intages 
“de la sdrie de Taylor et des s^iics de M Runge on de M Painlev6, sans avoir auciin 
“de leurs inconv^nients**, et le but imm4diat, e’est de trouver une telle representation 
“pour des classes de fonctions de plus en plus etendues+-f* ” 


* Journal de MathSmatiquea, S'"® S6r , t ii (1896), 
“Fondements de la throne des s^nes divetgentea som- 
mables,” pp 103 — 122 , “ Sur les series de Taylor admettant 
leixr cercle de convergence comme coupure,” pp 441 — 464 

t Legons tur la thiorie des fonctions, Pans, 1898 

t pp 88 ff 

§ All that follows on the analytical representation of 
uniform functions can be applied, rmtatxs mutandis, to the 
functional branch FA (x) 

II I have indicated above that, m M Bunge’s theorem, 
there is nothing which is not already in principle contained 
in the representation by Cauchy’s integral 

^ In what precedes, I have pointed out what appears to 
me a graver inconvenience, viz. that these expressions 


require the knowledge of an enumerable number of values 
of the function which correspond to points that approach 
indefinitely near the limit of existence of the function 

** It will be seen that I have achieved this aim, not only 
for uniform analytic functions but also for the functional 
branch FA (x) It might be asked whether it would not be 
possible to achieve the same aim for the function F (x) in 
its totality It 18 not so such a question is too general 
The problem was mainly that of limiting the question so as 
to make a solution possible without diminishing the 
generality more than was necessary I believe that this 
problem is solved by the introduction of the star and of the 
functional branch FA (x) 

ft It appears that M Borel has not regarded his own 
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There exist a certain number of other investigations having relations with my theorems 
but belonging to a range of ideas quite different from M Borel’s. I have already spoken 
of the representation which follows from Cauchy’s integral 

FA {x)- — ^dz 

27^^ j z — X 

With M. Runge, we can transfoim this integral into a series every term of which is a poly- 
nomial in X But in order to constiuct these polynomials, it is necessaiy to know not only 
the star A but also the values of the function for an enumerable number of points 
approaching indefinitely near the boundary of A Investigations have been carried out 
in which the elements F{a), F'^^ (a), F^^^(a), are substituted for these values of the 
function But these investigations always abut, in a manner more or less direct, upon 
the conformal representation of the circle of convergence on another figure known before- 
hand and they still require that we should know, as to the function which is to be 
represented, that it is regular within the domain represented on the cncle The most 
Intel esting and the most significant theorem in this range of ideas appears to me to 
be that of M Painlevd* 

Owen a convex domain D and an internal point a, a set of polynomials 

n,oC^'), = 2, 3, .)> 

can he constructed such that any function F{x) holomorphic in D is developable in that 
domain in the form 

F(x)= 1 [F, (a) n„ O) + f !■' (a) n„ (x) + + i"-’ (a) (*)) 

fi = 0 

The resemblance between M Painle\4’s formula and mine is obvious Writing 

(a,) =: {x - af 

m M Painlevo’s foimula, mine follows. Yet the lesemblance is entirely formal, because the 
formation of the polynomials n,^o (^’)> («), . , (x) requires the a prion establishment 

of the domain D and the knowledge of the function F{x) that it is holomorphic in D 
whereas with me the formula of represent,ition, so far from supposing any a pnon know- 
ledge of the star A, gives on the contrary the means of determining the starf 

In other publications, it is my intention to develop other theorems in the same range 
of ideas as well as to return to the numerous applications that can be made of my 
theorems I restrict myself in this place to the following indications. I have just 
explained that, besides the circle C and the star A, there is an infinite number of other 

investigations on the summability of senes from the point appeared m the Compteg Rendus (23 May, 1899) In the 
of view just indicated so clearly in his book Otherwise he same number of the Compteg Rendug, there is a note by 

rather might have said that the immediate aim was to M Borel related to my investigations The reader is also 

find a general representation valid for a domain still more referred to an addition to the “ m^moire sur les series 
extensive than this domain K (that is, divergentes par ^ Borel ” (Ann dc V£c Norm , 1899), and 

* Compteg Rendm, t cxxvi (24 Jan , 1898), pp 820, 321 to two important notes by M Picard (Compteg Rendug, 
t While the present note was passing through the 6 June, 1899) and M Phragm6n (Compteg Rendug^ 

press, a new and interesting note of M Painlev^’s, dis- 12 June, 1899) all of them are connected with these 

cussing the relation of these investigations to my own, has investigations 
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stars . . each of which is circumscribed to that which precedes it and is 

inscribed* to that which follows it, to these there correspond expansions (a;|a), 

P(7<** (ajja), PO**>(ar|a), which preserve all the pnncipal characters of the Taylor’s series 
PC{x\a) The expression (x\a) is merely a (/i+l)-ple series with limited convergence. 
There is another method of generalising Taylor’s senes as follows 
Denote by A a star with its centre at a, and by an associate star, concentric 
with A and inscribed in A, defined with reference to A in some suitable manner This 
star A is to be such that it becomes a circle when S = 1 and that it encloses in its 

interior every domain within A when the quantity S is sufficiently small. 

Now suppose that A is the star belonging to the elements P (a), (a), (a), , 

and construct the series 


P,{xfi) = F{a) 

+ 2 {h) P(») (a) (x -a) + h.f> (S) F (a) (x-af /t^ (B) pw (a) (x - af] 


The coefficients 




> = 1 , 2 , . , \ \ 
A = l, 2,..., 00 j’ 


( 5 ) 


can be assigned a prion, independently of a, of F{a), (a), (a), . and of x, so 

that the senes possesses the following properties’ it converges for every point within 
and converges uniformly for every domain within If convergence tales place for any 

value, the value necessarily belongs to the interior of or is a point of the star 
When 8 = 1, the senes becomes Taylors series. 

The equality 

FA (x) = Pg {x\a), 

exists throughout the interior o/A*** 

Among othei differences between the two generalisations of Taylor’s theorem, this 

may be noted that m the fiist the stars foim, so to speak, a discontinuous 

sequence of domains of conveigence, while m the second there is a continuous transition 
from the circle C'(=A<‘>) to the star A (= A<"*) 

The star which belongs to the elements F {a), P'^>(a), ... is given at the same time 
as these elements, just as the circle which belongs to the elements also is given But 

m order actually to construct the star on the circle, we must in the first case know 

the points of the star (it is thus that I describe the points formerly denoted by a^ 

and in the second case the distance betw^een a and the nearest point of the star 
It might be difficult to deduce this knowledge simply by the study of the elements 
P(a), (a), (a), . But in some problems the points of the star are directly given 

eg the determination of the general integral of a differential all of whose critical points 
are fixed, being finite in number In this case, we can construct the star directly and 
can obtain an analytical expression for the integral valid over the whole plane except 


* A star 18 inscribed in another which circumscribes it if the whole of the first star belongs to the second and if 
the two stars have common points such as a; 
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at a finite number of determinate sections Notwithstanding the remarkable researches of 
M. Fuchs and M. Appell and others, this problem of finding a representation, which at 
once IS unique for the whole plane and is sufiicieiitly simple, has not hitherto been 
solved 

The beautiful reseaiches of MM Fabry, Hadamaid, Boiel and other French writers, 
which have their origin in M. Darboux’s memoir * “ Sur I’approximation des fonctions de 
trfes-grands nombres ” and which aim at the development of the criteiia whether a point on 
a circle belonging to the elements F{a), (a), (a), . is a singularity of the function 

or not, are well known My theorems make it possible to study this problem from a 
more general point of view than these writers and to find the criteria which distinguish 
the points of the stai belonging to the elements F(a\ (a), (a), . from other points 

It can be stated that, to each selection of the coefficients called there corresponds 
a special system of criteria 

For these investigations, the following theorem can seive as the point of departure: — 
If X IS a point within the star A belonging to the elements F {a), (a), F® (a), . . , 

and if e IS a positive quantity suficiently small, it is always possible to choose a positive 
number S so that, <t being a positive quantity as small as we please, a positive integer 
X exists such that 

(a)(l + e)(a7- o) + ^ 2 *^’ (a) {(1 + 6)(a;— «))•+ +/<^'^^(a)F'(a){(l + €) (a;— a)}^l<<r, 

provided-\ X^X 

If on the contrary, c does not he within A, this property does not hold 

M Pomcai<5 has pointed out a certain substitution which is* of great value in the study 
of certain mechanical pioblems, particularly in that of n bodies When this substitution is 
used, a development ol the function in powers of the time can be obtained which is valid 
for real values of the time as far as the first positive oi negative singulaiity nearest the 
oiigm. But the mechanical problem lequires in general a knowledge of the first positive 
singularity, and not merely the nearest singulaiit}, positive or negative It is obvious that 
the resolution of this problem can be bi ought within my theorem In fact, knowing the 
elements F{Q, F'” (^o), F‘®' (^o). a given epoch ^o. we can obtain a development which 

icpiesents the function and is valid for all real values of t>U up to the first singularity of 
the function. 

Recently I had an opportunity of giving an account of a portion of my investigations 
before the Academy of Sciences of Turin My friend M Volterra then made the following 
interesting communication. 

If in any dynamical problem the unknown functions be regarded as analytic functions 
of the time, the problem will be solved completely from the analytical point of view when 
it can be shewn that the real axis of the time falls completely within the stars of the 


* Liouville, Journ de Math , S'"® B6r , t iv (1875), 
pp 5 — 54 


VoL. XVIII 


t The quantities 5 and (5) have the same significance 
as in the formula (5) 
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unknown functions, the centre of the stars being the initial value of the time. In fact, 
it 18 sufficient to employ M. Mittag-Leffler’a expansions to obtain the unknown functions 
for any value of the time The coefficients in the expansions will be determined by the 
initial conditions of motion. 

1 *. A very extensive class of dynamical equations can be reduced to the integration 
of differential equations of the type 

where Since in this case a finite strip enclosing the real axis is contained 

in the stars of the functions p^, the centre being ^ = 0 , new forms of the integrals of 
these equations can be derivable by M Mittag-Leffler’s expansions*. 

2 °. Passing to the problems of attraction, it may be remarked that the problem of 
the motion of a point attracted by faxed points placed m a straight line, the force being 

according to Newton’s law, has not been resolved when the number of attracting points 

18 greater than two Let us consider the general case and suppose that the moment of 
the initial velocity of the moving point m, with reference to the axis x of faxed points, 
18 not zero Then B being the angle which the plane mx makes with a fixed plane 
through ^, and r being the distance of m from the axis -r, we have the areal integral 

= C - constant, 

and the integral of vis viva T- P = h- constant, where 

T^\m, (r» + x*), P =% , 

T being the vis viva and P the potential in the latter expression the masses of the 
fixed point are denoted by M^ and their distances from by r, It is fit once obvious 
that r cannot vanish In effect, if for t — r can become indefanitely small, let us 
take this quantity as an infinitesimal of the first older On account of the aieal 
integral, ^ would be infinitely great of the second order, and consequently ( = CB) 

would also be of the second order T theiefore would be infinitely great of the second 

order But P if it become infinitely great, can be so only to the first order because tlie 
quantities are greater than r, hence if r could become infinitely small, the integral of 
vis viva would not be verified. It therefore is to be infened that the real axis of the 
time IS contained in the stars of the unknown elements and consequently these elements 
are expressible by Mittag-Leffler’s senes. 

. 3 “ Given n points repelling one another according to the Newtonian law of force, 
the integral of vis viva may be written 


h 2 nil + 2 = h, 


* I have studied this class of equations in three Notes class can bo still further extended so as to include many 
published by the Academy of Turin in 1898 and 1899 The of the classical problems in dynamics 
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where are the coordinates of the moving points, their masses, their 

distances, and h is a constant quantity By noting that in this equation all the terms 
are positive, we infer that the points cannot collide and that their velocities are finite 
Hence in this case also, the real axis of the time lies within the stars But we can 
pass from the case of repulsion to that of attraction by changing t into Tlirough 

this transformation, the components of the velocities become imaginary if they were real, 
and vice verm But if at the beginning of the time they were zero, the transformation 
leaves them zero Hence we deduce the very curious theorem 

Consider the problem of n bodies in the most general case, with the sole condition 
that the initial velocities of the bodies are zero then taking the origin at the beginning 
of the time, the real axis is not included within the stars of the coordinates, but the 
imaginary axis is always completely included That is to say, M Mittag-LeflBer’s expansions 
will be valid for imaginary values of the time even if they are not so for all real 
values 


4° Finally it may be remarked that M Mittag-Leffler’s expansions can be used for 
the motion of straight and parallel vortices Reference may be made to Lecture XX. in 
Kirchhofi*’s MecJuinik foi the difierential equations of the motion 

The interest of this development is manifest I remark, however, that the main im- 
poitancc of my theorems so far as concerns mechanics appears to me to be that they provide 
a means of finding a real and positive point of my stai, and of determining whether 
this point IS at infinity or not M Volteria on the contiary supposes as always known 
beforehand that this point is at infinity My principal theorem also provides in this case 
a means of repiesenting the function, with any approximation desired for any real domain 
whatever, by a polynomial into which there entei no elements taken from the function 
other than a limited number of the quantities (<o), (^o), ... It appears to me 

that this point of view may become useful in applications to mechanics 

Perugia, April, 1899 


2—2 



II. Apphcatton of the Partition Analysis to the study of the properties of 
any system of Consecutive Integers, By Major P. A. MacMahon, R.A., 
D.Sc., F.R.S., Hon. Mem C P.S. 

[Received 15 May, 1899 ] 

INTRODUCTION 

The object of this paper is to solve a problem, concerning any arbitrarily selected 
set of consecutive integeis, by the application of a new method of Paitition analysis 
I will first explain the problem, and afteiwaids the analysis that will be used 

In the binomial and multinomial expansions, the exponent being a positive intcgei, 
every coefficient is an intcgei. This fact depends analytically upon the circumstance 
that the product of any m consecutive integers is divisible by factoiial m, we have 

an integer for all values of n. 

The present question is the determination of all values of «!, a«, Oj, . for 
which the expression 

IS an integer for all values of n , in particular the discovery of the finite number of 
ground or fundamental pioducts of this form, from which all the forms may be generated 
by multiplication 

There is a parallel theory connected with the algebraic product 

where a^, a^, .. a,„ have to be assigned so that the product is finite and integral 

for all values of n This has been discussed by me in the ‘ Memoir on the Theory 
of the Partitions of Numbers, Part II ’ Phil Tram R S 1899 It will be observed 
that the algebraic product meiges into the arithmetical product for the particular case 
ojsssl, so that all algebraic products which are finite and integral produce in this manner 
arithmetical products which are integers This, however, is as much as can be said, for 
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otherwise the theories proceed on widely divergent lines , as might be expected the 
arithmetical products form a more extended group than the algebraical. 

Denote, for brevity, 

1 — j n + 5 

by Xg and Ng respectively 


The principal X theorem. 

that has 

been obtained 

loc cit , IS to the effect that con- 

structing any X rectangle 





A^ 

A3 

A3 

A, 

A, 

A, 

A3 

X, 

A, . 


A3 

A, 

Xg 

A« 

A;+2 

A, 

A3 

Xg 

A, 

A, +3 

A„ 

1 X,n+\ 

X,n^2 A ,„^3 

• A;+,„+, , 

1 and m having any values, with the 

law 

that any 

A has a suffix one greater than 


the X above it or to the left of it, the product 

obtained by multiplying all the X’s together, is finite and integral for all values of the 
integer n There aie other fonns as well, eg. the product 

X,X,X,^X,X,, 

which are not expressible in the rectangular lattice form, the theory of which is not yet 
complete. 

We see therefore that the pioduct of N’a contained in the rectangle 


A, 

A 2 

A 3 

Xi 

A, 

A 3 

A 3 . 

.. A,^. 

A 3 

A, 

A, 

Xi+i 

A,„ 

m+i 

^ m+2 • 



is an integer for all values of n 

It will appear moreover that no product exists which is fiee from Ni, so that all 
these products, being irreducible, are fundamental solutions of the problem. 

The method of partition analysis is concerned with the solution of one or more rela- 
tions of the type 

\,ai + \2Of2 + -h . . . + \gOLg 

^ 

the coefficients \ and being given positive integers, and it is lequired to find the 
general values of ai, ySj, , being positive integers, which satisfy the one or 

more relations. 
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This 18 accomplished by constructing the sum 

. a;/' 

for all sets of values of ai, Oj /9i, ySj, which satisfy the relation The expression 
obtained is found to indicate the ground solutions of the relations and the syzygies that 
connect them 


The sum is expressible in the crude form 

n 1 

^ 1 — m^'Xi 1 — 1 —m*‘> x^ 1 — 1 — 1 — m“'*‘ yt 

where the symbol of opeiation 

n 

IS connected with the auxiliary symbol m in the following mannei — 

The fraction is to be expanded m ascending poweis of a;i, a’j, y^, y^, , all 
terms containing negative poweis of m are to be then deleted , subsequently, in the 
remaining terms, m is to be put equal to unity. 

Slight reflection will shew that the conditional relation will be satisfied in all 
products which suivive this operation, and that if we can perform the opeiation so as 
to retain the fractional form we shall ariive at a reduced generating function which 
will establish the ground solutions and the syzygies which connect them 

As a simple example of i eduction which is of great service in what follovvs take 
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so that the solution of 
19 given by 


a, > /3i 


1 

Q m 

^ 1 1 1 

1 - mXi .1 yi 


1 — . 1 — X] yi 


Again, if 
we have 


the solution 




n 1 

1 — ttlXi 1 . 1 7/2 

n 1 

ill 

1 - mar, 1 - - yi 1 - 


1 

1 - a;, l-a'iy,. 1 - a,!/,’ 


Also the solution of a, > /9j + ^<1 

ar, 

IS - — — - - 

1 — . 7 , 1 — a-i y, 1 ■— a*, 7/2 

Lastly, a, + 02 > A 

gives, by repeated application of the above simple theorem, 

1 X-^Xi ?/, 

1 — a, 1— ar^ 1—^,7/, 1 — 

In general the subsequent work merely involves processes easily derivable from these cases 

Particular theorems will be given as they become necessary, and for the general theory, 
which IS heie not needed, the reader is referred to Part iii of the Memoir on Paititions 
which may appear shortly in Tians. R S. 

To come to the object of the paper I commence with 


Order 2 


(n -I- 1 V fn + 2 ^ „ 

('1 ) (-2 ') 

this product is an integer when n is even, but when n is uneven we must have 




and 


2iVV'JV/*=> 


1 


1 - iiN . 1 — - A^a 


1 
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shewing that the ground products are iYi, 
or («!«,) = (!, 0), (1, 1) 


Order 3 


, r ; I 2 




When n is of form 
4m 4- 1, 

4?«, 4- 3, 

3m 4- 1, 

3m 4* 2, 


condition is 


4 - 2a, ^ a. 

(«), 

2 ai 4 - oiz ^ (x.’i 


OLi > OLi 

(ft), 

tti ^ aj 

(c) 


We may omit the second of these as being implied by the first and fourth and introducing 
the auxiliaries a, 6, c in the lelations marked (a), (b), (c) lespectively we write down the 
ft function 

a 1 

A (fi 

l-«cW. I- -W3 

a * be 


as the expression of the sum SWi“' Az-iWa®* 

It must be observed that the operating symbol H, has leference to each of the three 
auxiliaries a, b, c 


These must be dealt with in the most convenient older, so that unnecessary laboui 
maybe avoided, this order is not always obvious without some pieliminaiy expeiiments. In 
the present instance it is clearly advisable to commence with b because a (occurs to the 
second powei, and operation upon c will introduce It should be remaiked that operation 
upon one letter may cause two letters to vanish , this would indicate that the relations 
associated with these letters aie not independent members of the system of relations 
It does not follow conversely that if the lelatioris aie not all independent two letters 
must vanish as the lesult of operation upon some one letter This does follow foi a 
certain order of operation upon the letters, but not for all orders 

Eliminating b we obtain 

n i 

O/ c 


Observe that this expiession would have presented itself if for the two lelations 

«! 4- ^ fli, 

we had constructed the sum 
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The fact is that we can reduce the three relations (a), (6), (c) to two by writing a^ + as 
for OLj, a tranforraatioii that the relation (b) permits, and then we have to write foi 

in the sum 

We next eliminate c, obtaining 

n 1 


an expression that would have presented itself if we had been summing 

foi the single relation a, + ^ 

obtained from the i elation 

ttl + tts ^ 02, 

b} wilting ai + Oa for ol^, a transformation permitted by the relation 

Oj > Os 

The process employed is theiefore equivalent to a gradual reduction in the numbei 
t)f the conditional relations associated with a propei transfoimation of the product to be 
summed 


To eliminate a we lequiie the subsidiary theorem 


n 1 

1 — a^x 1 — ay 


1 - 


1 4- .yy — ocyz — a. 

1 — c 1 — y \ — yz I — xz'' 


and thence we deiive 

1 + 

1 -N, ;i - . 1 - n;n^n, i - 

1 - + W Wi\V 

~ I -N, l-N,N/r-N,N,N, 1 -N,jY/N, 


In this lesult the denominator indicates the ground products, and the numeiator the 
simple and compound syzygies which connect them 

It is manifest that the ground products aie 

N,N?K„ N,K,^Ns 

connected by the simple syzygies 

{A) = (N,) (N.NM,) - = 0, 

(B) = (WO (W.W3»W,) - (W,W0 (W.W.WO = 0, 

(C) = (W,W,W3)(W,W,»W3)-(W,W,*W,)» -0, 


VoL XVIII 


3 
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and the compound syzygies 

( B ) - ( N , K / K ,) (A) = 0 , 

indicated by the numerator terms 

-A,W/iV3, 

respectively 

The generating function takes also the suggestive form — 

1 - 

1-1% 1-N,N, 1-N,N'N, 

1 - N,N , . 1 - iVxA, A, I - Aj A/As 

By proceeding in this mannei we not only obtain the new ground products appertaining 
to the order but also those of lower ordeis previously obtained It would be desirable to 
exclude the latter, and in the case before us we see d postenoyi that this could have been 
secured by impressing the additional condition 


«! = , 

but no method, similar to this, seems to be available for an order higher than 3, as no 
equation invaiiably connects the indices of the ground products 


Order 4 




A,“A3“A3“»A,“* 


When n is of the form 
47?1 + 1, 

4771 + 2, 

4771 + 3, 

3777 + I, 

3777 + 2, 


condition is 

Oil + 2aj ^ ofs + 2a4 , 

2ai + tta ^ + 2a4 , 

Cfj > Ctj , 

dj + 04 ^ ttg 


The fl function which can be at once written down is somewhat troublesome to deal 
with, so that I find it appropriate to divide the generating function into two paits accoidmg 
as Oj ^ Os, Og > Oj 


o, >08 

(«)> 

Oj + 208 ^ «2 + 204 

ih), 

a3>a4 

(c), 


{d). 


Case 1 o, ^ 03 

The conditions reduce to 
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and it IS convenient to add the implied condition 


We obtain, for 


0 ad b^ce 


and, eliminating d and e, this is 


which, eliminating c, is 


1-abN, 


1 - ^ 


^l-ahN, 1 -In, l^~N.N,.l-%N,N,N, 1-N,N,N,N,' 

b a ‘ 6^ 


and, eliminatiog a, this becomes 




l-bN, 1 - j -W, 1 - N,N,N, 1 - b'N,N,N, 1 - ’ 


the term 1 — ^ disappearing. 

This 18 equal to 


1 - 1 1 b ^ 

1 - Nm . Ml - hN;-X - ^ 1 _ 1 . 1 _ 


1 1 ! 

11 l-N.‘Nm.N.\ _ 1 ■ 


’l-iV, \-N,N, \-N^N,NiN, 




1 XT ^ 1 Ar Ar ^r ^ 1 “ 

I -bNi.l 
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l-N.N^N'.N, 1 -N,N,^Ns 
l-N, l-iViiV, l-iV.^iV^iV^, 


Case 2 aj > aj . 

The conditions become 



^3 > a. 



2ai + tts ^ tta + 2ai 

(b), 


tta ^ a4 

(c), 


ccj^as 

{d), 


«1 + «4 ^ ^3 

(e), 

to which it IS convenient to add 

the implied conditions 


«! ^ a* 

ifh 


a, ^a4 

{9)> 

the XI function la 

1 


XI - 

a 


a 

l-,/-.-i\^ 

0 de b^cjg 


1 


a 

<t 


1 

a 

0 de 


XI 





l-eNrN,X,N4 

1 


“ 1 - N,N,N,]Sr, 

> 

1- 

1-~N,N,N,^N4 


XI 

1 

1 iV,N,N,N, > j _ 1 - 



N,N?N^^N4 (1 + 
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Hence the complete sum 




1 


]Sr,N,^N, + N,K.»N, 

1 - . 1 - N,JY, . 1 - N~N,N,N, 1 - 

1 - N,N,N, I - ]Y,N>JY, 1 - JY.NX.N, . 1 - ’ 

<ind we have three ground products of order 4, viz — 

NrXj^X^N,, 

and every product of order 4 can be compounded of these and of ground products of 
lower oideis 


I jiause to observe that the form X^N.Ni is one of a kind that always presents 
Itself for an even older The s}'stem is 

. iVV*, 

and may be separately eKamined Foi the order 0 the ground pioducts 
aiifl tor the order 8 

X,^^X,X-X^X,, iV,=^*i\VxV«»V8^ 

aie easily obtained 


OllDLIt 5. 

We now conic to a very complicated system of forms, which includes no fewer than 
Id giound pioducts of Older 5 These I find to be 

X,X,XsX,X,, x,xx,^x,x„ xx,^x,x,x„ 

X,X,^X,^X,X,, XX,^X,^X^X„ XX.^Xs^X^X,, 

X,X,^X,^X,X,, X,X/X/X‘‘X„ x,x,*x,^x,x„ 

Xi^X,^Xs^X^X,\ X,^X,^X,X/X„ X^X,^X,^X,^X,\ 

X,^X,*X^X,*F,\ 
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The complete generating function can be obtained without difficulty, but, on account 
of its great length, I restrict my endeavours to the establishing of the 13 ground 
products I find it necessaiy to adopt abiidged notations, and in future, where it is con- 
venient, 1 denote 

by (a^a^a^a^as) 

Further, if a portion of the generating function presents itself, which involves merely 
ground pioducts already obtained in the previous work, I enclose it in biackets [ ] and 
thenceforwaid omit it For example, I write 

A^[B] + C = G=:[D] + E=E, 

and so on 



= = (a,a,aja4as) 


When n is of foim 

condition is 

4/1 4- 1, 

ai-f2a8 + a5>a2 + 2a4, 

4/1 + 2, 

a, ^ a4. 

4/1 + 3, 

2ai + fla-f- 2a, ^ aj -(- 2^^, 

3/1 + 1, 


3/1 + 2, 

«! + ot4 > a,, 

6p + l, 

04 > 

5/1 + 2, 


5/1 + 3, 

as ^ a, omit. 

5/) + 4, 

^ a, , 


the eighth of these conditions may be omitted as being implied by the second and 
sixth I separate the generating function into six portions corresponding to 


Case 1 

^ aa, 



Case 2. 

^ ®2> 

a, > 02 , 


Case 3. 

a2>ai, 


Ol -}- Og ^ Oj , 

Case 4 

a,>ai. 

as ^ a*, 

Oi > Oi + Og 

Case 5 

a,>ai. 

as >03, 

«! + Og ^ Oa , 

Case 6 

ae > 

Os >02, 

Og > Oj + Og 
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For Case 1. The conditions become 



«! + 2a3 + as ^ Oa + 2a4 . 

. («). 


ja, ^a, .... 

... (6), 


\a. ^ ttj .. 

(c), 


Oii ^ Ofo 

(d), 



(el 


0.2 ^ 

.. (A 

foi which the goneiating function 

IS 


n 

1 


^\-ahN, l-S{jV^. 1 
(10 * 

N. 1--,' 

c (df (le 


which, eliminating h and c, is 



n 

1 


^ l-aN, \-fN,N, 1. 

a^efN,N2N, 1 - N, 1 - ^ Y, ’ 
a-/ (ie 


and eliminating d, e, and /, 



n 

1-(2211) 



\ l-oxV, 1 -a(llUl). 

.. fi 1 

Now ^ - — "-' Y"" 

1 — \ — ay \ — az I — ^ to 

^ a* 

= .j_5! . L_1 

\ — xw^ 1 — a^x .1 — ay \ —az , . , fo I 

i 1 - 1 - 1 - j 

1 z^fo -f 1/zw 

~ I — 0 1 — y I —z i —.ito i - xtu 1 — z 1— z^w 

ft toy^ 

^ w 

1 - ay . I — az 1 — - 1 —xw 

_ 1 Z‘w + yzw 

\ —X \ — y \ — z 1 — ccw 1 — xto \ — z 1— z^w 

^ , y^ {yy^ + yzw) _ 

\-y I- z .l-z'^w \-y'^w 1- zHo T- cw 
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Hence, putting x = NiNiKs, y=Ni, 2 : = (11111), w — NiNiNi, we have 

a^y = (2211), 
yhv = iVi® ^2-^4. 

2^w = (33232), 
yztv = (32121) , 

and we arrive at the thiee ground products 

( 11111 ), 

(32121), 

(33232), 

which, as tai as this case is concerned, are irreducible 


Case 2 «3 > «-:• 

The system of conditions reduces to 


^ a2 

(«) 

otj > a., . . 

{l>) 

«2^a4 

. .. (c) 


id) 

a4 ^ 

(e) 


and 


iV,®' iV’4** 


l-aN, l-~N, 

ab d c e 




ct dec 




1-N, l-cN,N,N, 1--N,N,N,.\--N,.1--N,N,. 

c c c 


( 11211 ) 

1 -iVi 1 - l-(irill) l-(112n)’ 

yielding the new giound product 

( 11211 ). 
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The reduced conditions are 


aa>ai, ai + ag^ag. 


«! + Ab > . 


«! + 2 a, + ag^a.. + 2a4 

+ ^4 ^ tts 




of which the gcneratoi is 


I--fiVB 

a a bee d-f gh i 


"i-bcefN,N, I - ced 

the result ot eliminating a, g, h and i 

It might be thought advisable at this stage to eliminate h or f but expeiiment sho^vs 
an ,i(lv<intagc in pioceeding with d 


1 — d-x I — — dz 1 — i 


P / y \ / ’i’ 

n d I 1 d^ w i__ d 
^ l —xg 1 — zn\ 1 — d\v ^ 1 / II 1 — ^ tv 


\ — xy . I — zw . \ — d‘x . \ ^dz 


\ — xy .1 — ziv I — d^x .1 — 


\-xy \—zw.\—dz \ — \ 


VoL. XVIIL 


4 
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poc 


pz 


I - X I — xy I - zw 1 — \ —z I —xy 1 — zw 


pa tv (1 + ,tw) 




1 — a? \ — xy i — zw 1 ~ xw^ i — z \ — xy 1 — zw 1 — yz"^ 
Hence the generator is — 

[putting jt? = 6yiV^2, ^ = ^3. y = ^ = ced(nill)) 


■/ 




l-6ce/(12111) \-bcefN,N, 

bee bej 


6ce/’(12Ill) 


^~bce^‘ l-ce(lllll) l-6c«/(12Ul) \-bcefNyN, 


6c» (34343) 


1-0(11111) l-6c/(12111) 1 -^(22232). l-6c/JV,JV^, 

^ ] 

l-~^J\'', l-fce/(12111) l-bce/N,N,j 

^A-^B + C-hD, suppose 


Now A = 






l--hceN^N, 1 - 6ce(12111).l -e(12221). 1 - N, 


a 


bc^e 




l^hceN.N. l-e(llll) 1 - e (12221) . 1 - lY, 

bee 

^ 11 -jf.jy/y, (11111)} 

'' ^1-reAis^, l-ce(12111) l-e(1222l) 1-(12211) 

n be (2321) 

■ ^ f- beNriY, .l-e (1111) 1 - e ( 1 2221) 1 - 


(13211) |1 -(121)(lllll)j 

~ i - (111) 1 - (12111) 1 -(12211) 1 - (1222r) 

(121){1-(1211(11U1)| 
l-(lll) l-(121ll) 1-(12211) 1 -(12221) 

(121)(1111) 

■^i-(ll) l-(llll) l-(lXl). 1 -(12221)’ 
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a lesult which indicates the new ground forms 

( 12111 ), 

(12211), 

( 12221 ), 

(13211). 

B IS easily shewn to have the expression 

a2ni) 

i-(ri)“ i-(iii) i-(iiii) i-(iiiii) i-(i 2 iTi) 

(uni) 

l-(lll) l-(llll) 1-'(11111) l-(12ili) 1-(12211) 

C, by elimination of b and c (in one operation), becomes 

(34343) n 1 

l-(llll). l-(lliri)> l_/(ll) 1 -1(22232) 

1 

(34453) n f 

+ 1-(U11) l-dllll) 1-i (22282, 

(34343) jl -(45343)j 

“l-('ll) l-(llll) 1 -(11111) 1 -(12111) 1 -(34343y'i- (33232) 
(46564) 

l-(llil)“i-(llin) l-(r2221) l-(lilll)' l-(34343)’ 
wheiem observe that (45343) = (11) (34343), 

(46564) = (12221) (34343) , 

so that (34343) is the only ncAv giound pioduct that emerges 

Separating the numerator teims of D it can be wiitten Di+I)^ 

For Di we require the result 

in 

n 7 

^ z in 

l-ex \-ey 1-- 1 - 

yxu ^ ociv ^ 

~ I —y 1—xz 1 — yw 1 —X 1 — y 1 — az 1— yw 1 — t \ — xz 1 — a jc 1 — yw 

^ 

\—y \ — xz . \ — yz \—yw^ 


4—2 
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which ^putting ic = 6c/(12111), y =^hcf {\\), ^ = ijYg, N,^N^ brings it to 

n 

1-/(12211) 1-6V=«(131) l-hcf{U) 

^ n (14211) 

1-/(12211) l-6c/(ll) l-6c/(12111) 

a 6/« (28422) 

1-/(12211) l-iyni31) 1 -6c/(12111).l-i/3(14211) 

n 6/^121)^ 

1-/(12211) l-i>/H181) l-?>c/(ll) 1-/(111) 

(131) 

1-(11).1-(1111) 1-(131) 1-(12211) 

(14211) {1 -(11) (12221)} 

■^1-11.1 -(1111). T- (131). 1-(121U)1 -(12211) 1 -(12221) 

(14211)' 

■^“l-(131).l-(121l"]).l -(12211) 1 -/12221) 1 -04211) 

( 121 )^ 

1 - (11) . 1 - (111) . 1 - (1111) . 1 - (131) 1 - (12211) ’ 
yielding the single new ground product 

(14211) 

For Da we requiie the result 

P 

n £ 

^ z w 

\^ex \-ey l--.l--~ 

^ e e 

_ P 1 ^- 4 - + 1 

1 — xz 1 — yw [1 — y 1 — 1 — x .1 — y 1 — i 1— xw 1 — 2/ 1 ~ ’ 

p = » = 6c/'(12111), y = bcf(l\), 

z='^-N„ 

be c 


and putting 
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and observing that we may put h=f—\ and that moi cover 
^^==(12111), yw = (131), 
pt « (121) (131), p.ry = (121) (14211), 
px-^ = (13211)(14211), px^w = (1321 1 ) (142n)^ 

^/^ = (121)>, = (14211), y^ = (lll), 

while operation upon the remaining letter c produces no new form, it is clear that no new 
form arises 


( 'ase 4 ftg > «] . oti ^ otj > ttj + 

The induced conditions are 

0(2 > a, .. . 

a2>a3 

tts > + as 

2 a, +0(3 + 2 aa ^ a^ + 2a4 . 

ai + a4>aj 

at, ^ a, . 


leading to SiV,*' 


ac 


ac d be d^f cgh 


4 if,’ 


and this by elimination of a, h, c, e, g and h becomes 

1 


n 




'l-rf=/(lll).l-(i'/(12211) 1-In, 1-i 


_1 

dr 




n 

> ' 


1 


1 -fx . 1 -fy . 1 -Jz . 1 ■ 


(«), 

{h\ 

(c), 

{d\ 

{e\ 

in 

ir 

(/O, 


1 




\—x \ — y ,1 — z . \ — zw \ — y . \ — yw . \ — zw 

xw ^ r 1 

1 — a’ i — y . \ — yw . \ — zw |_1 — a 1 — ave \ — yw 1 — zw\ 


and since 
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this becomes — 


^putting y = d’* (12211), w = 


n 

> 1 




I 


l-^^A,iV,i\^,]l-dUlll) l-d^(12211) l-~N, 


(12221) 


l-d*(l2211) 1 -(12221) 


( 1111 ) 


l-d^(lll) l-dni22ll) 1 -(12221)1 


} 


the fourth fraction being omitted as obviously contributing nothing new 
Now writing a- = (111), y = (12211), z — N^, = iVjiVjiVj , 


d'- 


j/wi] +fp) 




to 

d^ 


jw{l + ifp) 




(1 -f y 4- y^) (1 + p) xvj 
"^ 1—1 I - x^p^ 1 — y^p- \ ~ xw 

^ yH 1 4 - p) xw 

^1— a; 1— y 1— y'^p^ I— xw 

K xw 

1 — r^p^ 1 — y^p^ 1 — icw ’ 


K — 1 + X ■¥ y x^ -{-xy + + x^y + xy^ + xJ\f 

+ (a® + xy + y* + x^y 4- xy^ 4- a -\i-)p 


4- {x?y 4- xy'^ 4- x^y^)p ^ , 


w 

a £ 

1 - d-x 1 — d-y 1 “ ^ ^ 


E 

d-* 


yw (I 4- y^p) ( l+yz) 
-y I — aw 1-yw 1 — y^p-* 


- y^“ ■*' 1 - 


tpzwj) 


■xw 1 — y^c 1 — y'^^ X—yz'^ 


where 
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^ aw (1 \ ■\-y'^p') aw{yz A- y^zp ) 

1— a; 1~2/ 1 — \ 1 ~ 2/ i — aw I — 

xw (xyp + xyzp + afp^ + x^yp^ + J^zp^ 4- x^y^p^ + r^ij'zp^ + x^yz‘‘p‘ + x^yhp^) 
^ l-x I- XIV 1— a z^ I — x^p^ I - y^p^ 

In verifying these laborious calculations the relations 


l-.Py 1-1 


1 4- dyz 

1 — yz^ 1 — d^y 


1-yz^ 1- 


1 


1 


1-j. 


1 4- dy-p 

1 — y^2^^ ^ ~ 


p yY 


4- 


///> 

d 


\-yY 



nil be found useful 


On examining these lesults we find that 

2/14; = (13321) 

s a new giound foim, ,uid that every other term is expressible by means of it and 
f giound fuirns previously reached 


Case 5 0Li>'j^, a^xx,, a^ + aa'^as 


The reduced conditions are 


rom which 


ttg >«! 

(«)> 

>^2 

(h)> 

«! 4- *6 ^ 

(c), 

a, 

id), 

04^ as 

(e), 


(/), 


0 , a/t 

^ 1-^N, 1-^JV, 

a d c d e/ " 


a 

^ l-c(lllll) 




i--i\r,iVs 1--V3 
c c 


-4^(111) 


n d (23422) 

^l-d(12211). 1 -d(lll) l-(lllll) l-ai211) 
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(12211)(11211) 


' 1 -(11111). 1 -(ll211){l- (12211) 1 - (111). 1 - (1111) 

(m21) 


( 12211 ) 


80 that new foinib do not arise 

Case 6 > fita, > «! + a. 

The reduced conditions are 


■l-(12211) 1-(12221) l-(llll): 


0l3>0L2 

(«), 

ttg > Oi -f 

(b), 

tj + 2aB > 02 + 204 

(c), 

aa>04 

(^)- 

OLi'\-Cia> a-, 

(e), 

«! + Oti ^ 0, 

(A 

«! > tts 

(y), 


leading to 


_L 

n 

l-T-i'’. 


6 ’ ac ^ ef ‘ c^d ^ ^ b<j 

which IS leadily thiown into the tonn 

JV.JV.iV, (l - A'.'AVV. A") 


Q. 


and eliminating b tins is 


c(12321)-c’>(ll)(12321)^ 


l-c^(lll) l-(llll) l-c-(12211) l-c^(11211) l-(1222l) 

c (12321) 


l-(llll) 1 -(12221) l-c»(11211) l-cHlll) 

n e(12211)(12321) 

^ I -(12221) 1 -CM11211) l-c'(12211) l-c=(lll) 


n 


1 — cV 1 —c-y 1 — 


1 


jcz + a S' + a'^z^ 


\ — oc 1 — y 1 — 1 — 1 — 


Now 
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and 


n 

I — I —c^l/ 1 — chu 



I ^ 

I—^ I —y I — w 1 — / I — y i —w i — W2 

orz^ yz^ 

^ j sZ 

1 — X l—y I — w 2 I — ,yz 1 “ y I — 1 V 2 \ — yz 

^ X2^ + X^Z^ -'r 

\ — x.\—wz i—yz \ — a^z^ 


Putting now 

a; = (I12II), 2/ = (lllX ?o = (l22Il), ^ = (0111), 
we can examine the generating function 
It 18 clear that 

= (12321) 

IS a gioiind pro<luct 

Also = (12321) (13431) =(2)752) 

IS a ground product, (13431) not being a solution of the conditions 
Fuither 

(12211)(12321)2 = (12321) (13321), 
wz = (13321), 

(12211)(t2321)i/^2 = (121) (257)2), 
(12211)(12321)a:^^ = (13321)(25752), 
so that there aie no more ground products 


We have theiefore in Case 6 obtained the new fuiKlaniental foims — 

(12321), 

(2)752) 

The investigation that has been given does not establish that the 13 forms obtained 
are ground pioducts qua the whole of the six cases, but it docs prove that all the ground 
products are included amongst these 13 But it is deal that all forms in which ai = l are 
necessarily ground products This accounts for 9 of the 13 and it is easy by actual experi- 
ment to convince oneself that the remaining 4, \\z — 

(2)752), 

(32121), 

(33232), 

(34343), 


are, in fact, irreducible 
VoL XVIIL 


5 
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Hence the 13 giound products of order 5 are established. 

Finally, to resume the foregoing, it has been shewn, in respect of the arithmetical 
function 

fn Y‘ fn + 2^*^ /n + /« + 4^* fn + 

\1^\2/V3' 14/^5/= (a,, ttg, otj, a^, a^)' 

n being any integer whatever, that all integral forms are expressible as products of 

1(1) order 1, 

{(11) order 2, 

m21) Older 3, 

[(131) 

pill) 

<(3101) order 4, 

1 ( 1221 ) 

(lllll) 

( 11211 ) 

( 12111 ) 

( 12211 ) 

( 12221 ) 

(12321) 

< (13211) order 5. 

(13321) 

(14211) 

(25752) 

(32121) 

(33232) 

'(34343) 



III. O71 the Integrals of Syste^ns of Differential Equations. 

By Professor A. R Forsyth. 

[Received, 28 July, 1899] 

Introductory 

The prejsent paper deals with the chaiactei of the most general integ^l of a system 

of two equations of the hist order and the fiist degree m the deiivatives of a couple 

of dependent variables with regard to a single independent variable, the integrals being 
determined with refeience to assigned initial values. It will bo seen that corresponding 
results can be established for a system of n oijuations, of the fiist order and the first 
degree in the derivatives of n dependent variables 

When the equations are given in the foiin 
du j., . dz 

then Cauchy’s existence-theorem shews that, if x — a, y — h, 2 = c be an ordinary combina- 
tion of values for the functions f and g, so that f and g are regular in the vicinity of 
x = a, y — h, z ■= c, there exist integrals y and z of the equations, which are regular 
functions of x and which acquire values b and c respectively when a? = a , these solutions 
are the only regular functions satisfying the assigned conditions , and it may be (but it 
is not necessarily) the case that they are the only solutions of the equation (whether 
regular or non-regular functions of x) determined by the assigned conditions 

If however a, b, c be not an ordinary combination of values, then the character of 

the integrals of the equations depends upon the chaiacter of the functions f and g in 

the vicinity One impoitant form, which includes a large number of cases, occurs when 
a, 6, c IS an accidental singularity of the second kind for both f and g, that is, the two 
functions arc each of them expressible in the foim 

P {x — a, y — b, z — c) 

Q{x — a, y — b, z — c)' 

where P and Q are regular functions of then aiguments, each of them vanishing when 
a) = a, y = b, z = c It is necessary to obtain an equivalent reduced form of the equations 
and one method is the appropriate geneialisation of Briot and Bouquet’s method as applied 
to a single equation of the first order This has been earned out in the case of 

5—2 
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n variables by Konigsbeigei *, and m the case of two variables by Goursatf For our 
system, the most important reduced equivalent form is 

= + + . =0.([r,F,()| 

S ( x\ 

t‘^j- = a,u + ff,v + yj+ ^e,_(U,V,t) 

whole and 0^ are legulai functions of then three arguments each of which vanishes 
with 17, F, t The relations between the v,iiiables are 

a - a = t'^, y -h = (6, + 1/”) z — c = (c, + F) 

where 6, yjr are positive integeis with no factor common to all three, and bi and Cj 
are appropriately determined constants The new conditions attaching to the dependent 
vanables U and F aie that U = 0 and F = 0 when ^ = 0, these correspond to the initial 
conditions that y — b and z = c when n = a , and the mattei to be discussed is the determ- 
ination of integrals of the e([uations (A) subject to the condition that Z7 = 0 and F= 0 
when t = Q 

The integrals, so determined, are eithei regular or non-regular functions of t their 
existence and their character aie affected by the nature of the roots of 

which may be called the critical quadratic Various theorems have been from time to 
time enunciated in vaiious investigations Thus PicaidJ proved that the equations possess 
integrals, satisfying the lequired conditions and expii'ssible as regular functions of t 
provided neither root of the critical quadratic is a positive integer, and Goursat shewed§ 
that, if the real paits of each of the roots of the critical qu.idratic are negative, then 
the equation possesses no integrals other than the legular functions of t satisfying the 
required conditions Also Poincare ij and, following him, BendixsonH, have discussed the 
integrals of n equations of the foirn 

^ ^ ('^ 1 , Mi, , M„), (r = 1, , n), 

the functions dr being regular functions of their arguments and vanishing when = 0, 

= 0, , iin — 0 these can be made to include the system (A) by writing n = 3, and 
taking the third equation in the form 



with the condition that u,, u., a, all vanish with t In this case, there is a ciitical 

* Lehtbiuh da Theorii dir Dijff'erentiah/huhungi n, 743 — 74.7, tiUo his Vours d'Analyne^ t iii, ch i 

Leipzig (1889), pp <352 et set] § imei Journ Math , \ol xi, p 342 

t Amer Journ Math , vol xi (1889), pp 340, 341 ll Imuqiaal Dissertation, 1879 

X. Comptes Rendm, t i.xxxvn (1878), pp 130 — 432, ^ Stockh Ofver ,i li (1894), pp 141 — 151 
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cubic corresponding to the critical quadratic specified above , one root of the cubic being 
unity But all the alternative possibilities for the general equation are not set out in 
detail m the memoirs specified, so that all the possibilities for the limited cubic would 
have to be consideied independently. 

Again, a considerable portion of Chapter V of Konigsberger’s treatise, already cited, 
IS devoted to the corresponding discussion for n equations , some difficulties as regards 
adequacy of proof of the theorems, independently of the general statement, prevent me 
from thinking the investigation entirely satisfactory, that is, if I understand it correctly* 
Some papers by Hornf may be consulted further lefeiences will be found in them. 

My intention in this paper is to take account of the different general cases that can 
arise owing to the various possibilities of the foim of the roots of the ciitical quadratic 
For this purpose, the method used by Jordan J foi the coiTespondmg discussion of a single 
equation is adapted to the sj^stem of two equations The different cases are — 

I The (juadratic has unequal loots — 

(a) neither loot being a positive integer 

(b) one loot being a positive integer, the other not 

(c) both roots being positive integers 

II. The quadratic has equal roots — 

(а) the (repeated) root not being a positive iiitegei 

(б) the (repeated) root being a positive integer. 

It should be added that a further assumption will be made foi the present purpose, 
VIZ that the ciitical (piadiatic has not a zero-root As a matter of fact, the existence 
of a zero-loot would imjily (as for a single eijiiation of the first older) that the reduced 
form of the system belongs to a type different from that here considered 


* The investigation seems to imply (p 397) that, taking 
n = 2, the non-regular integrals of 

r„ yj] 

when the real parts of \ and are positive, are 

that 18, 13 a factor of Yj and a factor of Yj But 

the integrals of 

z = X, c + a:x + hz(/ -f aj^ | 

.o 1 




i/=l 




yA^ 
2X, - X 




1 "F \j — 

the unexpiessed terms bein^ terms of higher order in 
ii> and q, denoting respectively The 

only way in which can be a factor of x i8 by having 
J1 = 0, and then is not a factor of y , and similarly as 
regards and 

t Grille, t cx\i (1896), pp 265 — 306, ib , t cxvn 
(1897), pp 104—128, 254—266 

X Cottrs d'Amlyse, t in, §§ 94 — 97 
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It IS convenient to transform the variables. When the roots of the critical quadratic 


are unequal, say and we introduce new variables u and v, such that 
u = \U+ fiV, V = \'U+ fjtfV, 

where (aj - f,) \ + aj/A = 0| (wi-^a) V + a 2 /Lt' = 0) 

the ratios X fA and fi are unequal, and consequently the new variables u, v are 
distinct The equations become 

= + V, t) 

t = ^,v + <^2 (w, V, t) 

where <j>i , 4>i ^^e regulai functions of their arguments, vanishing with them , except foi 
a term in t, they have all then terms of the second or higher ordeis in u, v, t combined 

When the roots of the critical (juadratic are equal, having a valiu* say, we 
introduce a new variable u such that 

u ^\U + /A T^, 

where (oti - ^) \ + a,/A = 0, - f) /a = 0 

Then we have 

r,t) 

= #cu 4- ^ K + ^2 {u, V, t), 
say 

It theielore appeals that the equations corresponding to the cases I (a). I (^), 1(c), 
are 

= + V, o| 

where and are unequal to one another and that the equations coriespondmg to 
the cases 11(a), 11(6), aie 

t~ = KU + ^v+<l>i {u,v, of 
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In both forms, the functions and <f>i arc regular functions of their arguments 
and vanish with them , and the only term of the first order in and ^2 is possibly 

a term in t For both forma, the initial conditions are that ii = 0 , v = 0 , when ^ = 0 . 

For brevity, integrals, which are regular functions of t, will be called regular 
integrah • and integrals, which are not regular functions of t but are regular functions 
of quantities that themselves are not regular in t, will be called non-reqular integrals 
The results are obtained for the transformed equations m u and v, since U and V 
are linear homogeneous combinations of u and v, the results apply to the original equations 


REGULAR INTEGRALS 


Case I (t^) the critical quadratic has unequal roots, neither being a positive integer. 

1 If the equations 

t ^ == lia + (u, V, t), t + <f>, (u, V, t), 

possess legular integrals vanishing with t, these integrals must have the form 

u = S v= % hnt^. 

n-l n-1 

That they may have significance, the power-senes must converge , that they may be 
solutions, they must satisfy the equations identically 

Accordingly, substituting the expressions and comparing coefficients of t"', we have 

(ri - li) an =fn, (n - ^2) bn = gn, 

where fn and gn are the coefficients of in and <^3 respectively after the expres- 
sions foi u and v are substituted Fiom the forms of (f>i and <f>2, it is clear that fn 
and gn aie linear combinations of the coefficients in </>! and <^3, that they are rational 
integral combinations of the coefficients a,, a^, , bi, h,, . , and that they contain no 
coefficient a after Un-i and no coefficient 6 after bn-i m the respective sets Since 
neither nor is a positive integer, the equations can be solved in succession for 
increasing values of n, so as to determine formal expiessions for all the coefficients 
In paiticular, an and bn are obtained each of them as sums of quotients , the numerators 
of these quotients are integral algebraical functions of the coefficients m <f)i and <f)^, 
and the denominators are products of powers of the quantities 

l-li, 2-|„. , ii-l-f, M-f, 

I-I 2 , 2-I2, ..., w-^3 
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To discuss the convergence of the power-senes, we introduce an associated set of 
dominant equations The functions and ^2 are regular in the vicinity of w = 0, v = 0, 

< = 0 , let then domain of existence include a region U | < r, u\^ p', \v\^ p" of the 
two quantities p' <ind p", let p denote the smaller, so that <f>^ and are certainly 
regulai in a region i 1 1 ^ r, u\tp, \v\^p Within that region, let M' denote the 
greatest value of 1 [ and M" the gieatest value of 02 i <>f the two quantities M' 
and M", let M denote the laiger, so that 

I 0, 1 < il/, I 02 I < M, 

within the legion specihed, and M is a finite magnitude Then if and aie the 

coefficients of in 0i and 0j lespectively, it is known that 


Further, no one of the quantities m — la — ^2 foi integei values of m vanishes, 
there is theretoie a least (and non-zeio) value of |w — fil, foi the various 

values of m , let it be (hnioted by e 


Now consider the eij nations 


7 I 


where the summation is foi integei values of i, j, k such that Clearly 

X = y, and each of them is given b\ 


and theietoie 



7 


In this cubic equation, the term independent of X vanishes when ^ = 0, and the 
term involving the fiist power docs not vanish because e is not zero Hence when 
^=s0, the cubic equation has one root and only one root which vanishes It therefore 
follows, from the continuity of loots of an algebraical equation, that the cubic has one 
root which vanishes with t and which is a regular function of t for values of | < | less 
than the least modulus of a root of the discriminant, that is, for a finite range 
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To obtain the expansion of this root as a regulai function, it is sufficient to determine 
the coefficients m the power-senes 

X — A^t -\r . -f A -|- , 


so that the equation 


tX = ^-t + t 


M 

pl+Jyk 




IS identically satisfied , because the root which vanishes with t is the only root of the 
cubic of that type, and the senes foi X is known to conveige within the finite range 
indicated Clearly we have 



6 


where is the coefficient of on the iight-hand side of the cipiation tor eX When 
this value of A„ is used foi successive values ot n, and the new expressions for 
Ai, , An-i are substituted in F^, the ultimate foimal expiession obtained foi F,i is the 


M 


quotient ot an integial algebiaical expression in tin* loefficients — by a power of e 


Compaiing the quantities \fn\ and we note that a (juantity greater than |/„1 is 
obtained when in its nuiiieratoi every term is leplacisl by its modulus, that this greater 
quantity is fuithei hk leased when the modulus ot the coefficient of in <f>i or in 


M 

<l>j is leplaced by increased ijuantity is still fuithei appreciated 

when every factor of the type jia — in the denominatoi is replaced by e But, on 
comparing the two coefficients «« and A„, it is eleai that these three changes turn 
fn into Fn, accoidingly 


'fn I < Xh 


Similarly foi ffn and Fn, so that 


\l/n\< Fn 


Also 

hence 


I w - ^ e, ! a - ^5 1 ^ , 

|artl<A„, j6„l<Au 


The series 


Alt + A,t^ + A^'^ + 


conveiges absolutely within a finite region round t = 0, therefore also the series 

ait + + (hV + , 

bit -f bit^ + bit^ -f 


con verge absolutely within that legion 

Hence the differential equations possess legulai integrals which vanish with t It is 

not difficult to prove that they are the! only legnlar integrals which vanish with t 

VoL. XVIIL 6 
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Case I (b) the critical quadratic has unequal roots, one of lohich is a positive integer 
and the other of which is not a positive integer 

2 The etjuations may be taken in the form 

. du ^ , 

t = nia 4- at v, t) 

t =-^v + ^t + (j>{u, V, t) 

where m is a positive integer, ^ is not a positive integer, 6 and ^ are regular functions 
of their arguments, vanishing with u, v, t, and contain no terms of dimensions lower 
than 2 

If regular solutions exist, which vanish with t, we can take 

= V=t{p-{-Vi), 

choosing the constants \ and p so that and i\ vanish with t Then t"^ is a factor of 

6 and <fi after this substitution is made, say 

6 {u, V, t) = t-0f (w,, Vi, t), <j> (u, V, t) = t-^f (?/i, y,, t) , 

but Of and do not necessarily vanish when t, <f,, Vi vanish The equations for the 

new variables are 

dui 

I ~{rn — l)\-^a+{ni— i)Ui + tO/{Ui, Vj, t) 

i = (^ - I) ^ - 1) + t(f>f{ui, V,, t) 

Now as iq, y, are regular functions of t the expiessions on the left-hand side vanish 
when t = 0 , hence 

(w-I)\-|-a = 0, + ^ = 0 

If 6i{0, 0, 0) = ai, 0, 0) = ^,, the equations aie 

du 

t - {in - 1) u^■\■a^t + t6fu^, v^, t) 
dv 

t = (^ ~ I) ^’i. 0 

where 0^ and (f>^ are regulai functions of their arguments and vanish when = 0, = 0, 

t = 0 The equations are, in foim, the same as before, except that the coefficients of 
the fiist powei of the dependent variables on the iight-hand side h.ive been leduced by 
unity, and the relation between the two sets of dependent vaiiables is 

It is manifest that the equations in m, and r, can be subjected to a similar trans- 
formation with a corresponding lesult, and that, as ni is a positive integer while ^ is 
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not, the process can be carried out ' 7/1 — 1 times, but not more Denoting the dependent 
vaiiables after all these transfoi mations have been effected by m', v', we have equations in 
the form 

t = u' + at + Ji {a, v', Q I 

t — KV hi + k {ii , V, t) j 

where k, =^— w4-1, is not a positive integer , //, A are legular functions of then 

arguments, vanishing with t and containing no teims of older less than 2 The 
relation between the variables u, v and ii, v is of the form 

— P,n-i + V = Q,n-i + 

wheie Pm~i and Qm~i an* algebraical polynomials of degiee ni — l vanishing with t, 

and ?<' = (), v'=0 when t = 0 The coefficients a an<l b aie algebraical functions of the 

oiiginal coefficients 

The equations can possess regular integrals only if a is zeio For regular integrals 

must be of the form 

+ pp + , y' = (pt + <jf- + , 

substituting these, lemembenng that h and k aie then of the second older at least m 
t, and equating coefficients of t in the first of the ecjuations, we must have 

Pi=^Pi + (t, 

which IS possible for non-mfinite values of jh only if a is zero 

Suppose now that a is zero Since a and v' (if they exist as regulai functions 

of t) vanish with t, we can assume 

y' = tip, V =t7ji, 

the sole transferred condition being that 17 , and are regular functions of t, which 
now need not necessarily vanish with t. We have 


t- = {K—l)t7}n + bt + k (<?;, , tr}2, t) 

= {k — l)tr )2 + bt-^t^K{V\^ V 2 , t), 

where H and K are regular functions of their arguments The second equation shews 
that, when t = 0, then (/c — 1 )/ 7 j + 6 = 0, accordingly taking 

V. = jA; + 

6—2 
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we have vanishing when ^ = 0 As regaids ?/,, theie is, as yet, no restriction upon 
its value when ^ = 0, denoting it by A, we take 

Vi = A-i- fi, 

where vanishes when i = 0 Both and aie legular functions of t. When the 
values are substituted, A rcunains undeterniined by the equations , and therelore an 
arbitrary (finite) value can be assigned to A The eipiations for and now are 

= + j-^ + r=. t) 

With the condition that and must be regulai functions of t vanishing with t 
Let them, if they exist be denoted by 

»-l n^l 

substituting in the equations which must be satisfied identically, and equating coefficients, 
we have relations 

nan = fn, (n-KAl)bn = gn, 
similar to those in the Case I (a) 

These equations are treated in the same way as in the Case I (a) Since k is 
not a positive integer, no one of the coefficients of bn vanishes , and thence it is easy 
to see that the whole of the treatment in I (a) subseiiuent to the coriesponding stage 
can, with only slight changes in the analysis, be applied to the present case It leads 
to the result that the power-senes for and conveigo absolutely for a finite region 
round < = (), and from the form of the equations for and ^ 2 , it is clear that the 
coefficients in the power-senes will involve the arbitiaiy constant A 

Hence it tollows that, unless the condition lepiesented by a — 0 be satisfied, the 
equations do not posse'is regular integrah vanishing with t — 0 If that condition he 
satisfied, the equations possess legulai integrals vanishing with i = 0 and involving an 
arbitrary constant in other words, they possess a single infinitude of regular integrals 
vanishing with t = 0 

The condition represented by a = 0 can be obtained from the original equations 
t = trill + <xt + 0{u, V, t) 

t ~ ^u ■¥ ^t + ^{u, V, t) 

as follows Let 

M = It fptv+V^U, 
v = \ gpt^AV^V, 

P-i 
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substitute in the equations, and determine (by comparison of the coefficients) the values 
of /j> • . /rn-i. , gmr-\ Then the condition is that the coefficient of V”' in 

at + ertfpPrigptv, t] 

\p-\ p=i / 

shall be zero This statement can easily be venlied 

Case 1(c) the critical quadratic has unequal roots, both of which are positive integers 

3. Let m and n be the two unequal roots, of which m is the smaller, so that 
the equations may be taken in the form 

< ^ = mu + a< + ^ (a, v, t) | 

dv 

t (a, V, t) I 

These equations can be transformed, as m the Case I (6), by w - 1 substitutions in turn , 
and ultimately they acquire the form 

t — u + at + h( a', v', t) | 

r y 

t = KV -\-ht-\-k (a', V, t) I 

where k, — n — m + I, is a positive integer gieatei than unity, a and aie legular functions 

of t vanishing when t = 0, and the functions h, k have the same signification as in 1(6). 

If the equations possess legular solutions, the latter must be of the form 

a' = 2 pit^, v' = qit^ , 

substituting these values and equating coefficients, we have 

P\ = + «> = 'f?! + 6, 

(I — \)pi = coefficient of t^ in h (a', v', t), 

(I — K)qi= . . t^ in k (a', v', t) 

It IS deal that, if a is different from zero, the hist ci^uation cannot be satisfied , and 
therefore as one condition foi the possession of regulai integrals, a must be zero 
Assuming this satisfied, we see that p^ is left undetermined let a value a, provisionally 
arbitrary, be assigned to it 

Solving now the remaining equations for the values i=l, 2, , k — X in successive 

sets, each set being associated with one value of I, we have the values of jt?,, , p„_^, 

S'lj > these in general involve a In order that g', may have a finite value 
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so that {l — K)qi vanishes for l = ie, we must have the coefficient of in k{u,v',t) zero 
If this coefficient be zero, the value of is undetermined , let a value /S, provisionally 
arbitiary, be assigned to it For the remaining values of I, the equations determine 
formal expiessions foi the remaining coefficients, involving a and and no further 
formal conditions need to be imposed When the values of . , q^-i are 

inserted m k {u', v, t), the coefficient of m that quantity may be an identical zero , 
in that case, the functions u\ v involve two aibitrary constants a and ^ so that, if the 
functions actually exist, there is a double infinitude of legulai solutions vanishing with t 
Or the coefficient may be zero only if some relation among the constants of the original 
equations be satisfied , if the relation is not satisfied, theie are no regular integrals of 
the original eipiations vanishing with t if the relation is satisfied, there is a double 
infinitude of legular mtegials Oi the coefficient may be zero only if some relation 
among the constants of the original equations and a be satisfied, this relation is then 
to be regarded as detemiining a, and then for each value of a so determined, theie is a 
single infinitude of legulai solutions vanishing with t 

These results arc stated on the assumption that the power-senes, as obtained with 
the coefficients p and q, convcigc the assumption can be justified as follows Let 

= Pit + + + PK-lt'^~^, 

= q^t + qiP+ q^-iP-\ 

the coefficients p and q being known, then if functions u' and v' exist of the specified 
form, wc can assume 

u' = U\ 

v' = 5,c-i + y\ 

where V and V aie regulai functions of t that vanish with t Thus, assuming a = 0, 
we have 

^ y'> t) 

Now the quantity 



IS equal to the aggregate of the terms involving t, m 

Also in there aie no teims of dimensions lower than 2 so that, in 

h {A,_, + -t- t) - 0, 

the coefficients of p-W, p-'^V' are of dimension at least unity, and theiefore this 
expression may be taken as equal to 

P-^H,{U\ F', 0, 
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where is a regular function of its arguments, which vanishes with them and contains 
no terms of dimension lower than 2 Also let the term‘* in t) of ordei higher 

than /c — 1 be 


then 





+ (/c - 2) U' = + 


+ V\ t\ 


and therefore 

I = (2 - «) f/-' + c.t + ( U', V', t), 


on absorbing the other poweis of t into Hy and denoting by H the new function which 
has the same character as Similarly 

= V' + b.t + K(U',V’. t), 

where the terms m k t) of order highei than tc — l are 

hA'‘ "b > 

and K is a function of the same character as H 


As K IS a positive integer >1, 2 — /c is not a positive integer Thus the coefficient 

of U' IS not .1 positive integer, while the coefficient of V is unity, and thus the two 

equations for U' and V aie a particulai instance of the geneial form discussed m 1(6) 

There is no regular integial vanishing with t unless 6* = 0, the significance of this 

condition, either as an identity, oi as a relation among the constants of the original 
equations, or as an eipiatioii detei mining a, has already been discussed Assuming the 
condition = 0 s.itisfied, it is known from the preceding result that the equations in U' 
and V possess legulai integrals, which vanish with t and involve an arbitraiy constant 
that docs not appear in the differential equations The intei cnees stated eailier are 
thciefoie established 

It appears from the investigation that two conditions must be satisfied in order to 
the possession of legular integials one of them is a lelation among tlie constants of the 
eiiuation icpresented by a = 0 the other of them is the relation lepiesented by 6* = 0 
To obtain them diiectly fiom the oiigiiial forms, we can pioceed as follows Let 

u = ^pit\ V = ^qit\ 

1=1 ?=i 

be substituted in the oiiginal equations and detei mine pi, , 7i. > 7.a-i i he first 

condition is that the coefficient of in 

/m-l m-1 \ 

e ( s pit\ s <nt\ < ) 

\i=i 1-1 / 
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shall vanish Take = and then from the oiigmal equations determine Pm+u , Pn-i> 
qn-\ The second condition is that the coefficient of in 

( n-l n-l \ 

^ piU’, ^ qitK t) 

i=i 1=1 / 

shall vanish It is not difficult to veiify these statements 

Summarising the results, it appears that, unless one condition he satisfied, the equations 
possess no regular integrals vanishing with t When the condition is satisfied, another relation 
must he satisfied If this relation determines a parameter, the equations possess a single 
infinitude of legular integtals, if it involves only the constants in the differential equations, 
then, when it is not satisfied, theie are no regular integrals vanishing with t and, when it is 
satisfied, there is a double infinitude 0 / such integrals 

Case II (a) the cmtical quadratic has equal roots, not a positive integer 
4 The equations aie 

+ V, t) I 

i ^ + <^a {u, V, t) 

where ^ is not a positive mtegei , the functions </>, and .11 e regulai and (with the 
possible exception of a teim in t) contain no terms of order lower than 2 If they possess 
regulai iiitegials vanishing with t, they must have the foims 

it = 2 pnt^, y = 2 qnt'' 

M=1 rt=l 

Substituting these expressions and equating coefficients, wc find 

{n-^)Pn=/n ) 

(» - I) qn =9n + /cpn ) 

where /,» and are the coefficients of in <f>i and (jr^ respectively, when the senes for u 
and V are substituted It is clear that fn and q,^ arc lincai in the coefficients of <Pi and 
<^8, that they are integial algebiaical combinations of pi, p^, . , q^, q^, , and that they 

contain no coefficient p 01 q in the succession later than pn-x and q^^^ As f is not an 
integer, the foregoing ecpiations, taken foi successive values of n, deteimine formal ex- 
pressions for the whole set of coefficients p and q, in particiilai, pn and qn are obtained as 
sums of quotients, the mimeiators of which are integral functions of the coefficients m </>, 
and </>8, and the dcnominatois of which are pioducts of powers of the quantities 

1-^, 2-f ,n-f 

To discuss the conveigence of the powei -series for u and v with these coefficients, we 
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introduce an associated set of dominant equations Let a common region of existence of 
<f>i and <f>i be determined by the range 

\u\<p, \v\^ a-, 1 < I < r , 

within this region let the greatest value of j i be M, and that of 1 ^ 2 1 be N, so that 
within the region 

\<f>i\^M, \<l>,\^ N, 

M and N denoting finite magnitudes Also, let e denote the smallest value of \ m — 
values of the integer m , and let k\ — c Then we considei the dominant equations 
given by 

r 

N N 

er=cX+-i+S 

where the summations on the right-hand side aic foi integei values of r, j, k such that 

!■ + y + ^ ^ 2 


The general course of the argument is similai to that in I (a) In the first place, X 
and Y can be determined by the simultaneous equations 


eX = 


M 


eF=cZ-f- 


N 




p <T 


-n-^x-Iy 

p <T 


From these we have 
so that 


iV^€Z = i/(€r-e.Y), 




when this value is substituted for Y in either equ.ition, say in the first, we have 


/ M N 

e + — -h- 

\ p (T 


M 



r 



a cubic equation in X. The term independent of A’^ vanishes when < = 0 , and the term 
involving the first power of A does not vanish when ^ = 0, because e is not zero Hence 
the cubic has one (and only one) loot vanishing when t = 0 

VoL. XVIIl. 
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It follows, as before, that this root of the cubic vanishing with t can be expressed as a 
regular function of t m the form of a power-seiies, which converges absolutely for values 
of 1^1 less than the least modulus ot ,i root of the disci iminant, that is, for a finite range. 
When the power-senes foi has been obtained, the pov\ er-series for 1’^ is given by 


say 




X = Pj « + P.r* -f + p„«« -f 
Y = q,t + Q,t - , 


In the second place it can, as before, be shewn that the analysis, effective for the 
determination of and qn m connection with the oiiginal equations, is effertive for the 
determination of P„ and Qn m connection with the dominant equations by meiely making 
literal changes, and that these literal changes are such as to give 

iPnl<Pn, knl< Q» 
for all values of n. It therefore follows that the senes 

P\t 

+ 7-’^* d- q-\P + , 

converge absolutely within a not infinitesimal region lound < = 0 Consequently the 
equations possess regular integrals vanishing with t and it is not difficult to prove that 
these regular integrals are unique as regular integrals with the assigned conditions 


Case II (6) when the critical quadi'atic has equal roots, the repeated 
root being a positive integer 

5. The equations are 

t = run -t q- 0 (a, v, t) | 

1. 

^ = KU + mv + I3t + <j> («, V, <) j 

where rri is a positive integer, the functions 0 and (f> are regular, vanishing with u, v, t, 
and containing no terms of dimensions lower than 2 

We transform the equations as m I (6) by successive substitutions, each of which 
leads to new equations of a similar form with a diminution by one unit in the 
coefficients of u and of v aftei each operation We take 

w = < (X, + «j), v = t{p^ Vi), 

choosing X and p so that and w, vanish with t then u^ and i\ are regulai functions 
of t, if the equations possess regular integrals To secuie this foim of transformation, 
we must have 

{in — 1)X -|-a = 0, 
k\ + {ni — \) p + ^ 
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90 that 


m — 1 ' 


Ka ^ 

"(m - 1 ) 2 “ 


and the new equations are 

t ^ = {m — 1 ) M, + at + dx (Ml, Wi, t) 

t - Kill -i- {m - 1 ) w, + + (f>i (m, , Vi, 0 j 


A similar transformation can be effected upon this pan, with a similar result, and the 
process can be carried out m — 1 times in all, leading to equations 

~ u + at + h {u, v', t) I 
t ™ = KU + v' + ht 4- ^’ ( i(f, v\ t) 

where h, k aie regulai functions, vanishing with u', v\ t, and containing no terms ol 
dimensions lowei than 2, also u, v' aie to vanish with t 

There are two sub-c<ist‘s to be considered, accoiding as k is zeio and k is different 
from zero 


FirvSt, let ^ b(" 0 , so that the equations are 

t = M + at + /I (m , V , t) 

— V -\-bt k (m , v', t) 

It is eas\ to see, by substituting expiessions of the foim 

u = iht + Pit- 4- , v' = (pt 4- ipt- 4- . , 

that the ecpiations cannot possess legulai integrals vanishing with t unless 

a = 0, 6 = 0 



Assume', therefore, that a = 0, 6 = 0 If the equations then possess regular integrals 
vanishing with t, we can take 

u' = tU', v' = tV\ 

wheie now the only tiansfeired condition to be imposed upon U' and V' is that they 
arc to be regular functions of t Substituting these values, we find 

t‘ = I, (t U', t V'^) V, t). 

dV' 

= k {til', tV', t) = t^K ( U', V', t). 


7— -2 
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so that 

where H and K are regular functions of their arguments To these equations, Cauchy’s 
geneial existence-theorem can be applied, it shews that they possess integrals which 
aie regular functions of t .ind assume assigned (arbitiary) values when ^ = 0 Accord- 
ingly, the equations in ii' and v, in the case when the conditions a — 0, 6 = 0 are satisfied 
and when the constant k is zero, possess a double infinitude of regular integrals which 
vanish when i = 0. 


Secondly, let k bo different from zeio If the equations possess regular integrals, 
they are expressible in the form 

u' = ad + ad^ -P -f , 

substituting these, and taking account of the first power of t on the two sides of both 
equations, we have 

Ui = «i + a, bi = KUi + 6i + 6 

Hence we must have a~0, then bi is undetermined, and 

b 

«i = , 

K 

a finite quantity because k is not zero 


Assuming that the condition a=0 is satisfied, and assigning an aibitrary value 
A to bi, let 



v' = t{A +r}i), 


so that r}^ and rj, are to be legular functions of t vanishing with t , the equations 
for 7]i and 172 are 

= + tA + tv„ 

= rji, t), 

t^ = Kt'TJl -p ^ ^ — t h t7)i , tA tl)2> 


= Ktriy^ -f (i/i, 7/2, t), 

that 18 , they are 


where H, K are regular functions of their arguments and involve the arbitrary constant A 
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These equations are now the same as in the Case II (a) when ^ is made zero. 
Accordingly, all the analysis of that earliei discussion applies when in it e is taken 
equal to unity The equations m and possess regular integials vatiishing with t, 
and their expression involves A, the arbitiaiy constant, and therefore the original 
equations in u and v possess no regular integrals vanishing with t unless the condition 
represented by a = 0 be satisfied , but if that condition be satisfied, they possess a simple 
infinitude of regular integrals vanishing with t 

The conditions represented by a = 0 and b = 0 in the sub-case when k is zero, and 
the condition represented by a = 0 in the sub-case when k is diffeient from zeio, can 
be expressed as before For the foimcr sub-case, we determine coefficients a and b so 
that 


W = 4- + Om-i + ) 

v = bit+ +b,a-iV^~^+ I 

satisfy the equations 

^ ™ = mu -{• at -{■ 0 (u, V, t) I 
t - niv ->!- ^tA (h {u, Vy 

and the conditions are that the coefficient of V”' in 


at-\~ 6 ( S ai0, S bf, t\ , 

\i--i i-i / 

and the same coefficient in 

/»»-! m~l \ 

^tA<l>{ ^ (ti0, - bi0, f), 

\l-l /-I / 

shall vanish For the latter sub-case, we deteimine the 2(w — 1) coefficients in u and 
V so that the equations 

t = mu-^at+ 0 {u, V, t) | 
t^ = KU A mv-^- fit + ^ («, V, t ) [ 


are satisfied, and the single condition is that the coefficient of in 

( W-l TO-l \ 

S ai0, S bi0, tj 

shall vanish 

This completes the discussion of the regular integrals vanishing with t, with the 
respective results as enunciated in the various cases 
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NON-REGULAR INTEGRALS. 


C It has been seen that, either m general or subject to certain conditions, the 


equations 

«~ = a,f/ + AF+7.«+ . = e,(Cr, F, «) j 


possess regular integrals which vanish with t and these are unique as legular integials 
Denoting them by iq, i\, let 

U'=Ui + x, V-Vi+ 1/ , 

so that if lunctions a and y exist, different from constant zero, they are non-regular 
functions of t, and they must vanish with t because U, Wi, V, Vi all vanish with t Then 


t = 9^ (<q + iv, Vi + y, 0 - 9, (?q, v,, t) 

cZy .,,1/0 0 Y a / A 


art' equations to determine x and y On the right-hand sides theie aie no terms 
involving t alone, the only teims of the first older are OLiX-¥^iy, otA’ + yS^y respectively, 
and the coefficients of the other powers of x and y are functions of t and of m,, Vi, 
that IS, aftt'i substitution ()f the values of a,, v,, these coefficients are regulai functions 
of t Hence we ma\ take the eiiuations in the form 

j 

dij ^ 

i ^^ + ^ 2 ( 0 !, y, t) j 

where and are regular functions of a, y, t, vanishing when ^’ = 0, y = 0, and con- 
taining no teims of dimensions lovvei than 2 in x, y, and t The dependent variables 
X and y, if the} exist as other than zero constants (which manifestly satisfy the 
equations), aie to be non-regiilai functions of t which vanish when i = 0 

It IS convenient to transform the equations by linear changes of the dependent 
variables, as was done for the discussion of regular integrals the new forms depending 
upon the roots of the critical quadiatic 
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When the roots of the quadratic are unequal, say and ^ 2 . we take new variables 

= fjLy, <2 = + fiy, 

where 




«! - fi) X- + Oa/z = Ol 
'iX + (A-^)/x = Oj 


(“i ~ ^ 2 ) X' + = 0"! 

AV+(A-f..)^' = oJ’’ 


the equations become 


^ (^1 . ^2. 0 j 

where the regular functions <^i and vanish when = 0, ^ = 0, and contain no terms 
in tj, < 2 > ^ dimensions lower than 2. 

When the roots of the quadratic are equal, the common value being the cor- 
responding forms are 

^ ~ I 


With the same chaiactenstic properties of the functions and as lor the former 
case, here (2 = y and = Xa: + /xy, where 

(«! - f ) X + OaM = 0, /3,X + (/Sj - ^)/2t = 0, 

and the constant k is given by /cX = 

We proceed to deal with the various alternative cases, as for the regular integrals 
merely remarking that, for those instances of the oiiginal equations which do not possess 
legular integrals because the appropriate condition is not satisfied, it will be necessary 
to return to those original ecpiations for the discussion of the non-regulai integrals 

7 Some indication of the character of the solutions may be derived from the 
consideration of two simple examples, one of each foim 

A simple example of the case when the roots of the ciitical quadiatic aie unequal is 

< ^ = X^i + att, 

t = fiti + htti 

integrals (if they exist) are required which vanish when ^ = 0 The solution of these 
equations, which are linear, can be made to depend upon that of a linear equation 
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of the second order having t = 0 for a singularity it appears that the integrals are 
normal in the vicinity of « = 0 Their full expression is 


<. |l+2(i+p)+2.4(l + p)(3 + /)) + 


+ r + 2(3- + 2.4(3 -p)(5-p)+' 




2(3 + p) 2.4(3 + p)(.5 + p) 


+ "‘^|'+2(l-p)+2.4(l-p)(3-p) + 


where p — \ — in order that the solution may be satisfactory, it is manifest that p 

may not be an integer, positive or negative For the present purpose, the geneial 
integrals must be chosen so that they vanish with t, and consequently the most 
impoitant terms in the immediate vicinity of ^==0 arc 


1-p [ 

1 +p 

the quantities A and B being arbitral y 

If the real part of X and the real pait of bo both positive, then, when the 
variable t approaches its oiigin not making an infinite number of circuits round that 
origin, and ultimately vanish when t = 0, that is, as X and fx are not integers, 

there is a double infinitude of non-iegulai integrals vanishing with t 

If the real pait of X be positive and the real part of p, be negative, then, when 
t tends to zero as before, to tend to zero only if B be zcio and if B — Q, then 
and L ultimately vanish when f = 0, that is, theie is a single infinitude of non- 
regular integrals vanishing with t 

Similaily, if the real part of X be negative and the ical pait of p be positive, 
there is a single infinitude of non-regular integials vanishing with t 

If both the real part of X and the real pait of p be negative, then and 
vanish with t only if A = 0, /? = 0 that is, non-iegular integials vanishing with t do 
not then exist d’kis last icsult is in accordance with Goursat’s result already quoted 

in the introductoiy remaiks 

It will be noticed that the parts depending upon alone, when they exist, are of 
the form 


— t^Pl, 
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where p, is an arbitrary finite quantity and ig zero when t = 0 , and that the parts 
depending upon alone, when they exist, arc of the form 

where <r^ is another arbitrary finite quantity, and o-j is zei o when ^ = 0 These particular 
results are general and, in this form, can be established by an appiupnate modification 
of Goursat’s argument {Ic) They are included in the moie general theorems that will 
be considered immediately 

A simple example of the case when the roots of the tiitical quadratic arc 
equal is 

dU 

t ^ -|- (Xtt^ 

intcgials (if they exist) are required which vanish when f = 0 The solution of these 

equations can, as for the pieceding example, be made to depend upon the solution of 
a linear equation of the second ordei, having ^ = 0 foi a singularity, and their expressions 
can be obtained in the toim 

(1 + + ) + Ha (I + SukI + ) log ^ + (1 — — ) t^), 

U = At^ (1 + aKt + .) + -^ (1 + ^ 

When the real part of \ is positive, these integrals vanish with t, and there is a double 
mfinitudo of them When the real part of \ is negative, then it is neccssaiy that 
A and B both vanish that is, the integrals do not exist if they are to vanish 

with t 

When B is zero, then the integrals become ot the form 

where pa is an arbitrary finite quantity, and p, is zero when ^=0 This lesult is 

general There is no conesponding simple inference from the paits that depend soleh 

upon B the complication is caused by the tcim Kti in the second equation 

The special results here obtained are included in the theorems relating to the 
equations in their general form they suggest that integrals exist which are regulai 
functions of t, t\ and log t, when the real pait of \ is positive 


VoL. XVIIL 


8 
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Case I (a) the cntical quadratic has unequal roots, neither of them being 
a positive integer 

8 It has been piovcd that the original equations m this case possess regular 
integrals vanishing with t and thciefore, m order to consider the non-regular integrals 
(if any) that vanish with t, we transfoim the equations as in § 6, and we study the 
derived s}^stem 

= + h. t) 

+ t,, f) 

where and are regular functions of their arguments, vanishing when ti~0, ^ = 0, 
and containing no terms of dimensions less than 2 in ti, t^, t The integrals ti and t^ 
are to be non-regular functions of t, required to vanish with t 

The mam theorem is as follows — 

When the lovts of the critical quadratic and have their leal parts positive, 
and are such that no one of the quantities 

-f + - l)fi+ 

vanishes for positive integer values of p, v such that \ + p + v'^2, then the equations 
possess a double infinitude of non-regular integrals vanishing with t, the'>e integrals being 
regular functions of t, t^^, t^*. 

Immediate corollanes, when once this theoiem is established, arc as follows — 

If the real part of he positive and that of he negative, there is only a single 
infinitude of non-regular integrals vanishing with t they aie regular functions of t 
and t^' 

Likewise, if the leal pait of ^2 he positive and that of he negative, there is only 
a single infinitude of non-regular integrals vanishing with t they are regular functions 
of t and 

If the real part both of and of ^2 he negative, there are no non-regular integrals 
of the equations that vanish with t 

These results (the last of which is due to Goursat in the first instance) will be 
found sufficiently obvious to dispense with any proof subsequent to the establishment 
of the mam theorem 

9 In discussing the equations, it will be convenient to replace and t^* by new 
variables, say 

t^' = Zi, t^^=Z2, 

so that, by the general theorem, legular functions of z^, z^, t are to be established as 



DIFFERENTIAL EQUATIONS 


59 


solutions of the equations 
arguments, assume 


Accordingly, regarding ti and ti as functions of these three 
L = %^lb,nnp Z,”^Z,Hp\ ’ 


where the summation is for all positive (and zeio) values of the integers m, n, p, with 
the conventions 


Moieover 


^000 — 9, — () 


dt 




+ 


d 

dZi' 


Hence the differential equations are 


' It + si I'i = 

< I + fA IX + f A 0) 

Substituting the assumed values of ti and and afteiwaids e(piating coefficients of 
we have 

1 ) 1 , 

^mnp — m»y>) 

(ru^, + (a - 1) + pj h,nnp =^'mnp) 

where a\nnp a i.itional algebiaical function ot the coefficients m (^j, of the coefficients 
(■imnp' in ti such that 

in' < m, n' ^ 11 , p' ^ p, ni ■\- ii p' < ni n + p, 

and of the coefficients hjnn'p' m ti with the same lestnctiuiis . and likewise for 
in 1 elation to 


As there is no teirn iii ti, t) of dimension unity in t, ti, t^, there can be 

no term of dimension unity in Zi, Zi, t after substitution of the values of and U 
hence 

{(?U - 1) + nl^i + p1 ilmnp = 0, 

when m 4 w + p = 1 Accordingly 

«,„o = 0, tto,,, = 0 , 

but there is no limitation upon Ujoo, so that it can be taken arbitrarily we assume 


Foi similai reasons 


^*100 ~ A 

4- (w - 1) 4 p} h,nnp = 9, 


when ?7i 4- n + p = 1 , and we infer that 

^100 ~ 9, 5(x,i = 9, 5ojo ~ B, 


where B is aibitrary 


8-— 2 
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Suppose now that no one of the quantities 

(m- 1)^1 + + + l)^a + p, 

foi positive integer values of m, n, p such that 

m + n p'^ 2, 

vanishes Then when the equations 

[{m - 1) + i>) Clvinp = a mnp 

+ (ll 1 ) ^2 T ^mnp ~ ^ mnp 

are solved in groups for the same value of m + a + p, and in successive groups for increas- 
ing values of beginning with 2, they lead to results of the form 

^mnp “ ^mnp) ^mnp ~ ^tnnpt 

where amnpj ^mnp ‘ii’e rational integral functions of the coefficients that occur in <^i and (f)^, 
these functions being divided by a product of factors of the forms 

( in - 1) -f- + p, + (a — 1) + P. for m -f /? + p ^ 2. 

It has bc'en seen that Oodi = 0, 6ooi = 0 we easily sec that aoop = 0, boop — 0 for all values 
of p Foi every teim in 01 (^i, tj,, t) and every term in 02 (^i> ti, 0 involve or or 

both and the etj nations for a^p, are 

k p ^i) Oflop ~ (p ^ 2 ) b^op ~ B(iop, 

where A„„p, B^^p aie iiitegial functions of the coefficients m 0, and 0^, and of coefficients 
f'nop , ^wp' snoh that p' < p, these integial functions being divided by factors of the form 

p'-^i, p—h form occuis either in Boop independent of aoop', b^^' because there 

IS no teim in 0i 01 in 0^ independent of ti and Hence if all the coefficients (toop * 

boop' vanish when p' < p, then Uo<^,, boop also vanish But ttooi = 0, booi — 0 hence a„02 = 0 , 

6002 = 0 and so on with the whole series 

Conse(piently in the expiessions foi ti and there occur no terms that involve t 
alone withtiut eithci Zi, or Zi, or z^ and z^ which is thercfoie one general characteristic of 
the non-regular integrals if they exist 

Fiom ti and t,, let all the teims which do not involve z^ be gathered together 
By what has just been piovcd, there are no terms which involve t alone hence the 
aggregates of tln^ selected terms contain Zi as a factor, and the aggregates of the remainders 
contain z> as a factoi, so that we can write 

t\ - -iP + ^2^1, 

t. — ZiT -f Zi^,, 

where p and t aie regular functions of t and z^, which will be proved to be such that 
p==A, T = 0, when ^ = 0, A being an arbitrary constant, and H,, ©2 are regular functions 
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of t, z,i, which will be proved to be such that 0i = O, %i = B when i = 0, B being an 
arbitrary constant 

The first stage of the proof will establish the existence of the parts z^p, z-^r the 
second stage will establish the existence of the parts Zi%^, ^'202. It may bo added that, 
had it been deemed desirable, a selection from and of terms that do not involve z^ 
might first have been made the forms ol and U would then have been 

U = , 

whore pi = 0, T^r=B when ^ = 0, and p^, t, are regular functions of t and z^ also = 

^2 = 0 when ^ = 0, and 'F,, ’'Fg ^^6 legiilar functions of t, z^ Fnithei, it will be seen 
fiom the forms of the functions that p, r, 'F,, all vanish when A=0 and that 0i, 02, 
pi, Ti all vanish when 5 = 0 

10 It is clear that if the ocjuations under consideration possess integrals of the 

form 

ti = pzi, ti=^rzu 

where p and t aie to be regular functions of z and z^, then, taking account of the forms 
of <f)i and <^2) the quantities p and t must satisfy the c«piations 

' ft + h = ‘ 1 

The functions yfr^ aie legiilar in their arguments both of them vanish when p — 0, 
T = 0 in each of them, eveiy term, which is of dimensions X in p and t combined, 
possesses a factor Zi^~^ and no teim is of dimensions less than 2 m p, t, t combined 
Because p and t are to be regular functions of t and z,, they will be expressible m 
the forms 

p = r = , 

substituting these values and ecjuating coefficients on the two sides of both equations, we 
find 

(li + ~ ^ mn ) 

|n + (»l + 1 ) - ^2} = i'mn ) ’ 

where k'mn and I'mn aic linear in the coefficients of -v/ti and yfr^ respectively, and are 
rational integral functions of the coefficients „ in p and r such that m' < m, n' < n, 

m' + n <m + n 

From the forms of the functions and ^2, we have A:'oo = 0, /'oo = 0 Hence when 
jii = 0, a = 0, the fiist of the coefficient-equations leaves undetermined we therefore 
make it an aibitraiy (finite) quantity A the second of the coefficient-equations gives 
= 0, for and ^2 are unequal 
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Since no one of the quantities 

{m - 1) + nf j 4-i), wif, + (n - 1) + p 

vanishes for integer values of in, n, p such that m + n p ^ 2, it follows that no one of the 
i^uantitie'9 

n + , w + (m + 1) 

vanishes foi integer values of m and n such that m + n ^ 1 Hence when the coefficient- 
equations for k and I are solved in groups for the same value of m + n, and in 
successive groups for increasing values of m + n beginning with 1, they lead to results 
of the form 

wheie 7 and X are integral functions of the coefficients that occur in i/r, and each 
divided by a product of factors of the forms 

11 + 

Moreover each of the coefficients k and I, thus determined, contains A as a factor 

It now 18 necessary to piove that the series for p and t , the formal expressions 
of which have been deduced, are converging scries For this purpose, we constiuct 
dominant equations as follows 

Let a region of common existence of the functions yf^i and be defined by the 
ranges \t\tr, |pi<a, so that and yjrj aio legular functions of them 

arguments within these ranges In this legion, let i/j be the gieatest \alue of | | 

and Mi the gi eatest value of | | let M denote the greater of the two (piantities 

Ml and Mi Further, since the quantities w + (w -f 1) do not vanish foi 

integer values of m and n such that there must he a least value for the 

moduli of the quantities for the vaiious combinations of in and n, let this value be 
1 ], so that 

+ I (m -f 1) ^ 2 1 < t;, 

in all instances Also let \A\ = A'. Then the dominant equations are chosen to be 
r}(F-A')=^vT 



Clearly P- A' -T then common values are given as the roots of the cubic 
equation 



r 



DIFFERENTIAL EQUATIONS. 


63 


When t = 0 and — the term in this equation independent of T vanishes but the 
term in the first power of T does not vanish because 77 is not /eio Hence there is 
one root, and only one root, of the cubic equation which vanishes when t = 0 and 
2^1 = 0 , it lb a regular function of t and Zi m the immediate vicinity of ^ = 0 over a 
region which is not infinitesimal Actually solving the equation for this loot, we find 

T = q- ^ ^1^4- higher powers of t and , 

and then 

P = A' f- + - - 4- higher powers of t and z^. 

rjr^a \r ^ 


Now knowing that such a solution of the dominant equation evists, we can obtain its 
formal expression otherwise Let 

substitute these values in the dominant equations, expand their right-hand sides in the 
form of regular senes, and equate coefficients of on the two sides. We find 

Instead of actually evaluating K'^n, tbe analysis used to determine can be adopted To 
this end, constiuct the value of l7,«n| and, in its expression, effect the following changes in 
succession — 

I Replace eveiy modulus of a sum by the sum of the moduli ot its terms 

II Replace each denominator-factor \ and | a 4- (w 4- 1) — ^2 1 by 77 

III Replace the coefficients of r"' m and (jf>^ by il/ — 2 "^' foi all 

values of rill, piy 

IV Replace \A \ by A' 

The final expression, so modified, is K'ynn But the effect, upon the initial expiession for 
1 7mn I » cf each of these changes is to appreciate the value hence, taking the cumulative 
icsult, we have 

I 7mH I < Rmn 

Similarly 

1 '^nn I r mn 

But the senes 

A' 4- SS 

converges for a finite region round the origin < = 0, hence the senes 

p = A4-227^„^r<"j 

T = SS \nn ) 
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converge absolutely that is to say, the formal expressions p and t have significance, being 
regular functions of Zj and t The equations accordingly have integrals 

of the characteristics indicated 

This completes the first stage of the proof 

11. For the second stage, let 

t, = pz, + T„ L = TZx+ 


the equations for and Tj are 


t 


dt 


= + 4>i (pZi + Tu rz, + Ti, t) - <^1 (pz,, TZ,, t) 


dt 


= ^.Z + yir,{T„T,,z,,t) 


after substitution for p and r Here yjri and i/tj are icgiilar functions of their arguments 
vanishing when Tj = 0, Tj = 0 , they contain no terms of aggregate dimensions lowei than 2 
in Ti, Ta, Zi, t 111 accordance with the statement in § 9, it has to he pioved that these 
equations possess solutions of the form 

T, = Zae„ T, = z,e„ 


where @i and @2 are legular functions of t, z,, Zg it will appeal that = B (an aibitraiy 

constant) and 0i==O, when i = 0 Substituting these ^<dues for 1\ and To, we hnd 


dt 

,d(% 

^ dt 


+ 


001 

azi 


+^ 1^1 


002 

dzi 


+ ^ 2^2 + (^2 - ^ 1 ) 0. (0„ 02. ^2, t) 


the functions and /„ aie regular in their arguments, every term involves 0i or 0a 
or both, and a term involving 0i and 02 m the foim has also a factor z/^'^>^~^ 


If quantities 0i, 02 exist, being regular functions of t, Zj, Zi and satisfying these 
equations, the substitution of expressions of the form 

@1 = 02 = 


in these equations must lead to identities Accordingly, equating coefficients of Zi^Z 2 ”‘f” 
on the two sides of both equations, we have 

(?l 4- (/ - 1) + (w + 1) Pi,nn = Imm 


(h + qimn = 
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where irimn, ic'imn are linear functions of the coefficients in /i and /j, and are integral 
functions of the coefficients ptmn' and qimny ®^ch that 

V rn! n’ V -\-m' -^n' <l-{- m -^n 
Owing to the forms of /i and /a, we have 
■^000 — 6 , 

Hence pm = 6, and g'ooo is left undetermined , we take 

(/ooo ~ 

where B is an arbitrary constant Moreover, no one of the quantities 
w + (^ - 1) n + + {m - 1) 

vanishes for values of I, m, 7i such that ?f + / + m ^ 2 , hence in the equations for 

Pimn, qimnf HO one of the coefficients of />/„,«, qi,„n \anishe8 when + Hence 

these equations can be solved for all the coefficients p and q after p^, q^oo They 

are most conveniently solved in gioups foi the same value of n-\-l + m, and in 
succeeding groups for mcieasing values of n-\-l+m, beginning with 1, the results are 

Plnm — Qlinn— 

where irimn, icimn are sums of integral functions of the coefficients in /, and each 
divided by products of factois of the types 

n + (^- 1) ^i + (m + 1)^2, n + + 

Expressions thus aic obtained as foimal solutions of the equations it is necessary to 
establish the convergence of the infinite senes As before, we construct dominant 
equations for this pin pose, as follows 

Let a common region of existence of the functions and /o, which are regular 

in their arguments, be defined by the ranges 

I i I ^ 7 , 1 1 < p, , 1 1 ^ O', , I © J ^ O-g 

and within this region, let N denote the maximum value of |/i| and \fz\, so that N 

IS a finite quantity Also let rj denote the least among the values of 

I w + (^ - 1) + {m + 1) ^2 1, I I , 

foi the various combinations of the integers I, m, n such that ^ + ?n + ti > I , and let 

\ B\ — B' Then the dominant equations to be considered are 

7;<I>j = r) (4>2 — B') 


l ( 


N 



,(-')( 

pJ \ PjO-j/ \ 

< p^o-J 


N 
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The common value of and is determined as a root of the cubic equation 

L H- A + Z.) + ^|(l _ ^ A) {l _ 

[ \ Pi<Ti piO-J P2<rj V PiCTi/K p/r^ pntrj 

"KiFT) 

When i = 0, Zi=0, z^- 0, the term m this equation independent of 4>i vanishes but 
the term m the first power of <I>i does not then vanish, because rj is different from 
zero. Hence there is one root, and only one loot, of the cubic which vanishes when 
^ = 0, Zj = 0, Zs~0 and it is a regular function of t, Zi, z^ in the immediate vicinity* 
of t = 0. Actually solving the equation for this root, we find 

. J^B' (t Zx z^B\ ^ p 1 1 1 

<P, = - H 1 H- terms of higher orders ; 

rjp.a^ \r Pi p.,aj 

and then we have 

< 1)2 = JR' -t- ^ q. terms of higher orders 

rip^a^ \r p, p^aj 

As in the preceding stage of proof of the mam theorem, we can obtain the 
expression of these particular quantities <1>, and 4>a otherwise Knowing that and 
<t>2 — J9', equal to one another, are regular functions of t, Zu z^, let 

== — B — z<^ , 

substitute m the dominant ecjuations, expand the right-hand side m the form of regular 
series, and equate the coefficients of Zih^^-V^ on the two sides We find 


But instead of actually deriving from the equations so obtained, we can utilise 

the analysis that leads to the quantities Tr^wn, Kimny a-s follows Construct \'frimn^ and, 
in its analytical expression, effect the following changes in succession — 

1 Replace every modulus of a sum by the sum of the moduli of the terms 

II . Replace each denominator-iactoi [ w -I- (Z - 1) + (w + 1) | and | w- + 1 

by t; 

III . Replace the coefficient of m fi and fx by N — 

for all values of w,, 7 ) 12 , ni, p 

IV Replace | B | by B' 

The final expression, after all these modifications have been made, is But the 

* It remains a regular function so long as |tl is less than the least of the moduli of the roots of the 
disoriminant of the cubic 


Ip2^2 \P2<^1 Pi^a P2^1^i‘ 


_ <!>.< 


Pa*0-iO-aj 
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effect, upon the initial expression for iTr^OTnl, of each of the modifications is to appre- 
ciate the value , hence taking the cumulative effect, we have 

< IT 

Imn 

Similarly | Ki„,n | < 

Now the series for <1>2, when Pimn is replaced by converges for a finite 

region round the origin, hence the series 

also converge for that region Consequently the modified equations have integrals of the 
chaiacter 

and there foie the original equations have integrals 

ti = pzi + ZiB\ > ti = rz^ + , , 

where p and t are regular functions of t and Zi and 0i, 02 aro regular functions of 

t, Zi, z,. 

This completes the proof of the mam theoiein with the specified conditions 


Case I (b) one root of the critical quadratic is a positive integer, the other is not 

a positive intege) 


12 Let the integer root be denoted by m, the non-mtegci loot by the equa- 
tions can be taken in the form 

t^ = ma at 6 {a, v, ^)) 
at I 

+ + V, oj 


wheie 6 and (f> are regular functions of then aiguments, vanish with u, v, t and 
contain no teims of dimensions lower than 2 The same tiansformations as were used 
in § 2, VIZ 

can be applied m — 1 times in succession and ultimatel} we have eijuations 


t — ti + at -\-fi (ti, t^, t) 
t = kL + bt+f^ {ti , t., t) 


9—2 
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where k, =^-w + 1, 18 not a positive integer, the functions fx and /a are regular 
functions of their arguments of the same type as 6 and <f> above, and the integrals 
tx and are to vanish with t 

It has been proved that theie are no regular integrals of the equation vanishing 
with t unless a is zero and that, if a — 0, thcie exists a simple infinitude of regular 
integrals satisfying the equations We proceed, not in the first place to the complete 
theorem but only to a partial theorem, by shewing that when a is not zero, there 
exists a simple infinitude of non-i egular integrals vanishing with t, these integrals being 
regular functions of t and t log t and when a is zero, these non-regular integrals do 
not exist 

To establish this result, we proceed from equations 
d'C 

t — <rx at Ox (x, y, t) 
t = Ky-\-ht-¥ 6^ {x, y, t) 

where <r is taken to be a real positive quantity, a little less than I initially and 
equal to 1 ultimately and, as the explicit forms of Ox and 0^ arc required, we 
suppose 

Ox {x, y, t) = S%'Za,jpX^yip\ 

(^ +j + p> 2). 

0^{a, y, t) = %tXb,jpxyt^, 

With these equations, we associate a set of dominant equations. Let 

I^VpI ~ ^yp> ~ J^ypy = -d , 

then the dominant equations are 

(^-<rX + X( = e.(X, Y, o| 

- kY ± Bt = H,(X, Y, e)|’ 

where 

(h),(A, V, t)^'i^%A,jpX^YJtP) 

(%{X, V, t)=='^:i'ZB,jpX^YJtP)' 

If K be real, not being a positive integer, we choose that sign for the term ± Bt, 
which makes 

B 

K-\ 

a positive quantity, if k be complex, we choose a term Bt, such that 

B 

K-l 

18 a real positive quantity and jR| ^ |6| 
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By the theorem of § 10, we know that solutions exist, which vanish with t and 
are expressible as regular functions of t and Let a new variable 0 be introduced, 
defined by the equation 

and, m the solutions indicated, replace by ^+(1— <r)^, they then become regular 
functions of t and 0, expressed as converging power-senes To obtain their coefficients 
m this form directly, let 


wheie aoo = 0, 6oo = 0, then since 
,d0 


have 


and 


t"}- = a0 — t, 
at 


dX 


t {a0 — ^)] 

= {(« -f* <xm) 0*H^ — m0^~^t”'^^] amn> 


t = SS ((a H- <Tm) 0^H^ — hr„n. 


Substituting in the differential equations and comparing coefficients, we have 

{n -h am - a) Umn - (m -f- 1) „_i = Hm, n) 

(n + am - k) h,nn - + 1) „_1 = Km, J 

where Hm n and Km n fire sums of terms of the form 

K mn~^XA.yp(lm^n, • ^nuni > 

and similaily for Km,in &uch that 

nil 4* + wii + m/ 4- 4- irij = i?i ?■ > 

4- 4- 4- nt 4- Hi' 4- 4- = a i 

K being a numerical quantity, representing the number of integer solutions of the last 
two equations 

As regards the initial coefficients, we have the following expressions 
For m 4- n = 0, so that m — 0, n = 0, then 

ago — 0, bgo — 0 

For 111 4- a = 1, so that m = l, n = 0 and tw = 0, 7i = 1 , then 
0 . Uio = 0, {a — K)big — 0 , 

(1 a') ttgi ~ ttiQ — ““ A, (1 “ k') boi ~~ biQ — 4" B j 
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so that 

flio ” (1 — ®oi "h ■^> (1 ““ ^01 “ T ^10 ~ 0 , 

thus Qoi IS undetermined and therefore can be taken arbitrarily, say = C, wheie C is positive 
Thus ttoi, ttio, 6oi are positive 

For ni + n = 2, so that m = 2, n = 0: 7n = l, n=l and m = 0, n — 2, then 
ffUjo = -d. 200^*10 I 
(2(r ~ K)b^ = J52ooOt’'io ) 

Ull — 2ci2(, = 2A000U10U0] + “}* -d- 101^10 ) 

(1 + <r — /c) 611 — 2620 = 2 Bjoq ( IioO.OI + + -^101^^10 j 

(2 — O’) c/02 ^11 == ■4200<**01 + -d U0<3toi^01 + -d^020^‘*01 d" -d-ioiC/oi + -d-oii 601 + Aoo: ) 

(2 — k) h(fi — hii = B<iooCl\i + ^uo®oi^oi d* Bffjob\i -f -Rioi^^oi d" -^011^01 d" ^002 ) 

And so on, taking in succession the groups of terms for increasing values of m + n, and 
taking, in each group, the equations for increasing values of n beginning with zero 
The result is to give 

“ ^mri} ^mn — ^mnt 

where and <f>nin are sums of a number of terms, each teim is a quotient, the 

numerator being a positive integral tunction of the coefficients of 61 and 6 ^ and 
containing ajo*” as a factor, and the denominator being a pioduct of cpiantities of the 
form 

n + <rm — cr, n 4- erm — k 

It can be proved, by an argument precisely similar to that in Joidan’s Corns d' Analyse, 
t. Ill, § 97, that the number of quantities entering into the denominatoi product for 

each of the terms in 6 mn and is 

< m d- 271 — 1. 


On account of the theoiem of § 10, establishing the existence of the integrals as legular 
functions of t and it follows that the senes 


converge absolutely 


Now proceed to the limit in which <r increases to, and ultimately ac(|uiics, the value 
unity, then 6 becomes — Hogt, the diffeiential eipiations become 


X + At^S,{X,Y,t) 
- kY ± Bt = n^(X.Y,t) 


and the integials change to 

where a'„,„ and b'^n are the values of a„i„ and when a is replaced by 1. 
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In $mn, let T be any one of the terras, and let T be the value of T when a is 
replaced by 1 As regards the numerator in T, it is the sum of a series of positive 
quantities and it is unaffected by the change of <t, except that Ajo is replaced by A, 
that IS, by a diminished quantity, hence the numerator of T' is less than that of T 
As regal ds the numerical denominator, each factor r? + <rw — tr is replaced by w + w — l, 
which IS a greater quantity than the factor it replaces, unless m vanishes , but when 
m — 0, then 

n — (T 


• I 


^ 2 — <r, 


because then n ^ 2 Also every factor n + <rm — « is replaced by n + m — k, the imaginary 
portions (if any) of these two are the same, but the real part of the new factor is greater 
than that of the old except when m = 0, and then they are the same The number of 
factors in the denominator is not greater than m + 2n — I hence 

^ I n + 0^- ^ n + (rm-/c I 

\ n + m—l n + m — K \ ^ 

< (2 - 

The changes made have diminished the numerator of T, thus 

I T' 1 fj ' ^ I 

\ T \ \ n + m — I ' n + m - K \ 

< (2 - 

Remembeimg that Omii is a sum of terms T and bearing in mind the character of T, 
we have 

I I < (2 - 


Similarly 

Now the series 


I <(2-0-)*” 




converge absolutely foi a finite region round the oiigin Let this be defined by \t\^r, 
\6\^s, and let i/,, Mi be the respective maximum values of the moduli of the series 
withm that region Then 

Mi , M, 


I b mn I 


< 


< 


Mi 

1 s ' 

l»«( r 

1(2 -a)- 

1 1(2 -a)^} 


Mi 

1 » 1 

TO r ^ '1 n 

1(2-0)'] 

1(2"^ a)“' 


and therefore 
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Consequently the senes 

converge absolutely for a finite region round t = 0. 

If the original equations 

= + y, t) j 

possess integrals vanishing with t in the form of regular functions of t and tXogt, these 
integrals may be assumed to be 

when substituted, they must satisfy the equations identically. Choose /oi so that 

I/..HC, 

where C is the aibitrary constant m the integials of the preceding equations 

When the relations that arise fiorn the comparison of the coefficients are solved 
so as to give gmn^ it is easy to see that the same results are obtained as would 
be given by changing, in a'^n ‘Wid A into —a,B into + 6, A^Jp into a^jp, and 

Bjjp into b^Jpy for all values of j, p Bearing in mind that 

\(x\ — Ay | 61 ^| 5 |, \axjp\= Aijpy \hijp\ = Bijp, 

it 18 manifest that the real positive quantities | a'^n \ and | h'^n I are superior limits for 
and | 5 r,„„|, that is, 

'fmn\<\(J''mn\, 1 <7mn | < | 1 

But the scries 

converge absolutely hence also the series 

also conveige absolutely, and the equations accordingly possess integials as stated in the 
them cm 

Note. If a 18 zeio, then = a'j,) = 0, a'ii = 0, and it is immediately obvious 

that 

W mn ~ 

for all values of m>0 and all values of u Similarly 

^>mn = 0, 

for the same combinations of m and n In this case, 6 disappears entirely from the 
expressions 

so that the integrals become regular functions of t, which are known to be solutions 
of the equations when a — 0 
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13 The main theorems as to the equations 

t + tii +^1 (^1 , I 

t = ict.i -^-ht ^ I , t,, I 

so far as concerns the non-regular solutions, are — 

When a is not zero, so that the equations do not possess any regular solutions that 
vanish with t, they possess non-iegulai solutions that vanish with t If k have its real 
part positive, not itself being a positive integer, theie is a double infinitude of such solutions, 
they aie regular functions of t, and t\ogt If k have its real part negative, there is 
only a single infinitude of such solutions, they ate legulai functions of t and t\ogt 

When a is zero, so that the equations possess a single infinitude of regular solutions 
vanishing with t, then if k have its leal part positive, not itself being a positive integer, 
there is a single infinitude of non-regular solutions vanishing with t which are regular 
functions of t and , but if k have its leal part negative, the equations possess no non- 
regular solutions vanishing with t 

These theorems Cdti be established b} .uiahsis ami a course ol aigument similar 
to those which have becui adopted, whull> oi paitially, in piecediiig cases The actual 
expiessions for the integrals, when a is not 7eio, aie 

ti = aO + At + ^'E.Sgitna \ 

wheie the siimination is for values of I, rn, n such that + the coefficients 

A and B are aibitraiy, ^ denob's V" and 6 denotes < log ^ 

When a is zero, all the coefficients ql„^n, hi,,,,, for values of 7a >0 vanish, so that 
6 disappeais from the expiessions foi f, and t. The lesulting expiessions then can be 
lesolved each into tlu' sum of two functions one .i legular function of t which 
involves A, the other a legulai function of t ami ^ which involves B, and vanishes 
when jS = 0 

It may be noted that a slight degeneration occurs in the solutions when k is the 
leciprocal of a positive integer, a rcgulai function of t and is then merely a 

regulai function of 

When the equations in then hist tiansloimed cxpiession aie 
t = inu -{■at+ 0{u, V t) I 

dn ' ’ 

^ + + V, oj 

the general results are the same as above, the value of k is tii-I-I, and the 

ciitical condition, which is represented by o=0, is stated at the end of 5 2 

VoL XVlIl 
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Case I (c) the rooU of the critical quadratic are unequal, and both 
are positive integers. 

14. Denoting the roots by m and n, of which m may be taken as the smaller 
integer, the equations can be tiansformed so as to become 

^ = mu + at 6 {u, v, t) 

=nv-^ ^t + ij) (w, V, t) 

They can be modified by substitutions similar to those adopted in the picceding case . 
such substitutions can be applied m — 1 tunes in succession, leading to the forms 

ti + at+/i{ti,U.t)] 


t = Kti 4- ht 4-/2 (^1 >U,t) 


where k, =n — ??i4-1, is a positive mtegei gi eater than 1, the mtegials U and U are to 
vanish with t, and the functions f, f, aie regular functions which vanish with their 
arguments and contain no terms of dimensioms lower than 2 in t-^, ti, t combined 

It has alicady been piosed (§ 3) that the equations possess no regular integrals 
vanishing with t, unless two relations among the constants be satisfied , one of them 
IS lepresented by a = 0, the othei by (say) 0=^0, where C is a definite combination 
of a, h, and the constant coefficients in Ji and f The theorem as regards the non- 
regular integrals is 

The equations in general possess a double infinitude of iion-iegulai integrals which 
vanish with t, they are regular Junctions of t, and Mog ^ If both of the conditions 
represented by a = 0 , (7 = 0 are satisfied, the equations possess no non-regular solutions 
vanishing with t they are known to possess a double infinitude of regular integrals 
which vanish with t 


The method of establishing tins theorem is similar to that for the case when k 
is unity so that the critical quadiatic has a repeated loot As that case will be 
discussed later in full detail, wt* shall not here repioduce the analysis and the argument, 
which follow closely the coi responding analysis and argument in that later discussion 

It may be added that the conditions for the ecjuations 
^ ^ = rnu + at-i- 0 (w, v, t) 

t ~ = nv + fit 4) ( 11 , V, t) 



represented for the modified foims by = 0, (7 = 0, have already (§ 3) been given 
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Case II (a) the critical quadratic has equal roofs, not a positive integer 

15 It has been proved that, in this case, the original equations possess regular 

integials vanishing with t and therefoie, in older to consider the non-regular integrals 
(if any) that vanish with t, we transfoim the equations as in § 6, and we study the 
derived system 

< L, 0 j 

t = tctx + U, oj 

where <f>i and (f)^ are regular functions of their arguments, vanish when U — O, fjsaO, 
and contain no terms of dimensions less than 2 in h, L, t combined The integrals ti 

and ti are to be non-regiilai functions of t, required to v.inish with t. 

The non-regular integrals are given by the theorem 

When the repeated toot ^ of the critical quadiatic has its leal pait positive, not 
itself being a positive integer, there is a double mjinitude of non-iegular integials vanishing 
with t, these integrals being regular functions of t, t^^ <^log^ 

When the theorem is established, there is an immediate coiollary 

If the real part of the repeated root ^ of the criticof quadratic be negative, then 
the equations do not possess non-regular integrals vanishing with t, the regular integrals 
possessed by the original system of equations are the only integrals that vanish with t 

The forms of the theorem and the corollary aie indicated by proceeding nearly to 

the limit of the theorems for the case of I (a) when the roots of the critical quadratic 
are equal to one another If = + wheie B is intinitesirnal, then 

= ffi(l + 3 log< -f ), 

so that a function of t, t^', becomes a function of t, t^\ t^'logt, but further investi- 
gation is needed in order to shew that, m passing to the limit, the functions under 
consideration continue to exist Instead of adopting this method of proof, we proceed 
independently 

It is convenient to take 

-v==t^logt 

If theiefore integrals of the character indicated m the theorem exist, tliey can be 
expressed in the forms 

10—2 
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and these values must, when substituted, satisfy the differential equations identically Now 

so that 

Hence equating coefficients of on the two sides of both equations after substi- 

tution of the assumed values of and we have 

\n + (l + m -1)^1 TO+J, „ = (Ximn 

jll + (i + m- l)^) 6/„,rt - w+i, n = Oaimn + ^'imn 

where &imn, being the coefhcients of m and (^j respectively, are linear 

functions of the constants in an<l cf)., and are integral functions of the coefficients 
f^Vm'n') h'm’n' , such that I ^ I, in' < m, 11 ^ n, r + 111 n' < I + m-i- n 

Assuming that the real part of ^ is positive but that ^ is not a positive integer, 
we see that no one of the quantities n + {l + m — l)^ can vanish if l-\-ni + n'^ 2 . 

If I s=m=:n = 0 , then a'lmn = 0 , = 0 ; hence 

(■f'OOO ~ 6 , 

For values such that l + m + n = \, we have 


0, 

• ^^lly 

0 

II 

that 

IS, ^010 = 

^K, 


<hKU 

= 0, 




0, 


= 0, 

that 

IS, ajoo = 

= X, 

0 

6010 

= 6' 

^^010 = 

OK, 



bm 

= e. 

' 001 “ 

0, 


0 

^hoo 

= d 

^^100 ” 

OL 



In order therefore to obtain finite values for the coefficients a and 6, we must have 

K = 0, X = 0, 

and then 6oio, 6ioo are arbitiary, that is, we have 

^I'OIO “ 6, Cfoyj = 0, (IlOO = 0 , 

bolo - B, = 0 , 6,00 = 0 

To obtain the terms of dimension two in rj, t in ti and <a, we require the 
explicit expressions of and <^3 let them be 

= (itt\ + htti + cti + etit^ + kti + . . . , 

<^3 = -}■ Qtt-x + 7 ^ 1 * + + Kti + . , . . 
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The terms m and of dimension one, obtained as above, are 

i, = 0, L = C'(:+i?»7, 

so that, as far as terms of dimension two in and 02 after substitution, we have 

01 = ht (Bv + C^) + L (Bn + 

02 = (Bn + on + (Bn + on* 

Accordingly, for ^ + wi + w = 2, we have 

^^^020 = kB^, Clou = bB, (2 — n <*002 ~ d, 

<*101 = bC, ( 1 -f n «110 - <*020 = 2A BC, 

= kB^ + da^ , ion = BB-{- ea„u , (2 - ^ = Oa^ca, 

6.0, = /90 + da ,,, , ( I + n K. - ^^020 = Ba,„ 4- 2/tRO. 

^^200 ~ * ■b ^<<200 » 

and therefore the terms m t, and t.^, of dimensions two in the arguments t, n> t, are 
, 2 kBO+!^B‘ , 

\ C“r- + TTf I 

in <1 and 

(* f ) f f ) f 


in U And so on 


4- 


TTf + OT?? 




The equations, when solved in groups foi the same value of Z 4- w + w beginning 
with a zero value of I, and solved in successive groups for increasing values of 
l + m-\-n, give values of 6;^„ which arc sums ot integral functions of the literal 

coefficients of 0. and 02, and ot the arbirraiy coefficients B and G, each such integral 
function being divided by a product of factors of the form n + (l + m—l)^. Let the 
values thus obtained be 

<*lmn ~ ^lmn> bj^jm — Blmn 

As in § 9 for the former case, it can be proved that 

<*00P ” t), boop = 0, 

for all positive integer values of p, so that there are no terms in t, or in involving 
t alone , every term involves either ^ ox n <■>** both ^ and n 
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To establish the convergence of the series thus obtained, we proceed in two 
stages as m the corresponding question 10, 11) when the roots of the critical 

(juadratic are unequal 

Extract from and j 5, all the terms which are free from ij , as each of them 
involves their aggregate can be taken in the respective forms ^p, and the 

remaining terms then have ij for a factor, so that we may write 

It Will be proved, first, that solutions of the form 

exist, where p and t are regular functions of t and p vanishing at i = 0 and r 

having an arbitrary value there so that the functions involve one arbitraiy constant, 
and theie consequently is a simple infinitude of such solutions 

Then substituting 

<1 = ^0 + 1?®!, fa = 4- 

it will be proved that functions ®i and exist, so that they arc regular in their 
arguments yj, t, they involve an arbitrary constant C, ®i vanishes at ^ = 0 and 
acquires the value C there Thus for an assigned value of B, these will represent another 
(and an independent) simple infinitude of integrals 

In each stage, the details of the analysis follow the detailed analysis of the 

former case somewhat closely it therefore will be abbreviated for the present purpose 

16 Substituting ti = ^p, = m the equations for ti and we find p and r 

determined by 

I 

= T, f, <)| 

where the general character of i/r, and yfr, is as before If these are satisfied by regular 
functions of t and their expressions 

must, when substituted in the above equations, satisfy them identically Accordingly, 
comparing coefficients of on the two sides of both equations, we have 

(n 4 - w^) = JC fnn> 

(n + m^)jfnn = mn + 
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where K'm,n> J'mn linear in the literal coefficients of p and r, and aie integral 

functions of Jm'n', such that n' Also, from the form of 

yjri and ^fr 2 , K'oo = iK J'w=0, hence we have 

koo = 0 


But joo IS undetermined, and it can thciefore be taken arbitrarily: let its value be By 
where B is any aibitrary constant 

When the equations for k^n and are solved, in groups for the same value of 
m + n and in succeeding groups for increasing values of in + n, they lead to results of 
the form 

ktnn “ ^win > Jmn 


where imn sums of integral functions of the coefficients in and yfr^, divided 

by products of f.ictors of the form n + 

The dominant functions are constiucted as b(*fore Let e denote the least value 
of |n + mf| for integer values of m and a, so that e is a finite (non-vamshing) quantity, 
and let |^|=(R), \G\=^(y Also, let a common legion of existence for the functions yjri 
and ylr^ be given by the langes \p\th, \T\^k, and within this region 

let M be the gieatest value of l-i/ril and Tlnoi consider functions P and T, defined 

by the equations 



Clearly 
that 18 , 


€r=e6''+ep + ^ 






(e + M)P = e(7'-C'), 


The value of P is a loot ot a cubic equation which, when i = 0 and ^=0, has 

no term independent of P and has a noii-vaiushing term involving the first power of 

P so that it has one and only one root vanishing with t and and this root is a 

regular function To obtain its expression without actually solving the cubic, we take 

where Kqo = 0 we expand the iight-hand side of the dominant equations as a regular 
function of t P, T, and compare coefficients The analysis that leads to the values 
of fc„in, i-mn oau be used to obtain the value of by making appropriate changes 

similar to those in the eailiei corresponding case. These changes are now, as was the 
case before, such as to make 

i^winl ^mnt |*mn! ^mn > 
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and therefore as the series 
converges, the senes 




also converge The existence of the integrals, connected with the first stage, is therefore 
established 


17 Now writing 

U = + V^u ti = + ? 7 © 2 , 

where p and t are the legular functions of t and ^ as just determined, the equations 
for and 02 are 

) 

where / and aie regular functions of their arguments, vanishing when @i = 0 and @2 = 0, 
the coefficients of the first poweis of @i and @2 vanish when ^ = 0, and any terra, 
involving @1 and @j in the form contains as a factoi 

The method of pioof and the general course of it are the same as befoie (§ 11 ) 
The regular functions of r), t, which are the formal solution of the equations, are 
proved to conveige, by being compaied with the functions which satisfy the dominant 
equations 



and aie such that, when t = 0, ^=0, -7 = 0, then d>, is zero and <l>2 = lt 71 There exists a 
single (piantity <t>i, satisfying these equations and vanishing with t, which is expansible as 
a legular function of t, ij in a noii-infimtesimal legion round t, the power -senes which is 
Its expiession being consecpiently a converging senes within that region And theiefore 
<I>2» being given by 

4., = |6'| + (l + Lil)<I>.. 

IS also expressible as a regular function of t, rj which, when ^ = 0, acquires the 
value I 01 
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A companion of the coefficients of in and with those of the same 

combination of the vaiiables m <t>i and < 1>2 is easil) seen to lead to the inference that 
the moduli of the former are less than the modulus of the lattei , conseipiently the 
formei series converge and theiefoie integrals of the ecpiations, defined by the specified 
conditions, are proved to exist Their explicit expressions, as power-senes, aic obtained as 
in § 11 

Case II (6) the cintical quadiatic has a repeated root which is a positive integer 

18 Denoting the repeated root by m, the ecpiatioiis aie 

i ^ = mu 4- 'xt-\- V, t) 

< ^ = /ca -f- mv + /3< 4- (w, v, t) 

where the functions 6, (f> are icgular, vanish with u, v, t, and contain no terms of 

dimensions lowei than 2 in their arguments 

The equations can be transfoimed as bcfoie (§ 5) by the appiopriate substitutions, 

and this transformation can be effected m — 1 times, leading to new equations of the 

form 

t ^ = ti at -{• Oi(ti, tn, t) I 

t — icti ti-\- bt 6 i{t\, ti, t) I 

where t^ and ^2 fire to vanish with and 0^ are of the same type and ])ropeitics 

as 6, <f> in the hist foim 

There are two sub-cases accoiding as k is zeio, oi k is not zcio 

19 Fii'si sub-case k = 0 The equations can be taken in the form 

t^^ = X at + $1 (i, ij, t) j 

t =y + bt-\-e, (a*, //, 0 I 

the integrals are to vanish with t, and the functions 6, aie legiilai functions of their 
arguments, which vanish when a’ = 0, y = 0, f = 0 and contain no tciins of order lowei 
than 2 m a, y, t combined 

The mtegials vanishing with t are defined by the theoiem 

The eipiations possess, in general, a double infinitude of non-iegidar mtegials vanishing 
with t, which aie regular functions of t and ^log^, and it is known that theie aie no 

VoL XVIII n 
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regular integrals vanishing with t Ij, however, both a = 0 and b = 0, the equations do 
not possess non-iegular integrals vanishing with t, the only integrals vanishing with t 
aie the double infinitude of legidnr integrals which the equations are known to possess 

This theorem can be established, as in othei eases, by the construction of dominant 
equations and comparison with their integrals which actually are obtained m explicit 
expression 

For this purpose, consider the equations 

t - <7^ + At = V SS A,„ X’ Ynf I 

t -p¥+Jit= SSS X' Ynp 


where i+j + p^2 m the two triple summations The quantities a and p aie real, positive, 
and less than unity ultimately they will be made eipial to unity Jt follows, fiom the 
theorem of § 8, that theie is a double infinitude of mtegials vanishing with t, these 
integrals being regular functions of t, t'* 

Let two new variables 6 and ^ be intioduced such that 

tf‘ = t-{p-\)d-\-{p-\f(^, 

we easily find 

i + d = {<7+p-~l)^ = a<fi 

where a and ^ are constants which, when p = L, cr=l, are equal to 1 and 0 respectively 

The regulai functions of t, tf* are expressible in the foim of absoluti'ly converging 
power-senes , when and aie replaced by then values in teiins of 0 and (f>, the new 
functions aie regulai functions of t, 6, ^ To obtain their expiissions in this last form 
directly from the differential equations, we substitute 
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hence, comparing coefhcients of <f>*^ on the two sides, we have 

{I + m + an - <r) hi^n - (w -f 1) -- (?l + 1) + 1) j3/li,m+i.n-i = a'lmn 

Similarly 

(I -h m + an — p) ~ +1) “ (n + 1) ^ n+i + "hi) ^^l, 7 n+i,n—i — ^ Imn 

Here a'l^n, ^'imn are expressions which are linear in the coefhcients A^p, B^p respectively, 
being an aggregate of terms of the form 

A^Jphl^J,^^,^^ ... >«, M, 71/ > 

^0, t», n, w( /«, w, TTij TKi > 

respectively, the subsciipts are subject to the relations 

nil + + nit + nil + + inj — ni ' 

rii H- + lit + w/ + + «/ — 71 -7 

p li '¥ • + 1% l\ •¥ -^r Ij — I 

and the numeiical factor Ni is the number of integei -solutions of these equations 
In paiticular, we have 

^000 ~ ^ 000 ~ fl 

When ^ + 1 / 1 - + 11 = I, the equations foi the coefficients in A’^ are 

(1 ~ O’)^ioo~ ~ ~ d. , 

(1 — cr) /loio ~ ^<001 == 

{a - cr) h^i + = 0, 

which are satished by 

/,.,. = (! + 

/'ool =(1 - o-)^oio j 

and /ijoo I*'’ arbitiaiy Similarly, 

^•"OlO ~ ( 1 ^100 + /^ ) 

^001 p) ^ oii> ) 

and A ;, 00 is arbitiaiy. 

When l + m+n—2, the equations for the coefficients in X arc 

f 2 — <T ) /lojo — ^011 ~ ® 020 

(1 + a — O') — /i,k ,2 = ct oil ■ ’ 

(2c3t — cr) /iiK )2 + ^Aoji — O- im ' 

(2 - cr) /i„o — 2 /io 2 o - Aioi = a no ) 

(1 + a •- cr) /iioi - /io„ + 0110 = "/loi y 
(2 — cr ) Ajo, — /ijio “ ® 200 / 

11—2 



84 


Prof FOUSYTH, ON THE INTEGRALS OF SYSTEMS OF 


The first three equations, when solved, determine /»om. when the values of 

and Aon substituted in the next two equations, they determine Ano, A,oi, the last equation 
then detei mines the form of Ajoo. 

Similarly for the coofiioients in Y 

For values of / + /?i 4- « ^ 2, the equations can be solved in a similar way They are 
solved in groups for the successively increasing values of ^ + in 4- n In each group, say 
that foi which l + m-{-n = N (so that the coefficients himn', k^imn'y such that 

I' 4- in + n' ‘-1, 

are supposed known), the convenient method is to arrange the equations in sets, determined 
by the values of I and in sequence accoiding to increasing values of I beginning with 0 
in each set, the equations aie arranged in seijuence according to increasing values of n 
beginning with 0 In each set, we use the equations m succession to express in terms 
of Aijvr_j,o and pieviously known coefficients and constants, when the first N ~l equations 
in the set have thus been used, the remaining eijuation, on substitution of the values of 
Af^i_^r_^_i, then detei mines and so also the values of all the coefficients 

^i,tn,n, f'uch that w-hn = iy—l Likewise for the coefficients 

And then, as the solutions are known to be regular functions of t, 6, (f), the senes 

with the valiK'S of ki,n,i which have been obtained, converge absolutely. 

As legards the foims of the coefficients hi,„n, ki,nn, they arc the aggregates of positive 
terms T The numerator of each term T is the sum of a number of positive quantities 
it is an integral algebiaical function of the coefficients B^p it is also an integral 

algebiaical function of hi+m+n, ki+m+n &uch that l + The denominator of the 

term 'T is of the form 

P + Q^, 

where P is the product of factors of the types 

Z 4- /a 4- an — cr, I + m + an — p, 

and wheie Q is an aggregate of (quantities, each positive and similar to P but con- 
taining two factois fewer than P 

As legards the number of fiictors in P, bemg a part of a denominator in a term 
T m hi,nn or ki,nn, if oan be proved, by an amplification of Jordan’s argument quoted 
in § 11, that this number 

< 3/ 4- 2m 4- w. 

It IS known that, so long as cr and p are different from unity, the convergence 
of the power-senes is absolute hence this will be the case when 

<r=l — e, p=l ~€, 
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where e is a real positive quantity that can be taken as small as we please Proceed 
therefore to the limit iii which c and p acquire the value unity, so that e passes 
from small values to zero The effect is to give to 6 and (f> the values 

to change the differential cipiations to the forms 

x + At = :i-s.tA,j,X‘Yn>‘ I 

and to change the integrals to the foims 

X = ^ logO"* l’‘l 

Y (- 1 log {i< (log ty\^ J ’ 

where A';,„n and Jc'irnn are the respective values of and ki,nn when o- = l, p = l 

It 18 necessary to compaic the coefficients and /<;,„« and likewise the co- 
efficients k'lmn an<l kij„n Let T bo one of the teims in as explained above and 

let T' be its value when <r = l, p = l The effect of the change on the numerator is 
to replace (1 - o-) / ii,k, + A by A, l^m by 0, (1 — p)A,„o + -6 b^ B, by 0, in every case 
a decrease and theiefoie, as the numei.itoi is a sum of positive terms, the whole effect 
on the nurneratoi is to deciease it, that is, 

numeratoi of 7’' < nnmcratoi of T 

As regards the denominator of 7’, in the form 

the quantity B i'’ <^f the second order of small quantities , Q is an aggregate of a 
limited number of products, e<ich contjnning a limited number of factors, hence QB is 
of the second order of small quantities Lot P' be the changed form of P, obtained 
from P by changing 

I + m + an — (T into I m + n — I, 
and I + m + an — p into l + in + n — l 

Now I + 771 + an — <T — [I + m ■+ n — 1) = — {In — 1) e, 

a small quantity of the first order unless n = 0, so that, unless /?=s0, 

Z + w 4- aw — (T , 

= 1 — fy 

Z+ m -I- w — 1 
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where y is a positive small quantity of the first order When n=0, 
I + in — <r — {I + m — 1)(2 — a) = €{2 — I ~ m), 
so that as I + 171 "^ 2, we have 


I + ni — <r - 
^ -f m — 1 ^ 




where y is a positive small quantity of the first order, unless = 2, and then 7' — 0. 

Hence 


P' 

P 


= n 



>n 


1 


2 — 0- 


> 


1 

^2 — ’ 


the difference between the two sides being a small quantity of the first order Also 

Ql 

P' 

IS a small (piantity of the second order, that is, a quantity of an Older less than the 
foregoing difteiencc, conseqiieiitl) 

P' 1 _ 

P + Q$^ (2- 

The changes depieciated the numerator of T into that of T hence 

T\P + Qfi 

T P' 

< (2 - o-)8« +-«»+« 

< (2 — 


This result holds for evciy tenn in hhnn, hence 

I Imn j ^ ^2 — 0-^^+im+jn 

I I 


Siinilaily, 


^ Irnn 1 


Let th(‘ legioii of convergence of the power-senes 


be defined b) the langes 


t <r, \6\<r,, 
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and let be the maximum values of the moduli of the series respectively within 

this region, then 

h 

. M, 

f^bun ^ , 7 m ^ a » 


consequently 


Hence the seiics 


Imn ^ 


k'lmn < 




\(2~<ryl 1(2 -a-H 1(^2-^)^] 


M, 

r ~ 

(2-0-)') l(2-o-)'f 1(2-0-)=* 


converge absolutely for values of t such that \ t\ <1 


The existence of integrals of 


t = a; + at + 'S^'Sla^jpSr'yHP 
= y + ht + S'llb.jpOo^ijHP 


can be deduced from the piecedmg lesult, by choosing 

I a I = A, ! (> j ~ 1 O/yp 1 — ^t)p> I “ ^vp> 

as the quantities A, li, A„p, for those dominant equations The expression for the 
integrals is 

where Hi,nn i'’ derived horn and Ki^^n f^oui k'lnm, by changing A into —a, 

B into - h, A„p into iu,p, and B,jp into h,jp The effect of these changes is to give 

1 ^Imn I k itnn > 

1 ^ Imn 1 k iinn ■> 

and theieforc the senes foi x and y converge absolutely 
The actual values are 

a; = ciHog < + C^t + 'ZXt 
y = ht log « + 0/ + tSl ’ 

where 6 — — t\ogt, <f) = ^t{\ogty, the summation is for values of I, m, n such that 
and the coefficients Ci, O', are arbitiary constants 
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But the formal expiession is more general than the actual value The equations 
determining the coefficients are 

4* w -f n — \ )Hi,nn — (wi 4- 1) m+l. n“ + 1) n+l = 

{I 4 - m+H} — l)Klmn — (wi 4- + I ) 771-1. n+l = F 

With 

■^100 ~ -Hqiq — ~~ d, Hqqi — 0 , 

A'loo — ^ 2 , ~ ^7 i^OO\ ~ 0 

It IS clear that, when i4-wi4-R = -, 

^Zmn = 0, = if n=l, 2, 

hence Himn, Fi^n both vanish for Z4-wi4-a = 2 if w = l, 2 
Thus for l + m + n = ^, 

^/mn = 0, ^,77,„ = 0, if n^l, 2, 3, 

hence also both vanish foi ^4-m4-n = 3 if ?? = l, 2, 3. And so on all the 

coefficients K^nn vanish if 

71 > 0 , 

that IS, the (luantity <f) does not actually occui m the expressions foi a and y which 
accordingly are legular functions ot t and <log^ 

The theorem is theiefoie established 

Note 1. Any term in a and y is of the form 

Kv'^ {t log ty, 

that IS, (log , and thcicfoie the index of log ^ is nevei greatei than the index 

of t 

If, however, the equations were 

= X at + tt\og t x^yHP {t log 

^ = 2/ 4 - 4 - c't log t 4- {t log ty | 

wheie ■¥ p + q'^2 for the summations, then the values of x and y satisfying the 
equations are 

a = - ^ ct (log ty 4- at log t-[-C,t + t^6^^<f>^\ 

2/ = - ^ct (log 0^ 4- bt log t-{-C.jt-^ ’ 

where t, 6, <f> have the same values as above, and the summations are foi values of 
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I, nu, n such that l+m + n'^2 and the coefficients Himn, J^ivm doteiminahle as 

before Any term in a is 

^^l+m+n(log 

that IS, the index of log t is not grcatei than twice the index of t 

Mote 2 It a vanishes but not h, the solutions aie still non-regulai functions ol 
t , likewise if b vanishes but not a In these cases, it is known that no regular integrals 
vanishing with t ar(‘ possessed by the equation 

If a = 0, h ^ 0, then ///,„ = 0, = 0, if m ^ I that is, t log t disappears from the 

expressions for a and y, which then become legulai functions and aie the double 
inhnitude of regulai integrals that vanish with t In this case, the regiilai integrals 
aie the only inti'gials vanishing with t that are possessfd by the eipiatioii 

20 Second sub-case k not zero 

The theoiem is 

The equations possc^v in general a double 'infinitude of non-iegular integials vanishing 
with t which aie legnlai functions of t, < log it is known that there 

aie no regular integials which vanish with t If Imwevei a = 0, then the integials can 
be ai Hinged in two sets, one is a simple infinitude of noii-i egulai integials vanishing 
with t which are i egulai functions of t and t\o^t , the othei is the simple infinitude of 
i egulai integials vanishing with t which the equation is known to possess (It is necessar} 
that the constant k bt* diffeient horn /cuo othei wi'^e some of the coefficients in 
the second set aie inhnib' unli'ss b also is zeio, in which foim we icvert to the first 
sub-case alieady consideu^d ) 

The method of establishment is similai to those which pieccdc it need therefore 
not be lepeated after the many instance's of it which alieady have been given 

The initial teims in the integrals of the equations as taken in § 15 aie 
ti — a6-^At-\- 
t, = Ka^ -^-( kA + b) 0 -h Bt + 

the unexpressed tcims being of higher oidei in t, 0, (f> heie A and B aie aibitrarj, 
d=^log^, and (f)=kt(\ogty Any teim in the expansion of ti oi ^ which involves <j> 
contains k in its coefficient, tlu' disappearance of the terms in (p fiom the integrals 
111 the fiist sub-case is thus explained, foi k then is zeio 


Concluding Note 

21 Some sub-cases still leinain ovei fioiii Case !(«), when the roots and of 
the critical quadratic do not satisfy the conditions that (§ 8) prevent some one (oi 
moic) of the quantities 

(\ - 1) -f pla + 1', + (a*- — 1) 1^2 + 

VoL. XVIII. 12 
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from vanishing for integer values of /jl, v such that \ + v > 2 The real parts of 

I,, ^3 are supposed to be positive. 

The instances that can occur are obviously for X = 0 in the first set and /a = 0 in 
the second set, both are included in the form 

^ = /at; + i;, 

where ^ and ■»; are the roots of the quadratic, and /x 4- ^ 2 The cases /x = 0, /x = 1 , 
have already been discussed Foi the remaining cases, we have the theoiem The 
double infinitude of non-regulai integnds vanishing with t aie then legular functions of 
t, P, log wheie /x and v are integers It can be established ui the same maimer as 
the similar theorems in the preceding sections 



IV Ueher die Bedeutuiiy der Co7isUvnte h dcs van dev Waalsifichen Gcsetzes 
Von Prof. Boltzmann und Dr Maciie, in Wien 

[Received 1899 August 1-1] 


In dem Buche von Piofessor Boltzindnu “ V'oilefsUJigen ubei Gastheone, II Theil” 
wurde die van der Waah’sche Formcl aus dci Vorstellung abgeleitct, dass die Gasmolekule 
Anziehungskiatte aul ein.uidei ausubeu, doion Wiikungbbphaic grobs ist gegcu den Abbtand 
zweiei Nachbdimolekule Der Fall, wo diese Aiinahine iiicht mehi zutrifi't, wurde in 
demselben Buche auf Seite 213 kurz behandelt Es zeigt sich, dass dann Erscheinungcn, 
WIG bie bei der Dibsociation zweiatoiniger Gasc vorkominen, nicht eintieten konnen, falls 
(he Anziehungskialt gleu hniassig nach alien \oiu AtotucenUuni aiisgehenden Richtungen 
wirkt Die an jener Htelle abgeleiteten Foiineln konnen abei beniitzt weideu, um die 
Zustandsgleichung zu entwickeln Es wuide dort die Annahnie geniacht, dass die daselbst 
nut ^ bez('iehnete Gio^se cimstant ist. Lassen wii diese Annahnie fallen, so tritt an 
Stclle del Foiniel 233 allgeinem der Au&diuck 


Vl 


27011 

~y J. 


hS 


Es wild also jetzt angenoniinen, dass die TiennnngsaiDut von dei 'I'lefe abhangig ist, 
bis zu welchei das Centtuni eines zweiten MolekuK in den kiitischen Rauin des ersten 
eingedi ungen ist Dagegeii soil /unachst der Fall dahin veicinfacht werden, dass die 
An/iehungskiaft inneihalb dieses kiitibchcii Raiimes con',tant bleibt Dann wird 

f{,) = C{<r + 8-7) 

Schieibt man zur Abkurzung 2hG = c und fuhit die Integration (lurch, so hat man 

’*2 = +!)=•+ 1] — [(CO- + 8 + 1)= + 1]} = ^ «i* 


Es gilt aber allgemein fur ein Gasgemisch aiis und ??2 Molekulen verschicdenei 
Alt die Beziehiing _ 

pV= (n, + 71,) = MET (ui + 71,) 

O 
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Nennen wir a die Zahl dei Molekule bei vollkominener Dissociation, so ist 

a = + 2m, = M, + Kiii- 

Hingegon ist die Z.ihl der fieieii Molekule im betrachteteii Ziistand 


n = + 112 = 


a + M, 


Dnrch Elimination von ?ij und Entwickeln dci Wurzel findet man hiciaus den Naheiungs- 
weit )i=a—~ und folglich auch weitcis 


pV=aMRT- 


a^MRT 


Ist abor m die Masse cines MolckuK, fx das Atomgtuvicht, v das specifische 

Volumcn, endlich i die iaASconstante des betrachteten Gases, .so ist = 

p V V ' 

endlich ~ = r und es wild auch 


p = 


/ T aij' 
tv' 


Oder wcnn man auf den Ausdiuck fui k zuiuckgcdit 

p = _ 1 Z [e<^ [(c<T -H 1)- + 1] - [(c<r + 8 + 1)- + 1]} = - ^ ^ 

^ V c'ni ^ / J L\ / J| ^2 

Hiebei ist aber m v noch dei von den Deckungsphaien dei Molekule ausgefullte R.ium 

p = i fTTor® abzuziehen Wir erhalten also als Zustaudsgleiehung 

,T A 


p = 


v~p iv-py' 


Zur Discussion dioser Foimel hnde noch folgende Beiiaclitung Rauni Es ist, wie 
man sich leieht durch Rechnung ubei/eiigt, 

I 2^ 

[(CO- + ly + 1] - [(CO- + S + 1 )' + 1] = c'o'8 S^(t8)''-‘1 y + 


1 


Feinei 1 st A- Irrcr-hiT ^ (c5)»-0^,+ 

Es gilt i\Git(‘is (he Beziehung o^thC 


2 i^\ 

rr ' fT 

-, + ■ 


(m ' M + m + 2' 

a 1 


Setzt man endlich 


T 


I O "5^ /J 

Zira-o — a, — =r p, ^ = e, 
ni nil 0 


so ist auch 


^TTo * = jae 
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1111(1 cs lasht sich die obigc Zustandsgleichung in der Foiin schieibcn 

vT avT 2 2 I 

^ V — §«€ (v — \T) I?? ' 11 4 - 1 ! e ii + 2 ' e-j 

Die ComUinten dieaer Gleichung haben foIgend(3 Bedeutiing 

Es 1 st a gleich dem lialben im Voliimon dei MasseiK'inheib voihandenen kntiscben 
Ranine, 

C8 

/3r = -^ gleich dem Potenti.il der An/iehiingskiaft anf dei Obeihache der Deckungs- 
sphai e, 

eiidlich f = g gleich dcin Vcihaltnis aiis deni Duichmesber des Molekuls imd der 
Distant, auf welche die Anziehnngskraft wirkt 

Da die Gleichung 233, von welchei wii ansgegangi'ii sind, voraiissetzt, dass die 
Anzahl del Tiipelinolekiile gegen die Anzahl dei Doppelniolekiile veischwindot, so ist auch 
die obige Gleichung an die Voiaussetzung gebunden, dass die Abweichnngeu des Gases 
vorn Boyle-Chat le'i'hchen iU'setzQ noch klein sind Es darf also auch das letztc Glied iiriseici 
Gleichung, welches ja den Innendiuck dai.stellb, mehb ubei einen gewissen Wert hmaiis 
wachsen Dies winl urn so weiiiger der F<dl sein, je grosscu e ist Aus den Versuchen 
von Amagat und Andtews uber die Coinpressibilitat des Kohlendio\yds beiechnet sich e 
fur dieses Gas zu ungefahi 100 Nach diesei VoisUdlung scheint also der Anziehungs- 
bereich sogai noch lebdiv kleiri zu sein gegen den DiiichiiK'ssei des Alcdekiils 

Wir haben bishei unseie Zustandsgleichung abgeleitet, indem wii fur /(>) em 
bestiinmtes eirikiches Abhangigkeitsvei haltnis einfuhiten Lasst man j {i) ganz will- 
kuilich, so cigibt sic'li leiclit, dass dies den Typus del Zustandsgleichung, anf welche 
man konimt, in keinei Weise veiandeit 


Es wird stets p — 


iT A 

v~p {v-pY 


und es ist nui lujch A von /{r) abhangig 


Dies gilt fieilich nui solange man die Anzahl del Tripelmolekule und der noch 
hoheien Congi egationen veinachlassigen darf Ist dii‘s nicht mehi dei Fall, so weiden 
noch weiteie Glicdcr hinzutreten, welche in ihien Neiinein das v — p in der diitten, 
vieitcn und hoheien rotenzen enthalten Es etgibt sich dann fur p eine Potenzieihe, 
wue sie ahnlich auch schon Heir Prolessoi Jagei von andeien Betrachtungeii ausgehend 
aufgestellt hat. Leider begegnet die Auswcitung ilnei weiteien Co<'jJiciente>i kaum zu uber- 
windenden Schwiengkeiten 



V On the Solution of a Pear of Simultaneous Linear Differential 
Ef/uations, which occur in the Lunar 'Pheory- By Ernest W Brown, 
ScD, FR8. 


[Received 1899 July 14] 

In the calculation of the inequalities in the Moon’s motion by mcaiib of lectangulai 
cooidmates a ceitain pan of diticiential equations is continually ie(iuniijg solution The 
left-hand inembeis aie linear and always the same, the right-hand membeis aie known 
functutiis of the independent variable — the time — and vaiy with each class of inequalities 
consideiod It has been the piactioe to obtain the requiied paiticular mtegial by assuming 
the solution (the foim of which is known) and then to deteimine the coefficients by 
continued appioximatioii This method is troublesome to put into a foim which a com- 
puter can use easily and is besides peculiarly liable to thance eriors, a laige number 
of procebs(‘s would have to be learnt before the computer could pioceed (piickly and 
secuiely T’he m.iin object of this paper is to put the solution into a foim which will 
avoid these difficulties, but I believe that some of the lesults may be found to be of 
a more geneial interest Furth(u, the (piestion of the convergence of the series used 
to lepresent the cooidmates m the Lunar Theory may be somewhat naiiowed In fact 
It being gi anted that the senes forming the ‘Vaiiatioii’ ine(pialities and the elliptic 
inequalities depending on the first power of the Moon’s eccentucity are conveigent, it 
IS not difficult to demonstrate, by means of eipiatioii (14) below, that all the teims 
multiplied b) a gi\en combination of poweis of the eccentiicities, inclination and ratio 
of the pai allaxes, that is, all the terms with a given characteiistic, foim a convergent 
senes 

The eipiations to be considered aie 
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wheie 

are of the forms ^*71 (2i + 1) {n - n) {t - Q, 

L ^ sin ^ / V / \ 


of the forms (< - O + - >0. 

^0, ^1, T, », n\ q, being known constants, and ^ taking all positive and negative integral 
values, T IS eithei an integer, in which case ti = t^, 01 is incommensiiiable with an 
integei 

The corresponding jiarticiilar integral required is, in geneial, 


sm 


(t -Q-hT(t- <,)] {n - n). 


If we substitute this solution in the differential equations and eijiiate to zero the 
coefficients of like periodic terms, we obtain an inhnite senes of lineai equations with an 
infinite number of unknowns Th(‘ senes an* assumed to be convergent and in most cases 
the coefficients diminish rapidly as ^ incieases Nevertheless, it is frequently found 
necessaiy to piocei'd as tai as ^=± 5 , demanding the deteimination of about 20 unknowns 
tiom the same number of equations 

In the determination of the latitude the equation 


d-z 

dP 


Lx z— R", 


occurs, Lu R" ‘^le of similai foirns to L, R\ lespectively If z^, z, be two particular 
integrals of 

d‘Z r 

it IS known that the particular integral recjuired is 

z JJ — Zi (zi R" dt — Zi (zi R" dt, 


where C is a constant given by 


C = z, 


dz, 

dt 


dzi 

^^di 


I shall show 111 what follows how we may obtain a similar expression for the solution 
of the simultaneous equations above, having a sufficiently simple form to be of use in 
computations Later the significance of the solutions is explained and certain exceptional 
cases occunmg in the Lunar Theory are treated The results obtained have m fact becm 
used in the calculation of the terms of th(' third* and fouith oideis 111 relation to the 
eccentricities, the inclination and the ratio of the pai allaxes 


* Mem. R A S , Vol laii pp ICS— 202 
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111 ordei that the heries which occiu may be all algebiaical instead of tiigoiioiiietiical, 
we use the conjugate complexes u, s, Avheie 

« = ./•-}- yt, s = X — yi 

We also put 

^ = exp i (« - n') {t - U), 

-L- ‘L 

^ L {n — n') dt ’ 

11 

in = , , = 0 = h. 

n — n 

The generality of the results is not aftectcd by the last supposition 
The simultaneous ecjuations then take the foim 

{D + m)- 4- Mil Ns - A | 

(i) — my 4- Ms 4- Nil = A \ 
wheie d/, N aie of the form 

A i« of the foim 

dT=ii/ 


( 1 ). 


= 0, ± 1, 


The bai placed over a letter ot expiession denotes heie and elsewheie that l has been 
changed to — l, that is, put toi ^ 

To obtain the particulai mtegials of equations (1), it will hist be necessaiy to obtain 
foui ind(‘peiid('iit paiticular integiaK ot 

(D 4- m)- u 4- Mil -h Ns = 0 ) 

( 2 ) 

(D-mys+Ms + Ni( = 0 ) 

Denote these mtegials b) 

a — s=Sj, J — 2, 3, 4, 

so that if Qj denote an aibitiaiy constant, the general -solution of (2) is 
ii = Qj Uj, s^ljQjSj, j-l, 2, 3, 4 

By supposing the Qj to have \ariable instead of constant values we can then pioceed 
to find a paiticulai integral of (1) and thence then general solution 

In oidei to make ceit.iin ot the later aiguments clear it is necessary to indicate tin- 
mannei in which the eipiations (1) arise 

The ccpiations 

Dhi 4- 2m Dil 4- ^ ('* 4- = 0, 
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with their fir«t integral, 

F= Dii.Ds + ^m^ {u + sY + = C, 

4 ' {Ksp 

admit a particiilai solution, 

u = Vo = Sut s = So — "Ho-t 

containing two aibitiary constants, these constants are the quantities denoted by n, to 
above The coefficients Ui are functions of n and the known constants present m the 
diffeiential equations 


Put 


U — tlo + U^, S = So + bi, 


and, after expansion in poweis of ?q, Sj, neglect squares and pioducts of these quantities 
Omitting the suffix, and giving propei meanings to M, iY, the resulting equations 
become those denoted by (2) above 


The first integial F=0 becomes 


. A 


If, however, we had deduced this fiist integial diiectly from (2), it would have been 
(j) = C\ wheie G' is an arbitrary constant When the e((uations (2) aie consideied inde- 
pendently the constant O' must be retained 

Three indi'pendent solutions of (2) are known In finding the piincipal pait of the 
motion of the lunar perigee Dr Hill* gave one of them, namely, ?< = s — Dso^ and 
obtained the forms of the other two, the coefficients of the latter have been obtained 
by m}selff It is thciefore only necessary to find a fourth solution, linearly independent 
of the other three, in order to obtain the general solution 


n 

The Fourth Integial of the Equatiom 

(D + rn)^ u + Mu + Nii = 0 . (3), 

(D — in)' s -f- Ms + Ah/ =0 (3'). 

The known integrals may be denoted by 

u, = S, 6^ Sr = X e'-, r' ] 

= I . . (4). 

'», = 2:,(2t+ s, = 5:,(2i- I)a_^^’->) 

* Acta Math Vol viii pp l~3b t Mem It A S Vol liii p 94 
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If Qii Qa> Qs three arbitrary constants, then 

u^-EjQjUj, s = XjQjSj, j = l, 2, S (5) 

IS a solution of the equations. Owing to the introduction of Qi, Q^, Qg, we can considei 
Ui, . Sg completely known , c is a constant which is supposed incommensurable with 
unity. 


To discover the fourth mtegial, the method of the Variation of Arbitrary Constants 
18 used m the usual way, by assuming that 

uJ)(l + u,DQ,-¥UgDQg = 0. 


By substituting (4) m the differential equations we find 
Dui . DQi + Dug DQg + Dug . DQg = 0 , 
{6jD‘Qj + 2Dsj DQj — 2msjDQj) = 0 


Then 


Put iiiDug — UgDug — Uu etc. 

DQa DQs r 

- = - = X, suppose. 

«! ttg ttg * * 

Substituting in (6), the equation for L may be wntten, 

(2«s) DL + 2 LD(las) - L {^sDa + 2mSa5) = 0 
where Sas = Oj Sj + + agSg, etc 


.. . ( 6 ) 


(O'), 


The last term of this equation can be shown to bo zero Substitute Wj, .91 and 1 / 2 , Sg 
successively in (3)* multiply the resulting equations by Sg, Si respectively and subtiact 
We thus obtain 

(D + 2m) (SiDui — Si Dug) + (m* + M) (s^Ui — u^Si) = 0 
Also, treating (3') in a similar mannei, 

{D — 2m) (ugDsi — fhDs,) + (m=* + M) {ugSi — SgUi) = 0 
The sum of these two equations is integiable and gives 

SiDui — Ui Ds^ + ihDsi — SiDa^ + 2m — ihSi) = 0 ^^, 
where is a constant It should be noticed that this constant is not aibitrary since 
the values of u^, s^, u^, S 3 were ilcfinitely fixed, so that €33 may be treated as a known 
constant 

Denote the last equation bv 

/u = C,2 (7). 

We find in an exactly similar manner 

yi;3 = y ‘31 = U 3 I . (7') 

Multiply these three equations by Wj, Wg, tig and add Noticing the meanings attached 
to Oj, Oa, a,, we obtain 

+ UjCgi + «,(7i2 = 'Sois 
0 = UiDfa + M2^/31 + W3^/l2 

= ^sDa 4- 2mlSa.9. 


Similarly 
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Substituting the last result m (6'), we find 

L Zas 

which, on integrating, gives 

Xo 

i'^CLsf (m, 6*23 + i(z C,i -6 Its ^xzf ’ 
where is a new arbitrary constant 


Thence 


Qz=(Q,) + /oi>- 


r-,. etc, 


{ii\ 623 “h uAj tj “H 1/36^2)^ 


111 which (Qi) IS a new arbitrary constant and denotes an integration, le the operation 
inverse to D 


If, finally, we now let Q», Qj, lepiesent four arbitrary constants, the general 
solution of (2) IS 

u = Qi til + QzHi + Qitfi + Qiii*. 
s — QySi + Q,s, + A- QiS^y 


whei e 


W4 = 'EjUjD~^- 


„ ; = 1. 2, 3 


('< 16*23 + 1 ^ 26 *,, + UsCuf' 

This result is true whatevei particular solutions are lepresented by 


a« long as they .11 e Imeaily independent As, however, the (expression for <<4 can be 
\ery much simplified by using the values givi^n eailier, I shall immediately pioceed to 
the special case under consideration 


It IS easy to show that 6*31 = 0 = 6*2,. Foi, looking at the forms assumed, we sc( 
that i<i. Si contain the factor ii,, 62 the factor and -m,, 6j have no such factor 
Ttence has the factor the factoi As c is supposed incommensurabie with 

unity, the equations (7') aie only possible if (73i = 0 and 62, = 0 


Hence we have 


o T\ ■, iioDus — UsDu-s 

UiCi? = UiD-^ — + iisD- 


UyDui — itiDttt ?qDu. — KjD'/, 

I ^ — ^ jj I — 

The fust two teims of the iight-hand side aie integiable and become 


«2 «I 

»i Wa 

•Wj «j 


that IS, zeio Whence consideimg C\/ as absorbed in the arbitrary Q4, we have 

fill Dili — «2-^«A 


/ III Dili — u^JJuA 

— ) 


( 8 ) 


We may similarly show that 


54 — s^D ' 


1 S2 Dsi^ 


13—2 



100 Mr brown, THE SOLUTION OF A PAIR OF SIMULTANEOUS LINEAR 


III. 


Although this IS probably the simplest form obtainable for u^, it is unsuitable foi 
calculation. The values of ... are all of the form 

sum of cosines + 1 (sum of sines) 

To adapt to calculation it is best to express it in the form 

Us {P + Qfc) 


where P, Q aie real I shall show that 

Ut _ — UiDui\ 

Us ~ V Us^ ) 

= 1 j. in-i “ ’'ll**-* 

^ ^ lujSa «3.93 


^2m + 


Dlls 

Ua 



( 9 ) 


Since /as = 0 = fsi and = Cy^, we have 

_ ^ Cya _ Uafll— Uyfa _ y fvi_ __ _ ~ UsDUy ^ IhDS y - UyD% -f S, PU j- ,%DU y 

“ tlaba ~ lti% ^ U3S3 1(3 ‘-U3S, 

SyVi — Uyfla DUa Sylla — UySi _ UyDUi—U^DUy y.^(SyUs-'Hy'^s\ 

Uaba Its 1lsSa U 3 * ^ V ' 

Sy Ua — M, / Du y Dss\ Sy Uj — UySi 

IhSs V Uj 53 / 1(363 

Submitting this to the operation D~^ and transposing we obtain the recpiired expression 

It IS easy to see that ( 9 ) is of the lecpiired form For when we put — t foi t, that 
IS, for the expressions 

U], Uj, Sif Si, U3, 63, D~b D respectively 
become 6’^, Sy, 112, Uy, — 5j, — Ug, —D~\ —Dy 

the first term of ( 9 ) is therefore unchanged, while the second term simply changes sign 
Hence the first term is real and the second a puie imaginary 


IV. 

It IS necessary to examine the four solutions and especially the one last found a 
little more closely. Wiite 

Ui^Ua{P + D-^P^. 

The expressions ( 4 ) show that P and Py, being both real, will be expressible as sums 
of cosines of multiples of the angle 2 (n-^n')t. As Py contains a constant term B, D~^Py 
contains a term of the form tBt (n — n), and therefore U4 is of the form 
Ua {iBt {n —n') +a power senes m 
It IS therefore of the same form as u,, except for the part 

LBtUa (u — w'). 
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We saw earlier that the equations (2) admit of a first integral 

(f) = G\ 

and that this should be derivable from the integral 

F==G, 

of the non-linear equations when the former are considered as derived from the latter 
The constant O' should therefore in this case be zero It is easy to see that the constant 
is zero when we substitute in <f) the solutions Mj, 5, or or s^. For the solution 

Hi, Si, the constant takes the value 0 ^^ which is not zero Hence though (ut, s^) belongs 
to the linear equations (2) it plays no part m the non-linear ecpiations from which these 
were derived 


The solutions s, and u^, are those used in developing the Lunar Theory, they 
contain the terms dependent on the first power of the lunai eccentricity It is necessary 
to see why the solutions Wg, and are not used in the development. 

The particular solution of the original equations of which use was made was 

where «o = exp. (2i -H 1) {n — n') {t - ^o) 

If we add a small quantity to U (which is an arbitiary constant of this solution) 
the resulting expression will still be a solution. Expand m powers of Bto neglecting squares 
<ind higher poweis The additions to Uq, s© will be 

Su = t- K - Ds, K 

Oto Oto 


These values whon substituted for u, s in ( 2 ) must satisfy them independently of the 
\alue of Bto Hence u — kDa, s~kDs is a solution obtained merely by altering the arbitrary 
and is theielori^ unnecessary for the development of the Lunar Theory 


The other arbitral y constant in Uo is n, and the coefficients are functions of n If 
we make a small addition Bn to n and proceed as before we see that 


u^k 


dUo 


r 


^ 0/1 ’ dn 

is a solution of the linear equations (2) It is only necessary to identify this with M4, Si. 
The forms for both are evidently the same. For we have 
diio 


dn 


= • ^ + (2^ -1- 1) (i - <o) a»| exp (2^ -f 1) (n — n') (t - ^o) 


^ d oj. 
0 a 


exp. { 2 i + l)(n- n’) {t - ^o) -f (« - 0 


The terms with t as factor agree {to was put zero in the expression for W4) when 
the proper constant factor is introduced, and the remaining parts are of the same form 
As no linear relation can exist between the first three solutions and either of the forms 
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for the fourth solution, these two foims must be the same except as to a constant 
factor Hence 

dn ® V J ' 

This relation is a somewhat remarkable one In investigations where the arbitrary 
constants are varied — and there are many such — we have a means of obtaining ^ 

(which arc the most tioublesome to find) when the numerical value of the latio n'jn has 
been used in finding x, y, A direct proof of this relation is desirable This and the 
theorems which I have given elsewhere* arc probably particular ca^es of some much more 
general theorem Thus, of the four integials of the linear cijuations two only are requiied 
for the development of the lunar theory, the other two aiming fiom additions to the 
arbitiary constants in the particular solution of the original equations 


V. 

Having obtained the solution of 

{D + m)^u + Mu + = 0, 

{B — m)^s + Ms + Nu = 0, 

in the loim u = '^QjUj, s = SQjSj, y = l, 2, 3, 4, 

the next problem is to find the solution of 

(7) + mfu + Mu Nh — A, 

(D— mfs +Ms + Nu = A, 
wheie A, A aie functions of the time 

Following the usual method of vaiying the aibitraries we ha\e 

^Biij DQj = A, ^Dsj DQj — A) 

'^UjDQj^O, tsjDQ, = 0\ 

These must be solved in ordei to find the variable values of the arbitraiies The onl} 
difficulty is to hnd these values in forms sufficiently simple to be of use 

The expressions at the end of II show that we can derive S 4 /S 3 from itju^ by putting 
for ^ and changing the sign For interchange as do s^, while D changes 

sign 1/3 becomes — 53 . Since 

«4 = W 3 (P + Qi), 

we have 54 = 5 , (— P + Qi) 

Hence itj = ’2.11^8^ P 

= U,Si-UiSi . ( 11 ) 

by the result obtained in III 


* Proc London Math Soc Vol xxviii pp 143—155 
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Again, as the first integral obtained in II is equally applicable to M4, 54, we have 
(734 =/j4 = SiDut + UiDss — u^Dsi — SsDui 4- 2ni (54 it, — 1/453), 
which, by inserting the expressions for 1/4, S4 just given, becomes 

(7,4 = — 2 (S3DU3 — U3DS3) P — '2.LU3S3DQ + 2m (.^ji/i — i/zSi), 
or, using the values of P, Q obtained in HI., 

C3 , = - (s,D«3 - 't.Ds,) - 0.3 

4- (SjWa — itiSj) fsm + — * — 4- 2m {Silh. — 5i Wa), 

whence 034 = — (7,, (12). 

We can show as in II that (7,4 = 0 = (734. 



A, = A, Pwa, Pm,, Dui 
A, P5,, P^g, P54 

, etc 

0, i/g. It,, 1/4 
0. 5,, S3 Si 

In the determinant A the first minor of Pw, is 

Ds, (1/354 - + Psj (UiSi - SiUi) 4- PSi (U3S3 - S2U3), 

~ ^2/3* ~i''^<y42+ 

= SiC3i 4 5,(742 4 - 54 ( 7 ,, 

Also, the first minor of P^, is similarly 

— (1/3(734 4 " U3 Ci2 + Hi C23). 

The other minors of the elements in the fiist two rows of A aie similar, the suffixes 
following a cyclical ordei We have thus all the minors of the elements A, A in the 
determinants A^. 

Remembering that (7g4 = — (7,3 and that all the other constants (7,j are zero, we obtain 
A, = — (.52 A + W3A) Gii, 

Aa = (.5, A 4 - WiA) P12, 

A3 = (54 A + 1/4 A) (^J3, 

A4 = “• (53A 4" 1/3 A) (/J2, 

and A “ (SaPi/, — SjPi<2 — SiDu3 4* SjPwg) (7,3. 
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But the effect of putting for ^ in A is only to interchange an even number ol 
rows and columns and therefoie to leave A unaltered Making this change in the last 
equation we find 

A = - (- Ds2 + n^Dsi — niDsi -f s^Dus) 

Whence, by addition, 

2A = — [fii - 2m {s.Hi — — /t 4 + 2m {s^u^ — 

= -(C\.-03.)(7, = -20,A 
m virtue of (7) and (12) Hence A = -0,a^ 


Finally, 


and 



S.A+ v^A 

/I — j etc 


Q.= 


L'j2 


{s,A + UoA), etc 


And the paiticulai integial coiievsponding to the iight-hand mcmbeis, A, A, is 

+ KnA) — (SjA + jqA) 

Li.. 

— t/sZ)-* (54 A + ViA) -f (cSjA + «/iA)j 

s = ^ (5iD~‘(6jA + 1^A)-5jZ)~* (61 a + ?(iA) 

— SjD~^ ( 94 A + ?/ 4 A) + . 94 /)“’ ( 9 iA -4 i(jA)] 


(13), 


It IS easy to see that s is deiivable fiom w (as it should be) by putting foi ^ In 
fact, the coefficient of Uj in the first term is conjugate to that of in the second teim, 
that of in the third teim is a pure imagmaiy and that of 2/4 in the last teirn is ical 


VI. 


In the applications of this lesult to the Lunar Theoiy A is always an evpiession of 
the form 

1 =0, +1, ±2, . , 

where r, q^, q^ arc known constants, A is derived from A by putting for ^ Thus A, 
A aie conjugate complexes whose leal and imaginaiy paits aie lespectively sums of cosines 
and sines The coiiesporidmg paiticular integial should in geneial be of the same foim 
Hence a difficulty arises owing to the fact that 2 * 4 , contain t in a non-pciiodic foim I 
shall now show that in general all the non-periodic parts disappeai fiom the paiticulai 
integral 

Put 

1/4 = 4 - iB\i 4 {n — n'), 

«4 = ^ 4 ' + iBsA (n — n) 
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Then 7//, . 9 / arf* periodic The sum of the thinl and fourth terms of (13) becomes 
— i/jD"’ (. 9 /A + w/-d.) + (sgA 4- «3^) 

- {(^TsA + //jA) + u^tD-'^ {s^A + <<3-4 )] lB {n - n') 

The fiist line of this expression is in general peiiodic The second line becomes, on inte- 
giating its hist term by parts 

Wj BD~- (s , A + W 3 A ) 

The rion-pei iodic pait thus disappeais 

When we perfoim the double integi.ition involved in this last expiession, we obtain 
{Lo + C, i(« — n) t + pel iodic part} 

wheie Co. are aibitraiies The terms containing Cq, (7, are simply paits ot the coinple- 
mentaiy function and ma) be consideied as contained in QzUji + QiUt The particulai 
integial may therefore be written 

« = (,.SjA 4 «^A) — w_.D"' (9, A +ViA) + ii/I)~'^{SsA + iiiA) 

— j,9/A 4 m/A — BD~^ (.SjA 4 ''^A)}] . (14), 

which IS Its final form 


VII 


In geneial tins jiaiticulai integial consists onl} of peiiodic tcirns There aie, how'- 
evei, two cases in whu'h non-])ei iodic terms may aiise If T = an odd intcgei, that is, 
if A IS of the toim the integials multiplied by ?</ and ?<4 might give rise to 

terms of the foini at wlune a is a constant 


In this case, .SiA4«tA is of the form (^-’ - f“*‘) and therefore its integial will 
be periodic The last term of (14) is of the form 

— (const 4 powei senes in 
= — ic,((A 4 A' + powei senes in ^•’), 


/>, being constants, the foiiner dehnite and the latter arbitiary The 
may be written 


— 1(3 — { N^tBi (u — n') 4 m/| 


A-m/ 


Bi {n — n') Hi (n — n ) 


terms — i(i{tk 


The first two tcims of this may be considered as included in the part of the 

complemcntaiy function , the last part is definite and peiiodic Hence no non-penodic 
part remains 


The second case of non-peiiodicity occurs when 
A = t.q, ^ 

Here the first two terms of (14) may give rise to the ncm-periodic part 
{iiAi {n — n') [s,A 4 m>A]o— u^h {n — n) [s, A 4 WiA],,} — (7,2, 
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where [>/r]o denotes the constant term m the expansion of as a sum of cosines. Now 
s^A ->r u^A and h^A-\-u^A are conjugate Hence 

[i’iA + == [(•?! + O 

Thus the non-penodic pait is 

(Wi-?/>)[(.5i + s,)A]ot(/i--?i')^-Ui, . . (15) 

In the applications to the Lunai Theory, th(* part of the complementary function 
used IS obtained by putting ft = 0 = ft> the constants in //,, Wj are so adjusted 
that we can put Q, = l=Q_i I shall show that (15) is equivalent to a small addition 
Sc to c in the index of f in 

n, -f u, = + N, 

squares and higher powers of being neglected 

Put c + 3c for c m the last expression It becomes 

Remembeimg that f =exp i (« ~ ?i') < and expanding in powers of we obtain 
i(i + A {>( I - Ui) See (n- n') t 

Compaiing with (15) it is evident that we can }mt 
Se ~ [(.s'l + -d.]o - Uj - 

This IS nothing (dse than the general form ot the expression which I obtained in 
a papei, “Investigations in the Lunar Theoiy*” Foi 

^fu = [/i..]o = (2^ + 1 + m + c) t/+ 1, (2; - 1 - m + c) 

on substitution of the values (4) in f\> Also .9, + 5^ is the same as the expiession there 
denoted by s,. The companson of A with the remaindei ot the equation of the paper 
just lefeiied to will follow fiom what precludes that equation The general case is given 
in my memoir on “The Theoiy of the Motion of the Moon, etef” No useful puipose 
will be servi'd by giving tuithei details ot the comparison ot the two foims foi 8c 

The final conclusion is that the non-pei iodic teims either disappear of their own accord 
or belong to a part ot the ( omphunentaiy function which is not to be included m the 
general (hwelopment The last pait of this investigation — concerning 8c — is of course only 
applicable to cases similar to those which occur in the Lunar Theory where we proceed by 
continued appioximatiou and wheie we require to have only periodic terms In the general 
problem the uon-pcriudic teims will remain 
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VI. The Periodogram of Magnetic Decimation as obtained from the records 
of the Greenwich Ohservatorg during the ijears 1871 — 1895 By Arthur 

Schuster, F R.S , Professoi of* Physics at the Owens College, Manchester 

[Received 1899, Aug 1 ] 

I Introduction 

The science of Meteorology deals with vaiiable quantities which aie subject to 
continuous and appaicntly iiiegular changes Iriegulaiities in the stiict sense of the 
woid do not however exist in natuic , thiTi* is nevei absence ot law, though often an 
appeaiance of lawlessness caused by the effects of seviual inteiacting causes (3ur efforts 
must be directed to disentangle thc'se causes, and to disoovei foi that puiposc the 

hidden regularities of the phcnoinena 

If we look tor instance at the curve which lepiesents the baiometnc changes, we 
see at once that though iiiegular, theie is a tendency towaids an average position, 
large deviations fiom that position being less ficipient than small ones Piof Kail 

Peaison has investigated statistically the laws of deviation trom the mean, and obtained 
valuable and mteiesting results But enquiries of this kind necessaiily leave out of 
account one of the most essential points in the phenomena they deal with, which is 
the regulaiity which may exist in the succession of events In taking the average daily 
values of barornetiic pressuie and studying then deviations from the mean, the same 
impel tance is attached to an exceptionally high barometei when it follows .another day 
of high baiomcter, as when it follows one of low pressure But a high pressun^ is more 

likely to be followed by a high pressuie than by a low one, and the regulaiity which 

this succession implies seems to me to be of gie.itei import.ance th.in the laws ot 
distribution based on the assumption that successive days aie quite independent of each 
othei 

I intend in this paper to desciibe a method, applying it to a paiticular case which 
seems to me to yield some valuable infoimation conceimng the hidden regulaiities of 
fluctuating changes, though it does not pretend to give <i complete lepu'seutation of all 
that it IS important to know. 


14—2 
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The method has been suggested by the analogy between the variable (quantities we 
are here concerned with, and the disturbance in the luminous vibrations If we could 
follow the displacements in a ray of light, we should find them to present characteristic 
properties not unlike those of meteorological variables There is the same irregular fluctu.i- 
tion combined with a certain regularity of succession, which becomes revealed to us by 
prismatic analysis, and shews itself in the distiibution of energy in the spectrum Absolute 
irregularity would shew itself by an energy-cuivc which is independent of the wave-length, 
le a stiaight line when the eniTgy and wave-length or period are taken as lectangular 
coordinates, while the peifect regularity of homogeneous vibiations would shew itself as a 
discontinuity in the eiiergy-cuivc. 

Fourier’s analysis gives us a means of doing by calculation for any variation what 
the spectroscope does experimentally for the luminous vibrations, and if we construct a 
curve which repiesents the relation between the coefficient of Foiiiier’s seiies for a given 
period and that period, we have a simple way of repiesenting the legularities of the 

quantities to be investigated We shall also incidentally gam the gieat advantage of 

sepal atmg in a clear and definite w’ay the fluctuations which take place m definite 

peiiods, such as the lunai and solar variations, from the more complex changes on whiiJi 

they are superposed 


II The Periodogiiam 

Let f{t) be any function of t, and consider the (quantity R determined by the 
ecquations 

^?iTA = [ /(t)cosKtdt, ' /{t)sm Ktdt (I), 

' T J T 

.. ( 2 ), 

where K = 27rlT and n is an mtegei In thcs(* equations T repiesents a certain interval, 
and T a time which can be varied In the class of functions J(t) to which this paper 

lefers, a change m r with a constant value of n and T will cause R to fluctuate round 

some mean value Let be the mean value of R^ which, still kcejiing n constant, will in 
geneial depend on T With T as abscissa and as ordinate, diaw a cuivc, which may be 
called the “ Peiiodogiajih ” I define the “ Peiiodogiam ” as the suiface included between 
this cuive and the axis of T It will be seen that the “ Peiiodcjgraph ” coircsponds 
extactly to the curve which represents the distnbution of energy in the spectrum The 

ti(‘atment of a few special cases will rendei this clear, and lead gradually up to the 

complex phenomena which foim the chief subpjct of this investigation 

Case 1 Let f{t) be a si mply-pei iodic function, so that we may j)ut 

f\t)=Qos(gt -I- 8) 
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The mtegraK A and B aie easily calculated and expicssed in the term 




I'cos (a -1- 6) 

L 

co.s(a — by 
g-K^ 

1 sm 

^gnT, 


aT7i=2 

r sin (a 4- h) 

L 0+^ 

sm jo - 6)1 

g-K J 

sin 

][/n2\ 

where 

'la = 

«! + a., 

26 = /3, + ^ 



and 

«! = 

KT, 

^i = gT-\-B 




a,= 

fc(T + nT), 

B, = g{r + 

nT) 

+ B 


2 t 

Hence nTR— ^ ,sin l^/<y’[2 (^- + x*) + 2 cos 26]^ 

If the average of R- formed for different vahio'^ of t, the term containing cos 26 
will disappear, and th<‘ri‘fore writing 

y = ^ ((J-/c)nT-'7r)i^ , 

it follows that 

^ + K y 

If n IS laige, S will only have appreciable values when g and k are veiy nearly ecjual, 
and m that case we may put with siithcient accuiacy 

S = 

7 

T''his is th(' well-known expression, giving the distnbution of amplitude in the 

focal plane of the telescope, when a homogeneous vibiation is examined by means of 

a pi ism or giating If we wish to plot down the curve of intensities of vibiations as 
analysed by a grating-spec tioscope, we may dc*hne any diiection by the peiiod 27r/«: which 
has its principal maximum in that <hiection If the inci(Umt liglit has a peiiod ^TT/g 
the expression for the distribution of amplitude is 

sm[7r N{g-K) lK]* 

ttN {g - k)Ik 

which IS identical with R if N, the numbei of lines on the giating, is equal to a, the 
number of periods included in the integiation In obtaining the “ Feiiodogiam,” we have 
done by calculation piecisely what the spectroscope does mechanically The analogy is 

complete, and just as a ray of homogeneous light doc‘s not apjieai homogeneous m a 

spectioscope, theie being secondary maxima owing to the finite lesolving powei, so does a 
purely pei iodic function when analysed by Foiniei’s senes shew apparent peiiodicities 

* This expression may be obtained either from the in my paper “On Interference I’henomena,” Phil Maq 
original papers by Lord Rayleigh on the resolving powers Vol wwii p 500 (1804) 
of spectroscopes, oi more directly fiom an expicssion given 
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having secondary maxima neai the principal one These secondary maxima I have termed 
“ spill lous” peiiods 

Their intensity remains the same when the “lesolving power” n is increased, but 
they approach neaier and iiearei to the pimcipal maximum They aie therefore dis- 
tinguished from the tine periodicity by the fact that their position changes with n 

Case 2 The function to be analysed consists of two ovei lapping simple peiiodicities 

The integrals A and B will split up into two paits which we may call A^^, A^, 
B], B, lespectively Hence 

B^=^{A,+A,f + {B, + B,y 

The products A^A^ and B^B^ will vanish in the expiession for when the 
aveiage is foimed foi varying values of t Hence 

= Ay + By + Ay -h By = Ry + Ry, 

or the Periodogram of two simple peiiodicities may be foimed by the superposition of 
the sepal ate periodogiams * 

Case 3 The function vanes uniformly with the time Putting f(t) = ct, and pei- 
forming the integrations, it is found that 

2c 2c 

A sin ACT , B = — ~ cos ACT, 

K AC 

R^ = = d^T^lTT- 

Hencc the Periodogiaph is a Parabola 

The consideration of this case, which has no analogy in the analysis of luminous 
disturbances, is of importance in the tieatment of secul.u variations, such as that of the 
magnetic elements 

Case 4 So fai the function / {t) has been taken to be continuous , but cases 
arise, where f{t) is given numeiically foi a number of values of which we may for 
the sake of simplicity assume to be equidistant As Fourier’s analysis applies also to 
discontinuous functions, we may include cases of this kind Let the difieient detached 
values of f{t) follow the law of cirors so that, N being the total numbei of ordinates, the 

number having a value intermediate between ^ and ^ + dfS is I have 

Jtt 

shewn f that in this case 



* In my papei ‘On hidden periodicities” {Vei rfstrial change to the latter form is apparent from the above 
Matjiietixm, Vol ui p 13) I defined the ordinate of the t On the investigation of hidden periodicities, lot cit 
Peiiodogram to be S instead of The advantage of the 
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so that the peiiodograph is a straight line, parallel to the axis of 1\ the distance 
between the two lines being inveisely proportional to the number of oidinates 

Case 5 The function is given in the form of an ii regular curve which satisfies 
the condition that theie is a definite law of piobability that the quantity R should 
he within assigned limits , this probability being independent of the initial time t If 
we consider for instance the cuivc lepiesenting the height of the baiometer, excluding 
lunar and solar periodicities, the changes m th(‘ curve will apparently be quite inegular 
but will satisfy the above conditions Let A, and R, be taken to be components of 
a vector defined by the equations 


^nTA,=^ 

1 f {t)co'^ /ctdt, 

.r + mT 

^nTBj= f(t) bin Ktdt 


rr + ^mT 

.r+2)nT 

hnTA,= 

1 / (C cos Ktdt, 

\nTB^ = f{t) sin Ktdt, 


T + mT " 

j+mT 


.r + smT 

^rbsmT 

^jiTA,= 

1 f{t)C0'i Ktdt, 

\nTBi=\ f{t)b\nKtdt, 


' T+ (s-l) mT 

^ rS(«-l)my 


and so on until \nTAf 
with the condition that snt = n, in not being necessaiily an integer number 


We may choose inT suftiCKuitly laige to secuie complete independence of successive 
vectois, all (liicctioii-. of the vectois being equall} piobable In that case the vectoi R 
which IS the resultant of the sepaiate vectois A, B, etc, will, as sh(*wn by Lord Rayleigh*, 
have a value such that the expectancy of is propoitional to the numbei S of vectors, 
henc(' keeping in constant and increasing S, the oidmatcs ol the piTiodogiaph will vary 
inveisely with nT This is the only geneial conclusion we can diaw in this case 


C-ASE 6 The function f{t) is foimed by the supeijiosition of one oi moie simple 
peiiodicitics superposed on the inegular cuive of c.ise (■>) This includes the impoitant 
Ccises of barometiic, thermometiic oi magnetic changes Th(' Periodogiam may m all these 
instances be used to sepaiate the leal fiom the accidental peiiodicitii's Foi the value of 
the oidinates of the Peiiodogiam has been shewn to be mdependmit of th(> lange of time 
ov('r which the integration is peifoimcd when the ])eriodicities aie leal (Case 1), but to 
vaiy inversely with the time when they are accidental (Case 5) Hence we may obtain 
a conclusive ciiterion to distinguish between the two cases The fundamental proposition 
on which the separation depends may be stated thus 
fT 

The value of f{t)co‘^Ktdt fluctuates foi the tunctions undei consideration about 
J 0 

some value which is proportional to T when f{t) - cos kI and proportional to ^/T when 
f{t) contains no leal periodicity ot peiiodic time "lirlK 


* Phil Ma,i , Vol \ p 73 (1880) 
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The sepal ation of regulai and irregulai oscillations, bj an inciease of the time 
mteival, is identical with the spectroscopic separation of blight lines and continuous 
spectra {eg in observing the solai chromospheie) by an mciease of resolving powei 

III Calculation of the Pekiodooram of Magnetic Declination 

I chose as an cKainple of the ticatment indicated in the pievious pages the lecord 
of magnetic decimation at Gieenwich The subject inteicsted me chieHy on account of 
an <illegcd magnetic effect connected with solar lotation, and special attention was 
therefore paid to the periods in the neighbourhood of 26 and 27 da}s It will appear 
that the magnetic declination is not at all a favourable quantity to fix; upon foi the 
discovery of possible outside magnetic effects, but as the only real pieces of evidence, 
so far pioduced, m favour of a period appioximately coincident with that of solar 
rotation, were deiivod from magnetic declination and the occuiience of thunderstorms, and 
as th(‘ latter does not lend itself easily to accuiate treatment, I had no choice but to 
attack 111 the first instance the lecoids of declination The publitation of the Greenwich 
Observatoiy contains the aveiage daily value'' of declination to 01 minutes of arc There 
aie occasional gaps of a few days dm ation The way of dealing with these gaps was 
(juite immaterial on account of the large quantity of mateinil used, and a lough process 
of interpolation was adopted Thus if there were no lecoids duiing three days, and if 
the values given foi the days pieceding and following the gap were 17' 1 and 15' 8, 

the intermediate values were put down as 16 8, 16 4, 16 1 In the few instances in 
which the lecoids extending ov(*r .i considerable portion of an adopted period were 
missing, the whole period was excluded 

The first object of the calculation was to find the Fouiier coefficients coi responding to 
a sufficiently large number of periods, so that the curve representing the peiiodogiaph 
might be drawn continuously through the points obtained The original si'iies of hguics 
vveie for this purpose arranged according to the usual piocedure, m rows coiiespoiidmg 

to the selected period In order to obtain, for instance, the Fouiici coefficient foi the 

24 day period, the first row would begin with the magnetic decimation of Jan 1, 

1869, and end with that of Jan. 24, the second row including the values from Jan 25 
to Feb I7 being wiitten underneath the first Subsequent rows were added until a 
date was reached as near as possible to Jan 1, 1870. This meant 15 lows, the last 
numbei being that corresponding to Dec 26, 1869 The arithmetical sum of the 15 rows 
was taken as basis foi the treatment of the 24 day period during 1869 A similar 
group of lows was wiitten down for 1870, begriming, m order to secure continuity, with 
Dec 27, 1869, but the third group, beginning with Dec 22, 1869, and ending with 

Jan 9, 1872, included 16 lows I thus obtained a new set of 25 rows (there being 

25 jeais), each of which consisted of a sum of 15 or 16 of the oiigmal rows. The sub- 
division into years was chosen so as to divide the whole material into convenient portions 
It will be understood from what has been said that a row corresponding to a particular 
year has been obtained by making use of observations, the great bulk of which fell 
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within that year, but some of which may have belonged to Decembei of the preceding 
or January of the following }car 

Table I gives the figures for the 24 day peiiod, the last three columns indicating 
the date of the hrst and the last observation made use of in the coi responding low 
and the number of lows included in the year, 350' 70 meaning the 356th day of 1S70 
The unit in the first three Tables is 01 of a minute of arc , in the remaining Tables, 
unless otheiwise stated, it is the minute of aic 


The columns of Table 1 and of the con (‘sponding ones foi other periods were added 
up, and the lesults, after subtracting a constant foi each row, are given in Table II 


Table II clearly shews the effects of secular vaiiation, and we must considei in 
how fai it IS necessary to take any notice of this variation If our observations extended 
over an indefinite time, Fouiiei’s analysis would itself peiform all that is required, and 
e.ich period would be totally independent of all others But our investigations have 
bc'en limited to a r.inge of time of 25 yeais, and the secul.ir vaiiation involves a period 
much longer than this The piogiessive change of declination will add terms to the 
pel iodic senes which it is eas) to e\aluate with sufticient accuracy If we take the 
change to be uniform and eiiual to — cty F'ouiier’s theorem applied to the interval 0 to 
T gives us 


- = 


cT cT 

■ 2 + TT 


27r« I 


- 

sin + - sin 4- - sm + 


Ott^ 



(•0 


Th(' effect of such a unifoim progressive change would be to leave the cosini' 
cT 

terms unaffected, and to add ^ to all sine terms of peiiod T 

As it is oui object to sepaiate all real horn accidental periodicities, we are justified 
in eliminating all known effects either totally or partially according to convenience 

The aveiagi' magnetic declination at Gieenwich during the year 1893 was 2''52 7 
less than duimg 1869, giMug dining 25 years a change of almost exactly 3” Throughout 
this investigation the magnetic declination has theiefoie been assumed to be made up 
of a uniform progiessive diminution of 7' 2 pel yeai add(*d on to more oi less irregular 
changes, the latter only being subjected to Fouiiei’s .lualysis No assumption is made 

as to the scculai vaiiation being either unifoim in character or having exactly the 
above magnitude W’e have eliminated from oui lesults a large portion of the secular 
variation, but it is immateiial whether it is entiiely eliminated or not Should it be found 
desirable to retuin to the uncoiiccted figuies and to calculate the Fouiicr coeffiiients, 
including the effects of seculai variation, it will be easy to do so with the help of 
equation (3) As the unit in Table II is 0 1 of a minute, the correction is made 
by adding to successive columns, successive multiples of I800/u, where n is the numbei 
of days in the period For example, in the 24 day period, 75 is added to the second 
number, 150 to the third, and so on 
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Table III. gives the figures so corrected, and these were plotted down on a suitable 
scale, and curves drawn, joining the ordinates by straight lines The Fourier coefficients 
vere obtained by means of Coradi’s Harmonic Analyser, belonging to the City Guilds 
)f London Institute, which Prof. 0 Henuci kindly placed at the disposal of his assistant 
tfr H. Klugh for the purpose. 

Table IV. gives the values of the coefficients of the series 

ai cos Kt + cos 2Kt + 

+ bi sin Kt + 62 sin 2/ci + . . 

Table IV. 


Days in 
Period 


Ai 




K 



^^5 


No of 
Periods 

24 

+ 7 52 

+ 8 92 

+ 6 48 

+ 0 08 

-2 32 

-4 48 

-3*32 

+ 5 44 

+ 1 24 

+ 3 08 

380 

25 

-0’80 

-096 

+ 4 44 

-2 76 

-3 04 

-4 00 

+ 3 68 

+ 6 48 

+ 4 04 

+ 176 

365 

26 

-0 68 

-13 08 

-6 60 

-3 16 

+ 3 92 

+ 0 24 

-3 44 

-2 16 

-3 36 

+ 1 92 

351 

27 

+ 0-44 

-11*20 

+ 8 76 

-2 88 

+ 3 44 

+ 6 28 

-3 08 

-3 72 

i - 1 16 

+ 1 16 

338 

28 

+ 0 04 

+ 8 36 

-5 96 

+ 2 56 

f 2 16 

+ 1 96 

- 1 52 

-5 28 

-3 08 

-0*20 

326 

29 

+ 4 68 

-0 52 

-4 56 

+ 2 96 

-128 

-3 40 

-0 56 

+ 1 88 

+ 3 96 

+ 108 

314 

30 

-13 64 

- 8 00 

-2 36 

+ 4 64 

+ 2*16 

-4*12 

- 0 20 

+ 0 80 

1 

0 

to 

as 

+ 3 52 

304 


To obtain comparable figures a further reduction is necessary The number of rows 
included in Table III and indicated m the ld.st column of Table IV differs according 
to the period, being larger for the shorter periods If Fouriei’s analysis had been 
applied to the original series of numbeis made up of the actual observed values of 
declination, the factors obtained would have been smaller than those given in Table III in 
proportion of the number of periods included It is not necessary to perform the 
division for each coefficient separately, as the ordinates of the Peiiodograph depend only 
on the square of the amplitude, viz ri‘ = ai^ + hi‘, r/ = a2“ + V» etc Table V gives the 
reduced squares iii*, Rj^, which correspond to m (2), t being the Ist of January, 
1869, T the number given in the first column of Table V , and n the number given 
in the last column of Table III. 

It is seen that the values of R^ are subject to considerable variations, Ri^ being 
for instance more than 100 times laiger for the 26 day period than for the 25 day 
period According to the reasoning uniformly employed by pievious investigators, this 
would prove a real existence of the 26 day peiiod, but the theory of probability shews 



FROM RECORDS OP THE GREENWICH OBSERVATORY, 1871-1895 117 


that such variations are not more than we should expect. Assuming the ordinates of 
the Periodograph to vary uniformly between the periods of 24 and 30 days, we obtain, 
by taking the mean of the columns of Table V, the ordinate of the Periodograph 

corresponding to a period of 27 days. The value of 8, or the amplitude of mean 
square, te. the square root of the expectancy of is thus found to be 0'0317 (see 
Table V.). This therefore is the order of magnitude we should expect for the amplitude, 

Table V. 


Days m Period 

n; 




A* 

24 

946 9 X 10-« 

290 T X 10-« 

176 5 X 10-« 

281 9 X 10-‘ 

76 5 X 10“* 

25 

11 7 

205 1 

189 6 

416 4 

146 0 

2C 

1392 4 

434 5 

125 3 

134 2 

121 7 

27 

1099 7 

744 3 

448 7 

204 2 

23 5 

28 

657 6 

396 2 

80 3 

284 4 

80 8 

29 

225 0 

299 9 

133 8 

39 0 

171 1 

30 

2705 8 

293 3 

234 0 

7 4 

143 9 

Mean (<S®) - 1005 G x 10"“ 

380 6 X 10-« 

198 lx 10-« 

195-4 X 10-« 

o 

o 


0'0317 

0'0195 

0'0141 

0'0140 

0' 0105 


it Fourier’s analysis is applied to a record of 25 years of Greenwich declination, the 
period being in the neighbourhood of 27 days As the expectancy of amplitude varies 
inversely with the square root of the time-interval, the expectancy of amplitude is as great 
as 0' 1585 for a single year’s record 

The ordinates of the Periodogiaph may be obtained in another way, agreeing more 
closely with the theoretical definition given on page 108 If each of the rows of 
Table I is separately treated by Fourier’s analysis, and the coefficients afterwards are 
divided by the number of periods included m each row, we obtain the amplitude of the 
24 day period for each year, the mean square of this amplitude is the ordinate of the 
periodograph for the interval of one year It was considered sufficient to confine this 
method of treatment to the 26 and 27 day periods If Fourier’s series is put into 
the form 

Ti cos (/ct — ^,) + rg cos (2/ci — <^^) + . . . , 

Table VI gives the values of ... rj® for the 26 day period. Table VII the same 

values for the 27 day period, and Table VIII the angles and for the same periods 
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Table VI 26 Day Period 


Year 

1 





No of 
Berio Is 


10 574 1 

3 480 

1 116 

0122 

0 930 

14 

1870 

1 082 

1 478 1 

1 150 

0 824 

0 580 

14 

1871 

1 992 1 

4 526 

1 682 

2 497 

0 284 

14 

1872 

13 744 ! 

4 802 

0 208 

0128 

2 401 

14 

1873 

12 109 

0 603 

0 404 

3 803 

0716 

14 

1874 

8 488 

0 601 

1 892 

0 504 

0 213 

14 

1875 

3 624 

0 284 

1 016 

0 678 

0 692 

14 

187G 

4 004 

2511 

2 949 

0 771 

1 604 

14 

1877 

1 297 

2 339 

2 180 

0 569 

0 008 

14 

1878 

1 758 

0 328 

0811 

0 216 

0 179 

14 

1879 

5 673 

0 578 

0 433 

0 876 

0 194 

14 

1880 

1 403 

0 305 

1 151 

0 265 

1 300 

15 

1881 

2 448 

1 504 

0 392 

0 216 

0 149 

14 

1882 

7 092 

2 932 

j 

1 

0 014 

0 532 

0 005 

U 

1883 

2 500 

i 2 938 

0 758 

1 341 

0 190 

14 

1884 

3 379 

0 437 

0 464 

1*386 

0 052 

14 

1885 

0 315 

2 512 

0 041 

0 592 

1 632 

14 

1886 

3 118 

1850 

0 503 

0 116 

1*182 

14 

1887 

4 180 

4 640 

1 638 

0 761 

0 058 

14 

1888 

1 946 

2 269 

1 550 

0 847 

1 847 

14 

1889 

2 064 

2 694 

0 354 

0 184 

0 029 

14 

1890 

j 1 790 

0 240 

0 573 

0 531 

0*834 

14 

1891 

0715 

0 090 

0 303 

0132 

0 382 

14 

1892 

0 784 

1 271 

0*784 

2 726 

0 754 

14 

1803 

9 -143 

9 541 

0*362 

0 583 

0 471 

14 
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Table VII. 27 Day Period 


o' 



1 1 

! n' 

3 067 

0 923 

1 205 

0 157 

0 339 

13 875 

4 326 

3 968 

1 375 

1 800 

18 320 

1 181 

1 978 

1 071 

0 301 

22 859 

1 250 

0 447 

0 113 

0 088 

3 903 

0 470 

0 708 

2 609 

1 871 

5 044 

1 073 

1 260 

1 130 

3 624 

0 440 

0 743 

0 008 

0 951 

1 104 

5 297 

0 473 

3 910 

2 403 

0 092 

0 673 

0 518 

0 105 

0 509 

0 148 

5 264 

0 192 

0142 i 

1 823 

0 709 

2 078 i 

0 016 

0 227 

0 036 1 

1 

0 142 

5 722 

0 794 

1 456 

0 269 

0 331 

2 258 

J 589 

2 060 

2 662 

0 305 

12 857 

1 501 

0 693 i 

0 163 

0 146 

2 198 

2 844 

0 155 i 

1 

1 992 

0 680 

1 348 

1 619 

0 098 

0 875 

1 1 0()0 

1 190 

0519 

0 816 

0 009 

1 657 

8 555 

1 403 

0 094 

1 567 

0 062 

1092 

0 167 

0 560 

0 685 

0 033 

1 742 

0 004 

0 268 

1 079 

0 427 

1 270 

2 347 

0 804 

0 270 

1 116 

1 396 

1 074 

0 373 

1 038 

0211 

6 548 

0710 

0 536 

j 0 715 

0 591 

5 177 

1 177 

3 533 

1 0 307 

0 035 

14 O")! 

3 059 

0 908 

0 252 

1 190 
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Table VIII 



Period of 26 Days 

Period of 27 Days i 

Period of 26 Days 

Period of 27 Days 

"ieai 


<^5 



7 1 


7*, 1 


18G9 

73“ 

155“ 

354“ 

318“ 

3 25 1 

1 87 

1 92 

96 

1870 

271 

354 

56 

280 

1 04 , 

1 21 

3 72 

2 08 

1871 

293 

275 

141 

51 

,41 j 

2 13 

4 28 

1 09 

1872 

257 

201 

297 

303 

3 71 ! 

2 19 

4 78 

1 12 

1873 

253 

263 

289 

268 

3 48 j 

0 75 

1 99 

2 54 

1874 

250 

349 

280 

143 

2 91 

0 75 

2 25 

1 03 

1875 

261 

193 

135 

70 

1 90 

0 53 

66 

0 86 

1876 

135 

43 

84 

318 

2 00 

1 58 

2 30 

0 69 

1877 

253 

158 

220 

271 

1 U 

1 53 

82 

0 74 

1878 

30 

133 

78 

115 

1 33 

0 57 

2 29 

0 14 

1879 

51 

89 

151 

251 

2 38 

0 76 

1 44 

0 13 

1880 

7 

344 

317 

298 

1 18 

0 55 

2 39 

0 89 

1881 

238 

55 

110 

346 

1 57 

1 23 

1 50 

1 90 

1882 

283 

291 

261 

, 133 

2 66 

1 71 

: 3 59 

1 25 

1883 

67 

356 

267 

3 4 

1 58 

1 71 

1 48 

1 69 

1884 

163 

177 

221 

267 

1 84 

0 66 

2 09 

1 27 

1885 

87 

no 

238 

245 

0 56 

1 58 

1 09 

0 72 

1886 

185 

290 

, 198 

297 

1 79 

1 36 

2 93 

1 18 

1887 

31 

233 

126 

54 

2 04 

2 15 

2 17 

0 41 

1888 

290 

134 

258 

45 

1 40 

1 51 

1 32 

0 06 

1880 

51 

288 

1 161 

342 

1 44 

1 64 

1 13 

1 53 

1890 

287 

359 

272 

49 

1 34 

0 49 

1 18 

1 03 

1891 

208 

206 

206 

153 

0 85 

0 30 

2 56 

0 84 

1892 

64 

249 

350 

350 

0 89 

1 13 

2 28 

1 09 

1893 

233 

211 

310 

65 

3 02 

3 09 

3 83 

1 75 
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The number n of periods included iu each row of figures is given m these Tables, 
and if in accordance with the previous notation represents the expectancy of the square 
of amplitude ■ 

1 r* 

N* = — S - 
25 

The values of found in this way are entered in Table IX , the last column 
giving the average of the two values found for the 26 and 27 day periods respectively 


Table IX 


Amplitude of Penodogram for interval of one year. 
(The unit is the square of one minute of arc) 


Period in 


Period in 

.9® 

Average of 

Days 

Days 

two Periods 

26-1 

02147 

27-1 

03145 

026460 

26-2 

01117 

27-2 

00777 

009471 

26-3 

00462 

, 27-3 ! 

1 

00583 

005225 

26-4 

00432 

27-4 

00537 

004846 

26-5 

00337 

27-5 

00384 

003606 


According to the theory founded on the laws of probability the values of for the 

one year interval should be 25 times greatei than tor the 25 years interval, and we 
may obtain an important confirmation of the theory by the comparison given in Table X 


Table X 


Period 
in Days 

Oidinato of P G 
for one year 

Ordinate of P G 
for 26 years 

Batiu 

Final Mean 

Secular Variation 

27 

26460 X 10- •> 

1006 X 10-« 

26 3 

1052 X 10-« 

28704 X 10-« 

13-5 

9471 

381 

24 9 

379 

7176 

9 

5225 

198 

26 4 

208 

3189 

6-75 

4846 

196 

24 8 

192 

1794 

54 

3606 

110 

32 7 

139 

1148 


between the values of which have been found from the 25 years curves (Table V.) 

VoL. XVIIL 16 
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and those just deduced for the shorter interval. The latter being the mean of values 
obtained for the 26 and 27 day periods should, strictly speaking, be put down as belonging 
to a penod of 26 5 days, but for our purpose it is sufficient to neglect the difference of 
half-a-day. Considering that the value of for the 25 years interval represents the 
mean of only seven values, the approximation of the ratio of the numbers given for 
the intervals of 25 yeais and one year lespectively to the theoretical number 25 is very 
remarkable. 

Incidentally this agreement shews that the secular variation has been eliminated 
sufficiently to leave no appreciable effect on the Periodogram The last column of 
Table X. gives the ordinates of the p. g for a uniform progressive change of 7' 2 per 
minute The original imcorrected figures would have given, according to our previous 
deductions (Cases 2 and 3), values for the p g. made up of the sums of Columns vi and 
II or III respectively, and the ratios of these sums would have been widely different from 
25. Further consideration of the figures shews that, while possibly a small change in 
the assumed value of the secular variation would have brought the numbers of Column iv 
into still nearer agreement with the theoretical number, such a change would amount 
to less than a percent, and would be quite uncertain.. 

The surface of the Periodogram having been determined with sufficient accuracy for 
periods varying between 5 and 27 days, it seemed desirable to extend the investigation 



to shorter and longer periods. The calculation for a period of 2 days gave very little 
trouble. If the alternate numbers in each of the rows of Table I. are added together, 
and the differences of thero sums are taken, we obtain numbers which, after division by 



FROM RECORDS OF THE GREENWICH OBSERVATORY, 1871-1895 


123 


the proper factor, give the Fourier coefficients. The average square of amplitude for 
the year was found to be *003460 and this has to be divided by 25 to get the 
ordinate of the penodograph for the 25 years interval. The number 138*4 x 10“« so 
obtained is almost identical with that previously found for the 5 4 day penod, which 
tends to shew that for short periods the expectancy of a Founer coefficient is indepen- 
dent of the period. Fig 1 gives the shape of the Periodogram for periods up to 30 
days The vertical ordinates give the heights actually determined, while the curve is 
drawn continuously so as to pass nearly through these points. 

For longer penods the monthly averages, as published in the Greenwich records, 
served as basis of calculation To obtain the coefficient of the annual period, the 
interval of 25 years was divided into 5 groups of 5 years, and the harmonic analysis 
was applied to each of these 5 groups The average square of anqplitude then gave the 
ordinate of the Penodograph for a range of 5 years, which has to be divided by 5 in 
order to reduce it to our normal interval of 25 years 

Penods of 11 and 13 months were treated similarly and the coefficients obtained 
foi 5 groups of 55 months and 4 groups of 65 months. The average squares of ampli- 
tude have in these cases to be divided by 60/11 and 60/13 to reduce to the normal 
interval The results aie given m Table XI, and it will be noticed that the Penod- 

Table XI 


Period m Months 

Si« 

S,* 

S 3 * 


S 5 * 

11 

04591 

00475 

00158 

0f)079 

•00054 

12 

08828 

01610 

00842 

00287 

00218 

13 

09344 

01082 

00891 ! 

O0237 

00196 

Average 

07588 

01055 

00630 j 

00201 

00156 

Period in Months 

12 

6 

4 

i 

3 



ogram continues to inciease lapidly with increasing lengths of period. The conclusion 
we must draw from the curve in Fig 1 and the figures of Table XI is, that the 
causes which produce the variations of declination are on the whole persistent in 
character, so that the variations of short periods have on the average a much smaller 
amplitude than those of longer penods 

IV. Application of the Theory of Probability. 

In a previous paper* I have applied the theory of probability to the solution of 
the question whether the value of any particular coefficient of Founer’s senes indicates 
* Terrestrial Magnetism , Vol iii p. 13 


16—2 
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a true periodicity or may be accounted for by purely accidental causes. The principal 
results arrived at may be shortly stated here, as far as they concern the present dis- 
cussion. 

The average daily value of magnetic declination, leaving the secular variation out of 
account, oscillates round some average value. If ^ is the difference between any observed 
value and its average, there will be some function f (/9) such that f{^) dy9 will represent 
the number of cases in which the value lies between ^ and + for instance, if the 
ordinary law of errors holds, the number of cases in which the deviation from the average 

lies between ^ and ^ will be d/S, where ^ is a constant and N the 

wtt 

total number of days considered In this case it is found that the probability that the 
Fourier coefficient of any particular period lies between p and p + dp )s 

me-^^'f^pdp. 

This expression holds on the assumption that the values on successive days are 
entirely independent of each other 

The expectancy {E) of the square of Fourier’s coefficient is in that case 

and the probability that should exceed a value kE is simply This latter ex- 
pression still holds when the law of distnbution is not that of errors, and even if the 
successive daily values are not independent of each other, as is eg. the case when 
the causes which produce the deviations from the average persist for several days. In 
the last case the expectancy must be obtained by trial, the mean square of the Fourier 
coefficients being taken. This expectancy, which according to our definition is the ordi- 
nate of the periodograph, should serve as the basis of any attempt to discover real 
penodicities, and Table XII will give at once the probability that a coefficient of the 
Fourier senes is due to a pei iodic cause and not to accident If for instance the 
square of a coefficient has been lound to be equal to about twice the expectancy, we 
obtain by the Table the value of e~'' for k — 2 as T35, which means that m one case 
out of about seven, accidental circumstances will cause the coefficient to be even greater 
than this, and therefore no conclusion can be drawn as to a real penodicity 

When the square of amplitude which for shortness we may call the “ intensity ” 
amounts to about 12 times the expectancy, the probability of mere chance is only one 
in 200,000 and we may then begin to be fairly certain of a real effect, or if we are 
satisfied with a probability of one in 1000, we may begin to count effects as probably 
real when the mtensity becomes equal to about 7 times the expectancy. 

We may follow the theory of probability a little further in another direction, the 
expectancy has in most cases to be determined by trial, and for this purpose the mean 
of a certain number of calculated intensities is taken The question arises how many 
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such numbers must be combined in order to obtain a sufficiently approximate value for 
the expectancy. 


Table XII. 


K 


K 


05 

9512 

6 

2 48 X 10-“ 

•10 

•9048 

8 

3 35 X 10-‘ 

20 

8187 

10 

4 54 xl0-‘ 

40 

6703 

12 

6 14 X 10-" 

60 

5488 

14 

8 32 X 10-^ 

80 

4493 

16 

1 13 X 10-' 

100 

•3679 

18 

1 52 X 10'* 

150 

•2231 

20 

2 06 X 10-“ 

i 2 00 

1353 

25 

1 39x 10-” 

3 00 

0498 

30 

9 36x 10-‘‘ 

4 00 

0183 

40 

4 25 X 10-^® 

5 00 

00G74 

60 

2 xl0«-” 

1 


To calculate the probability with which an average of a finite number of cases 
approaches the expectancy, we take two quantities such that the probability of either 
exceedmg a certain value kE is given by 6“* and find the probability that their sum 
exceeds 2pE. If the first lies between kE and {k + c?/c) E the second must be greater 
than (2p — k) E as long as k is smaller than 2p, if greater the second may have any 
value. Hence the required probability becomes 

e~^ _|_ f g-* g-(?p-*) = g-ap (1 q. 2p). 

Jo 

By a repeated application of the same process it is found that if there are n 
quantities, the probability that their average exceeds xE is 

g-n<e j^l + nAc + + 2^ wV + . + , 


which is equal to 
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80 that the probability that the average of n values should he between kE and 

(K + dK)E IS 

w” 

; K^-^e-^dx 

{n-iy 

If n 18 large, we may simplify the numerical calculation by putting approximately 
accordmg to Stirling’s theorem 

log (n - 1 ) I = (»? — ^) log n - w + ^ log 27 r, 

from which it follows that 

^ J n 

(«-!)'“* V 2^’ 


In order to illustrate the law according to which a gradually increasing number of 
intensities tends to approach the value of the expectancy, I have plotted in Fig 2 
the curve 





for the three cases that n equals one, five, or fifty , fifty being the number on which 
our Penodograph m the neighbourhood of the 26 day period rests 
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The line HK gives the position of the expectancy, and the curve which 

represents the case n = 1, shews how a single value of a Fourier coefficient generally 
does not give us even approximately the value of the expectancy. For n = 5, and still 
more for w = 50, the probability-curve approaches the line HK 

In the conclusions which we shall have to draw on the reality of periodicities 
much depends on the law of distribution of accidental Fourier coefficients According 
to the theory the probability that the square of any coefficient exceeds k times the 
expectancy is ; and although the theory rests on a sound basis, it is interestmg to 
obtain an experimental verification. 

The material collected for this investigation includes the Fourier coefficients of five 
terms for each of 25 years, for the 26 day and the 27 day period. Hence 250 separate 
values of amplitude have been obtained For each of the five terms the average value 
of intensity gives the expectancy, and calculating the ratio of the intensity to the 
expectancy we find 250 values of k. Table XIII. shews the comparison between the 


Table XIII. 


Range of k 

Calculated 
number of cases 

Observed 
number of cases 

Above 3 


12 5 

14 

Between 2 and 

3 

21 4 

25 

» 15 ,, 

2 

22 0 

19 

„ 10 „ 

1 5 

36 2 

32*5 

,1 „ 

10 

20 4 

20 5 

,, 0 „ 

8 

24-8 

23 

*4 „ 

6 

30-4 

27-5 

„ 2 „ 

t 

37-1 

48*6 

Under 2 


45 3 

40 

Altogether over 

1 

92 0 

90 5 

„ under 1 

158 0 

159 5 


calculated distribution of these values of k and that actually found, the agreement being 
very satisfactory The fraction one-half appears in the column of observed values, because 
if the value of k agreed to 2 decimal places with a limiting value, it was considered as 
being half-above and half-below that value Thus = 60 was entered as one-half into the 
compartment including the values of k between *6 and -8, and as one-half into the 
compartment including the values of k lying between 4 and *6 
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V. Calculation of Amplitudes in Special Cases 

The Founer coefficients having been calculated for the 26 and 27 day periods in each 
year, we are able to obtain the amplitudes for periods not differing too much from these 
values. To shew the process of calculation to be adopted for this purpose, let A,, Ag, 
etc., Bi, Bi, etc be defined by the equations 


Ai= f(t) cos gtdt, 

•'o 

A,= 

Bi= /(t) sin gtdt, 

^ n 



f-inT .snT 

I f(t)Bingtdt, Bm= f(t) sin gtdt, 


where g = 2'irlT 

It 18 required to find 


2 2 
« J f{t) cos Ktdt, h' j f{t) sin Mt, 

where k - 2'rrlT' 

If « and g do not differ much from each other wo may put approximately 

^mnT mnT 

1 f(t) co^ Kt= j f(t) cos (gt + ^rn) = A,„ cub a,^ - Bm sm a,„ . 

•'(w-l)nr 


(4). 


The gieatest approach to equality is assured when the curves cosKt and cos(^^ + a,„) 
aie made to coincide as nearly as possible throughout the inteival, and hence the phases 
should agree iii the middle of the interval, so that for t = {m — ^)nT, Kt — gt-\- 0 L^ 

This gives 


= 27 r f i - (m - nT 

We may now put 

m = « m-8 

I / (0 COS Ktdt = % Am COS (Xm-'^Bm Sm 

J 0 ">-1 

CsnT m -8 m-« 

I f{t) sm Ktdt='l Am sm am + ^Bm cos . 

0 m -1 m=l 

The coefficients which we suppose to have been calculated are 

that j y (t) cos Ktdt = - S {am cos a,„ - hm sm a,„) 
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If mT — pT' and p is an integer, the left-hand side would represent the coefficient 
of period T' obtained by analysing the record of p successive periods. If p is not an 
integer we may still take this to be approximately the case if m is large, for we 
may always put 

psnT ppT' r(p+*) T' 

I f (t) COS Ktdt — I /(t) cos Ktdt + I /(t) cos Ktdt (o), 

Jq Jq j pj» 

p being the nearest integral to sn, and e a fraction. The second integral will be small 
compared to the first, if the first includes a large number of periods 

We have therefore finally for the required coefficients a' and b' 

ffiP m=g nT \ 

a'= ^{amCOS a, n - bm siri = — % Pm cos (am + <l>m), I 

P-^ m=l 


m-8 . 

b' = -jf,, 5; (am sin am + bm cos a,„) = ^Vm sin (a,„ 4 4>m)> 
pi m^l pi 

where am = ^m cos <f>my bm - Tm sin (jim 

The fraction nTjpT may generally be taken to be equal to Ijs 

The values of a arc those given above, so that 

T—T' T—T' T — T' 

«! = Trn -pT- , 0-2 = ^Trn—j^T , Om - (2m - 1) 7rn 


..( 6 ), 


.( 7 ). 


It remains to be shewn what error has been introduced by the assumed equality 
(4) and the neglect of the second integral of (5) Foi this puipose we imagine the 
function f(t) to be accurately represented by cos Kt, so that 


r "‘wr 2k kiiT 

Am= COS Kt COS fftdt = , 2 ®^^ ^y - C0SK(m-^)7lT, 


and as 


Orrt = (fc-g) (m - nT, 

2k 

= ± 1 sm ^kixT cos a,„, 

tc -g 

where the lower sign is taken when n is odd 
Similarly 

Bm — 4 , Sin ^kixT sm 

9 

By substitution it follows that, using equations (6), 


~ pT' K^--g^ 

2 1_ 

' pT' K^—g^ 


- sm ^kuT S (k cos* am + g sm* a„,) 


sm IkuT 2 {(« ■\-g)ir(K-g) cos 2am}, 


VoL. XVIII. 


17 
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or writing 


7 = 


K-g 

2 


nT, 


ixT 61117 
~pT' 


• s 




K-g 

K-{-g 


cos 2a, 




Similarly 


pT y K+g 


The factor sin 7/7 only having appreciable values when 7 is small, the value of 


K+g 


will be small compared to unity, hence the sum of s terms containing that factor will 
be small compared to 5 This 1 educes the cocfhcients to 


, nsT sin 7 

« = m, 

pT 7 

p is defined as the nearest integer to nsTIT', and as ns, the total number of 
periods included, was about 350 in the cases to which the above investigation will be 
applied, we may with sufficient accuracy wiite 


/ sin 7 
a - 

7 

The original function investigated cos Kt, having unit amplitude, it is seen that the 
approximate method of calculation gives an amplitude which is reduced in the ratio 
sin 7/7 or an intensity reduced in the latio sin® 7/7® 

A Table of 610*7/7® given in Mascarts Ophque, Vol i, p 324, from which it 
appears that as 7 takes the values IS'’, 30^ 45'’, fiO'’, the tiinction becomes 977, 912, 
811 , 684 If It IS simply desired to decide whethei a peiiod is real or accidental, 
the intensity need not be accuiately known, and we may allow ourselves consideiablc 
latitude therefore in the value of 7 If wo fix the extreme value of that angle as 45" 
which means a reduction of intensity of about 207o« we obtain a relation between T and 
T\ for in that case 

T-r -TT 

7 = 7rn-^,-;-<± - , 


or 


T- r 


1 

4a 


If T IS 26 days, and ?i = 14, there being 14 periods of 26 days in the year, we 
find that by the method indicated all amplitudes may be ealculated which he between 
25 54 and 26 47 days If the coefficients of the 26 day and 27 day periods are 
known for each vear we shall be able to calculate those of all intermediate periods 
with sufficient accmacy, for the extieme reduction in amplitude when T-T' = ^day will 
be 789, and it is only when the intensity comes very near the point at which it is 
difficult to distinguish between real and accidental periods that this reduction will make 
a material difference 
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VI. Numerical Applications. 

Some investigators have come to the conclusion that sevcial meteorological and 
magnetic phenomena shew a periodicity having a time not far different from 26 days 
and, not uncommonly, this period is supp(3sed to be connected with solar rotation. 
I proceed to apply the methods of this paper to test the reality of this period 
Hoinstem*, on the strength of the decimation records for Prague, assigns to it an am- 
plitude of 7 minute of arc or an intensity of 5 Such an intensity would be equal 
to 500 times the expectancy, if an interval of 25 years is submitted to examination , 
and if real and approaching Hornstein’s value m magnitude, it should stand out above 
the accidental peiiods to such a degree that every doubt would be removed. Adolph 
Schmidt t was led by a discussion of Hornstein’s results to a duration of 25*87 days 
as being the most probable periodic time, while von Bezold finds a slightly shorter 
period for the frequency of thunder-storms 

More recently Professors Eckholm and ArrhemusJ have published a paper in which 
a periodicity of 25 929 is put forward as probable oi even proved. As opposed to these 
investigators Professor Fiank H Bigelow gave a considerably longer time (26 68 days) to 
the periodicity and has cndcavouied to shew that it exists in many meteorological 
phenomena 

To shew whether the Gieenwich records confirm or disprove these results, it is 
necessary to calculate the intensities for each periodic time, and its corresponding half 
period This I have done, the results being collected in the first section of Table XIV 


Table XIV 


Period 

Square of 
Amplitude 

K 

Semi-penod 

Square of 
Amplitude 

« 

25 87 

001001 

95 

12 935 

000316 

83 

25 929 

001027 

93 

12 965 

000200 

55 

26 68 

000242 

23 

13 340 

000132 

35 

25 809 

006168 

5 86 

12 905 

001060 

2 80 

25 825 

004182 

4 07 

12 913 

001286 

3 39 

26 181 

001144 

1 09 




26 255 

001081 

1 04 




26 814 

005936 

5 64 




27 061 

002943 

2 80 





* Wteiier Her Lxiv p 62 (1871) { Konql Svemka Akad Vol xxxi No 3 (1898) 

t Ihid xcvi p 989 (1887) 


17—2 
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The column headed k gives the ratio of the intensity (square of amplitude) to the 
expectancy , and there is a remarkable unanimity in the smallness of this factor, shew- 
ing that the amplitudes are even less than the average amplitudes calculated on the 
theory of chance This result must definitely disprove Prof Eckholm and Arrhenius' 
penod of 25 929, as well as that of Bigelow, as far as the Greenwich records of declin- 
ation are concerned 

The interval of 25 years which forms the basis of this investigation is, however, 
so long that unless the periodic time is veiy accurately known beforehand, the exist- 
ence of the periodicity may escape attention Homstein’s investigations, as treated by 
Schmidt, do not claim any great accuracy, and a period of say 25 84 days might give a 
large amplitude. In other words, we can only say that there is no periodicity having 
a length between about 25*86 and 25 88 days, but a further investigation is necessary 

if the possibility of an error of more than 01 day m Schmidt’s value is admitted. 

Both Bigelow and Eckholm and Arrhenius claim to have fixed their period to three 
places of decimals and our result must be considered as conclusive against them 

In order to be certain that no penodicity of sufficient magnitude has remained 
unnoticed the investigation was extended in the following way 

A diagram was prepared (Plate I) in which the phases ot the 26 day period, 

as they are given in Table VIII. for each year, are measured off as ordinates in 

equidistant vertical lines which represent successive years If there is a period in the 
neighbourhood of 26 days which has a large amplitude, the points representing the 
phases should group themselves more or less round a straight line and from the 
inclination of the straight lines we may calculate the length of the period giving the 
increased amplitude In order to include possible periods which may differ as much as 

•5 from 26 days, the diagram must be repeated three or four times so as to admit a 

phase vanation of several revolutions of a circle Thus for the first year the phase 
was 73° and a point is marked on the diagram, not only on the horizontal line corre- 
sponding to 73° but also on that of 4.33°, 793° and 1153°, all differing by 360°. In 

order to be able to give more weight to those years in which the amplitude is great, 

the points are marked differently according as the amplitude is great, intermediate or 
small The manner of marking is best seen on the Plate If the eye is suddenly 
moved towards the Plate so as to obtain a general view of the grouping of points, I 
think there will be no doubt that these shew a decided tendency to group round a 
straight line marked A^A^. To bring the phases of the points which he along this 
line into agreement the phase of the 25th year which is 59*3° must become equal to 
that of the 5th year which is 1333°. This gives a shift of phase of 37° per year. 
To obtain the penod corrected so as to bring the phases into agreement we may use 
equation (7), putting 

T-T 

"" — 27r?l — 37 . 


If T=26 and n = I4 tke corrected time T is found to be 25 809 
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The amplitude was next calculated for this corrected period and its square entered 
into the second section of Table XIV The intensity now exceeds the expectancy, being 
5‘86 as great. There appeared also to be a minor tendency of groupings about the lines 
BiBi and CiOj, and to bnng the phases along these lines into agreement the corrected 
periods were calculated to be 26 255 and 26*181 Table XIV however shews that the 
intensities corresponding to these times barely exceed the expectancy. 

Plate II gives similarly the distribution of phases for the 27 day period, the 

straight lines along which there seems a possibility of clustering are marked on the 

Plate, the corresponding periodic times being 27 061, 26 814, 27 327 days. The inten- 
sities of the two first of these periods are entered into Table XIV. It will be noticed 
that the two periods which shew the greatest amplitudes are those of 26 814 and 25 809 
days As regards the latter, reference to Table XII. or independent calculation shews 
that it will happen about once m every 350 trials that, owing to accidental circum- 
stances, the square of a Fourier coefficient exceeds 5 86 times the expectancy It 

will of course be noticed that the period which gives the high value for the 

amplitude has been selected with that special object in view, and regard must be had 
to the fact that it represents the gi'eatest intensity that can be obtained within the 
range of periods extending from 25*5 to 27 5 days. The question how many independent 
trial penods that range may be considered to contain may be answered by our previous 
investigation (p 130) from which it appears that two periods T and T may be con- 
sidered as independent when 

T- r 1 
T ^ in ’ 

11 being the total number of periods included m T For ?’= 27, n was 338, and hence 
T — T' IS almost exactly 02 day As our range covered all periods between 25*5 
and 27 5 days, we must consider that we have dealt with 100 independent periods and 
found the two greatest intensities to be respectively 5 64r and 5 86 times the expect- 
ancy What It comes to therefore is this, that 100 trials have given us one intensity 
5 86 times the expectancy, while on the average this should only happen once in 350 
trials. Or taking the two greatest amplitudes into consideration, it ought according to 
chance to happen once in every 150 trials that an intensity of 5 times the expectancy 
is found, while in the actual case this happened twice in 100 trials It is obvious 
that no conclusions as to the reality of the periodicity can be drawn from this argu- 
ment There are however two considerations which lead me to pause before finally reject- 
ing the 25 809 period , the high amplitude is accompanied also by a considerable amplitude 
of the half period, and if these half periods are plotted in a manner illustrated in Plates 
III. and IV., it is found that a somewhat greater value is obtained if the time were altered 
to 25*825 days. This however gives a decidedly smaller value for the mam period (see 
Table XIV.) The coincidence of two high intensities for a period and its semi-period 
much increases of course the probability of its reality, but even if this is taken into 
account, the excess of intensity over the expectancy is insufficient to establish the period. 
The second consideration lies in the fact that the most definite result so far in the 
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search of periodicities has been that of Prof. v. Bezold whose work had reference to 

the frequency of thunder-storms He gives 25 84 days as the length of his period, but 

it was really only the semi-poriod which shewed a large amplitude The numbers 25 84 
and 25*825 he so near together that it will be wise to keep an open mind as to the 

possibility of some real periodic time of that length But it must be understood that 

the record of Greenwich declination extending over 25 years shews nothing beyond a 
slight indication of such a period An intensity of 006 corresponds to an amplitude 
of 077 minute of arc, and it can be definitely asserted as the result of this enquiry 
that there is no period between 25 5 and 27 5 days which had a larger amplitude at 
Greenwich during the years 1871 — 1895 

VII Lunar Periodicities 

One of the principal objects of this investigation was to prove or disprove the 
suspected lunar period in the daily average of magnetic declination The clustering of 
phases round the* line BR, Plate IV, shews that observation gives a somewhat larger 
amplitude than the average for a period of 27 327 days which lies very near the length 
of the tropical month The two periods, that of tropic revolution and that of synodic 
revolution, were therefore specially treated, the result being exhibited in Table XV It 

Table XV 


Period 

Square of 
Amplitude 

K 

Semi-period 

Square of 
Amplitude 

K 

27 32 

002352 

2 24 

13 66 

! 000819 

2 16 

29 53 

000026 

25 

14 77 

002876 

! 

7 56 


is seen at once that there is a strong indication of a period having as its time half 
the period of the synodic month The value of k which is 7 56 is considerably higher 
than any other given within the whole range of investigated periods An accidental 
coincidence is not excluded, for as calculation shews it may happen once in every 2000 
tnals that such a large value should be found for ac We can only assert therefore 
that there is a probability of 2000 to 1 that the moon has a true effect on magnetic 
declination The amplitude is only 054 minute of arc and the strong evidence afforded 
of the real existence of a periodicity having such a small amplitude shews, I think, 
the value of the method which has been adopted in this investigation As regards the 
phase of action no certain conclusions can at present be drawn , the maximum westerly 
declination occuired on the average during the years under examination between 2 and 
3 days after new and full moon Nothing is of course asserted as to the reason why 
the moon should affect the declination needle, but the action is probably a veiy indirect 
one. It would be important to extend the investigation to the other components of 
magnetic force and to other localities It is highly improbable that a westeily force 
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should act simultaneously all over a circle of latitude, for that would imply considerable 
currents across the earth’s surface It is more likely that the principal action takes 

place along a geographical meridian , and if that is the case, the horizontal force should 

shew stronger evidence of these lunar periodicities than the declination. There is also the 
possibility that what is observed m the daily average of declination is only a remnant of a 
vaiiation having the lunar day for its period. In that case the periodicity should dis- 
appear when the average position of the needle in a lunar day is subjected to calculation 
If this 18 the correct explanation it should not be difficult to prove it, for it would 

require a much greater amplitude within the lunar day to account for the 0' 06 amplitude 

found in the daily averages How much greater may be seen from the following considera- 
tion If fiom a periodic function cos kI another is formed by taking averages over a 
period 2t we obtain 

1 1 
^ I cos Ktdt= — sm KT cos Kt, 

J t-r K-T 


that IS a reduction in amplitude of — sin /ct It 2t is one solai day, 27r/« one lunar 

day, ~ ? hence kt equals 174° and the amplitude of the curve obtained by taking 

averages is only about the 29th part of that of the original curve The comparison of 
averages of successive days will therefore pioduce an apparent period having the lunar 
month as pei iodic tune and, if the period found above is due to this cause, the amplitude 
of the original lunar variation should bo 1'74 Such an amplitude ought to be traceable 
without much difficulty 

A thorough empiiry into the natuie of lunar periodicities of magnetic records seems 
to me to be of special iinpoitancc, but requires considerable aiithmetical labour, for, to be 
conclusive it must be complete I have been assisted in the numerical calculations which 
weie necessarv in the present investigation by Mr J R. Ashworth, to whom I desire to 
tender my thanks The expense connected with the numerical work was partially covered 
by a small contribution from the Government Grant Fund of the Royal Society 



VIL Experiments on the Oscillatoi'y Discharge of an Air Condenser, with 
a Determination of “v.” By Oliver J. Lodge, D.Sc., F.RS.. and 
R. T. Glazebrook, M.A., F.R.S. 

[^Receimd 9 August, 1899 ] 

PART I 

General Description of the Method. 

After a considerable number of experiments on the discharge of Leyden jais, and 
a qualitative study of the electric oscillations accompanying such discharge, it seemed 
desirable to make an exact determination of the frequency of alternation given by a 
standard condenser through a circuit of known self-induction, in order to ascertain 
whether the well-known theory of the case was accurate or only an approximation. 

The absolute determinations necessary were three, viz. — 

(1) The capacity of a condenser, which is K times a length, 

(2) The self-induction of a coil, which is /m times a length , though it 
would be natural to measure it mdirectly by comparison with the already caiefully 
detenniued standard ot electrical resistance, 

(3) The period of one oscillation of the discharge, under circumstances when 
the damping influences are not appreciably disturbing. 

The resistance of the circuit might possibly enter as a correction into the result, 
and many other minor deteiminations might have to be made, but these three are the 
main quantities involved, and the relation between them is 

r=27r ditik-Kk), 

and the formula would be verified if the resulting value for the product of the as yet 
entirely unknown constants, fx the permeability and K the mductive capacity of the 
medium, agreed at all closely with the already otherwise determined value, viz. the 
square of the reciprocal of the velocity of light 

It was hoped indeed that the method might turn out sufficiently accurate to give 
a useful re-determmation of this important quantity. It was with this idea in mind 
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that the following research was undertaken, and much care was accordingly bestowed 
upon it. 

It may be here noted that Lord Kelvin himself, in one of his popular lectures*, 
suggests this method of electric oscillation as just conceivably one of the methods by 
which V could be practically determined , and he puts the matter in a geometrical way, 
which it may be interesting freely to paraphrase thus . 

Take a wheel of radius equal to the geometric mean of the following two lengths, 
the electrostatic measure of the capacity of a condenser, and the electromagnetic measure 
of the self-induction of its discharge circuit , make this wheel rotate m the time of 
one complete electric oscillation of the said condenser (as if it were being driven by 
an electrically oscillating piston and ciank), then it will roll itself along a railway with 
the velocity v 

And indeed (as Maxwell discovered) ethereal waves excited by the discharge aie 
actually transmitted through space at this very speed 

General Requirements of the Method. 

The first essential is a condenser of capacity directly measurable from its dimen- 
sions Its dielectric must accordingly be air, its plates must be a reasonable distance 
apart, and they should be either spherical or have a guard-ring. The necessary small- 
ness of capacity of a condenser satisfying these requirements is a difficulty, especially 
when a quantity so large as the velocity of light is the subject of measurement A 
difficulty of the same sort is, however, common to all methods, and is what makes “v” 
a quantity so much more difficult to determine than for instance “ the ohm.” 

To compensate for the smallness of practicable electrostatic capacity a discharge 
circuit of very great inductance must be employed, or else the time-determination will 
be difficult from its excessive minuteness. 

The inductance must be secured in combination with as much conductance as 
possible, or the discharge will fail in being oscillatory To this end Messrs W. T Glover 
and Co were requested to supply a regularly wound hank or coil of No. 22 (s w. G) 
high conductivity copper, very thinly india-rubber covered, of shape such as to give 
maximum self-induction, and of size estimated to give between 6 and 6 secohms, i e , in 
magnetic measure, a length of 5 or 6 earth quadrants 

This would be afforded by a coil of 4 inches cross-sectional area and mean diameter 
15 inches, with three or four thousand turns of wire But to guard against the danger 
of sparking or leaking between layers it was decided to reduce the dangerous tension to 
one-quarter by having the coil in two halves Accordingly it was made as follows (to 
quote Messrs Glover’s statement) . 


Sir W. Thomson’s Lectures and Addresses, Vol i p 119 Lectuie on Electrical Units to the Inst. C E. 

VoL. XVIII. 18 
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“4,330 yards of No. 22 tinned copper wire covered with 2 coats of pure india- 
rubber to the diameter of *035 inch. This was the only covering In two parallel 
coils, internal diameter 10| inches, 4 inches deep, and 2 inches wide” See Figure 1. 

This pair of coils were then packed carefully and permanently in a round walnut 
box or drum, with a thin sheet of glass between them, and the 
terminals of each coil were led to the outside and finished off on four 
ebonite pillars 

' They could, therefore, be connected up in series, or parallel, or 

used separately, but in practice they were usually joined in simple 
series. With this coil many preliminary experiments were made at 
Liverpool 

The self-induction of the double coil was estimated as about 
5 secohms or “quadrants,” but no attempt was made to measure it with 
any care at this time, because it was better to do it when all the 
apparatus was in position in the basement room set aside for the 
experiments desenbed m Part II. 

The chief part of the whole business consisted in taking clear images of a spark 
on a moving sensitive plate, getting every detail of the oscillation clearly recorded on 
the negatives, so that they could be subsequently analysed under a microscope and the 
time of an oscillation accordingly detci mined. 

The sparks used were extremely feeble, and each was drawn out by motion into 
a band, so that in order to get every detail clear the plates had to be super-sensitive. 
For such plates we were indebted to the kindness of Mr J. W Swan, who sent on 
several occasions a special packet of Messrs Mawson and Swan’s most highly sensitized 
plates, which answered admirably 

The next principal part consisted in the micrometric reading of the records on the 
photographic plates The reading is rather a tedious process as a great many numbers 
have to be recorded for each plate, and care is necessary to disentangle the several 
sparks, which to economise time and labour at the experimental end were usually taken 
dunng a single spin 

The details of the method of obtaining the recoid will now be described 
Time of One Oscillation. 

The long-established method of observing spark oscillation by means of a revolving 
mirror was at first used , but this plan, though easy for observation, does not readily 
lend itself to precise measurement. It is desirable to obtain a photographic record 
which can be studied at leisure, and it seemed therefore best to form an image of 
the spark on a plate moving so rapidly that its constituent oscillations were clearly 
visible. 
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For metrical purposes there are many advantages in thus moving only the sensitive 
plate, though for mere display Mr Boys’s more recent plan of spinning a succession of 
lenses is able to give more striking results 

Accordingly an old packing case was made light-tight, and used as the camera In 
it were contained first the spaik-gap, a pair of adjustable brass knobs about half-an- 
mch in diameter, clamped to a glass pillar, one vertically over the other and with a 
deal space, on the average about 2 millimetres, between them , next the lens, an 

ordinary camera lens on a special stand, and lastly the sensitive plate in its conjugate 

focus, arranged so that the image was not very much smaller than the object. The 

photographic plate is supported firmly in a revolving wooden carrier or frame fixed to 
the horizontal axle of a whirling machine (one of Wemhold’s) which was firmly clamped 
to a stone pillar outside the camera and was driven by a long carefully spliced whip- 
cord belt by means of one of Bailey’s “ Thirlmere ” turbines standing on a distant 
sink, and having a large grooved pulley to give the necessary “ gearing up ” One end 
of the whirling machine axle passed through into the box in a light-tight manner, and 
it was supplied with a self-oiling syphon wick The ordinary speed at which it was 
driven was 64 revolutions per second , occasionally it rose as high as 85, but the 

water pressure was not often enough for this 

The turbine could have been fed from a cistern in the roof, but greater pressure 
was attainable in the mains, and though liable to fluctuation this was found at certain 
times in the day or evening regular enough for good observation 


Mode of Controlling and Determining the Speed 

Uniformity of rotation was essential, and to secure it the method employed by 
Loid Rayleigh in hi« determination of the ohm was imitated A small cardboard 
stroboscopic disk was painted with several circles of radial markings, or “ teeth,” the 
ones chiefly used being 3, 4, 5, 6, 8 teeth respectively in a circumference, especially 
the pattern 4 

This disk was watched through a pair of slits carried by the prongs of a large 
electromagnetically maintained Koenig fork, whose loads were adjusted to give 128 vibra- 
tions per second precisely The slits permitted vision at the middle of each swing, 
consequently 256 glimpses a second Hence whenever the 4 pattern on the stroboscopic 
disk was distinct and stationary as seen through the slits, it meant that the sensitive 
plate on the same axle was spinning 64 times in a second. 

Photographs of spaiks were taken only when the pattern was stationary and the 
speed thus known to be regular. 

To determine the speed absolutely it was necessary to calibrate oi specially observe 
the period of the fork To this end two methods were employed one the ordinary 
method devised by Lord Rayleigh, for comparing an electromagnetically maintained fork 

18—2 
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with a largo free standard fork*, the other by means of a simple four-figure mechanical 
counter attached to the axle of the stroboscopic disk. This counter recorded mechani- 
cally the actual number of revolutions made by the disk, during say five or ten 
minutes, and all this time the disk could be watched through the jaws of the electro- 
magnetic fork and some definite pattern kept, on the average, absolutely steady. 

The control over the speed was obtained, as in Lord Rayleigh’s case, by passing 
the driving cord through the fingers of the observer as he watched the disk through 
the jaws of the fork, thus keeping on the cord a slight frictional pressure, which, 
whenever necessary, was increased or relaxed, and thereby regulated the speed With 
practice this method of personal government is susceptible of suiprising accuracy It is 
always however much easier to keep a pattern still on the average, that is, to bring 
a tooth back if it has slipped forward a little, so as not to allow any unknown escape 
of the steady pattern from control, than it is to keep the pattern constantly steady, 
as it ought to be when a photograph is being taken. At the same time it may be 
noticed that at the customary working speed a retardation or acceleration at the rate 
of one tooth interchange every second (which is conspicuously bad) makes an error of 
only 1 in 256, or less than one-half per cent., and as it is not a systematic error it 
is likely to disappear from an average, even if so great as this When the water 
pressure is regular, and the oiling also regular (a superabundance of paraffin is the 
easiest way of securing this latter condition) the regulation of the cord is easy. But 
if the water pressure vanes much a duster or pad is necessary between the cord and 
the fingers, to save them getting burnt, and then some of the delicacy of manipulation has 
departed 

It will be observed that in the experiments for determining the rate of the fork 
there is no need to run the stroboscopic disk very fast. The 8 or the 12 pattern may 
be the one kept still , corresponding to 32 or 21^ revolutions per second, a moderate 
speed which is not liable to heat or otherwise overstrain the counter. 

The multiplication necessary to get the speed for any other steady pattern is of 
course precise. 

The fork was not found to vary on different days, it was set veiy accurately to 
128 vibrations per second (viz. close to the mark 256), and this part of the determi- 
nation, VIZ. the absolute speed of the revolving plate, was entirely easy and satisfactory. 

Example of a Rating of the Fork. 

The following may serve as an example of one of the observations for calculating 
the speed of the fork There were three observers, one to watch the disk and control 
the driving string, so as to keep any selected pattern steady ; another to watch the 
counter and make a tap whenever a figure changed on the 100 dial (the units flew 
past invisibly, and the tens were inconveniently quick) ; and the third to read a 
chronometer and record the time of occurrence of every other tap to the nearest half 
second. 

* See Phil. Tram., 1883, Part 1, p. 316. 



DISCHARGE OF AN AIR CONDENSER, WITH A DETERMINATION OF “v” 141 


The correctness of absolute time was secured by comparing the chronometer every 
day with a standard clock which was rated from the Observatory The error in the rate 
of the chronometer was thus found negligible, being ceitainly not more than oue or two 
seconds a day. 

Although it was possible to keep the speed constant for ten minutes oi so, it was 
rather wearying and was really unnecessary, two or thiee minutes being quite sufficient, 
on this method of observing. Table I. gives a set of readings taken on the 23id July, 
1889, the “eight” pattern being kept steady and every other tap, or every 200th revolu- 
tion, being timed 

Table I 


h. 

ra. 


h 

m 


XI 

.32 

3*3 

Xl 

33 

43 0 


„ 

9*5 

„ 


49 5 

„ 


1.5.5 



.56 0 


» 

22 0 


34 

20 

» 

„ 

28 .5 

» 


8 5 

j) 

)> 

34 > 

)) 


14 5 


>» 

410 

» 


20 5 

,, 

» 

47 0 



27 0 

„ 

„ 

.53 5 


„ 

.33 5 


„ 

59 5 

„ 

„ 

.39 5 


.33 

5 5 


,, 

45 5 

„ 

„ 

120 

„ 

„ 

52 0 


Analysing these figures it will be found that the average time foi 16 “taps” of 
200 revolutions each is 100 seconds, as it happens exactly And this corresponds to 
32 revolutions per second, appiopriate to the steadiness of the “eight” pattern 

After this the speed could be increased till the “ foui ” pattern was steady, with the 

certainty that the plate was then revolving 64 times a second with extreme accuracy. 

Thus the fork was used merely as an intermediary time-keeper to the chronometer, the 
media of comparison being the counter and the stroboscopic disk. 

Process of taking a Series of Spark Photographs. 

The room being thoroughly darkened one of the sensitive plates was extracted 
from its case, and by the light of an exceedingly dim red glimmer fixed into the 
rotating frame holder. The spark knobs had previously been focussed on a dummy plate 
so that the spark length would be exactly radial, and near its outer margin The 

packing-case cover being well covered, light was admitted to the room so as to make 

visible the stroboscopic disk which was watched between the jaws of the vibrating fork, 
and the turbine was turned on. The patterns were seen steadying themselves one after 
the other until the 4 pattern was reached and just passed ; the water was regulated 
close to the point by past experience; the cord was then gripped by the observer and 
the escaping pattern brought back steady. 
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Meanwhile a small Voss machine, attached to the spark knobs, which formed the 
terminal of a circuit containing the condenser and the coil, had been excited with its 

knobs m contact At a signal from the observer watching the disk they were drawn 

apart, and one, two, three, or four sparks listened for inside the case. The machine 
was then short-circuited again, and the lens slightly shifted a felt amount (which 
could be done without opening the “camera”) so as to bnng the spark image a trifle 
nearer the centre, and another ring of sparks was then taken , sometimes with the 
conditions varied, sometimes with them just the same. Then a third, a fourth, and some- 
times a fifth circle of sparks were also taken. The number of sparks which without 
too much fear of unintelligible superposition could be taken in a single circle depended 

partly on their strength With a large condenser a single spark might overlap its own 

record, with a very small condenser 6 or 8 sparks could be safely taken 

In practice either 4 or 5 was the commonest number, and though chance frequently 
caused some overlap it was not usually difficult to disentangle the records when reading 
the plate 

It was customary to get about 2 dozen sparks on a single plate, though sometimes 
it would have been wiser to try for fewer. But a bad overlap after all is no worse 
than if neither record had been attempted 

Lastly, a needle point was held on the still spinning plate near its middle so a« 
to centre it by a small circular scratch, and then the turbine was stopped, the room 
darkened, and the plate removed. 

An assistant, Mr Robinson, to whose careful manipulation we aie much indebted, 
then proceeded to develop the plate, sometimes using an mtensifier when the markings 
were too faint. 

Meanwhile whatever conditions had to be varied were attended to, other measuiements 
such as that of the self-induction of the coil, or the timing of fork, were made, and things 
were got ready for another spin 

This process went on without interruption for some weeks, and a large number of 
negatives were obtained The plate at first used was the ordinary half-plate size, but in 
order to permit larger circles, Mi Swan subsequently sent us square plates, 4 inches 
square, and on these the final records were taken. 

The spark-trace exhibited the alternate oscillations very distinctly * one end (probably 
the cathode) being always brighter than the other, and this brighter end alteinated 
from side to side with every half-period. The beginning and end of each oscillation 
though clear enough to ordinary vision became furry under magnification, and by far 
the most definite things to set the crosswire on was a narrow bright radial line or sharp 
spit, due evidently to the sparking of the knobs into one another • a phenomenon which 
accompanied the mam oscillations of the condenser and marked the beginning of each 
electrical surge. These spits were so instantaneous that the rotation of the plate had 
absolutely no effect on then sharpness. They were narrow lines no wider than the 
crosswires. 
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Reading of the Record. 

The negative when thoroughly finished was subjected to careful microinetnc examina- 
tion. 


To this end the plate was fixed on a horizontal circular graduated plate, part of 
a spectrometer, reading with verniers at opposite ends of a diameter, and capable of 
rotation with a slow motion tangent screw Above the plate was clamped a microscope 
of moderate power, with crosswires in its eye-piece , and below the plate a scrap of 
mirror was arranged inclined at 45° to throw the light up. 

The centre of the plate was made to coincide with the centre of rotation, and the 
microscope was placed over one of the spark iings The plate was turned until the 
beginning of a spark-trace appeared Some definite feature of it was then brought 
under the crosswire, and the verniers were read Then another feature was sighted, 
and the verniers read again, and so on, all along the trace of that spark, and similarly 
with every spark round that circle Then the microscope was shifted till over another 
circle, and the process lepeated 

By far the most distinct features, and the most useful for precise setting, were 
the sharp spits or radial lines already referred to and visible in the positives or rough 
copies ot some of the pieliminary plates. 

All the readings were done on the negatives, and the best or final series of plates 
have had no positive copies taken from them as yet. 


PART II 

The Measurement of the Self-Induction of the Coil 
Theory of the Method 

The method adopted for the measurement of the self-induction is that devised by 
Maxwell, in his papers on “A Dynamical Theory of the Electromagnetic Field,” Collected 
Papers, Vol. i. p 549 



Fro. 2. 
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The coil whose coefficient of self-induction L is required forms one of the arms of a 
Wheatstone bndge, Fig. 2. Let P be the resistance of the arm. Two of the other arms 
R and 8 are two resistances whose ratio — preferably one of equality — is known, and a 
balance is obtained by adjusting the fourth arm Q. When this balance is found we 
have the relation P/Q=-RIS 

If the connections in the battery circuit be now reversed, a current due to self- 
induction m the arm P passes through the galvanometer Let a the first throw of 
the galvanometer be observed 

Now alter the resistance Q by an amount SQ, In consequence there will be a deflec- 
tion of the galvanometer needle , let 0 be this deflection , let so, so' be the currents in 
the arm P before and after the alteiation of Q, X the logarithmic decrement, and 
let T be the time of a complete oscillation. Then, remembering that P and Q are 
equal, we have (Rayleigh, “On the Value of the British Association Unit in Absolute 
Measure,” Phil. Trans. Part ll , 1882) 




2 sin 
tan 0 


The Resistance Boxes. 

In our expel iments the coil i^, already partly described, was wound in two sections 
each with a resistance of about 100 ohms, so that when both sections were in use 
P was approximately 200 ohms The other resistances were taken from two boxes of coils 
of platinum silver wire by Messrs Elliott Bros., coriect in “ Legal Ohms ” at 17® C The 
boxes had been calibrated in previous experiments, and the coils agreed closely with 
each other R and 8 were two coils of 100 ohms from one of these boxes, for the arm 
Q an arrangement of two resistances in multiple arc was used One of these was 
205 ohms, the other was a large resistance of about 8000 ohms, and by varying this a fine 
adjustment could be easily obtained. 


Descrifiion of the Galvanometer used 

The galvanometer employed was a ballistic instrument of about 64 ohms resistance 

It has two channels of rectangular section. Each channel contains 20 layers of thin 
copper wire and 16 layers of thick, making about 465 and 202 double turns respectively, 
so that there are 667 double turns in each channel, and about 2668 single turns on the 
galvanometer 

The two thicknesses of wire were employed in order to fill the channels, and at 
the same time permit the resistance of the galvanometer to be varied as required. The 
ends of the wires are connected to binding screws on the bobbin marked A, B, a, h, &c 
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A to a IS one wire, B to b another In our experiments the coils were connected up in 

series, the total resistance being about 64 ohms at a temperature of 13° 2 C 

The needle of the galvanometer was suspended from the Weber suspension by three 
single cocoon fibres of 60 centims in length 

The magnet was a small bar of hardened steel 1*5 centim long, 6 centim. broad, 
and *12 centim thick, its weight was 708 grm The magnet was attached by two 
small screws to a brass stirrup to which the mirror was fixed A piece of brass wire 
6 6 contims long, with a screw thread cut on it, was fixed to this stirrup at right angles 
to the plane of the mirror, projecting equally on either side of the mirror. Two small 
brass cylinders could be screwed along this brass wire, and by means of them the moment 
of inertia and time of swing of the needle could be adjusted as required The stirrup 
and mirror weighed 6 6 grms 

The galvanometer has a solid wooden base of about 18 centims diameter, and 
this base was supported on three levelling screws A graduated circle is fixed to the 
base, and the coils can be turned about a vertical axis, and their position read by 

means of a vcrniei This was found useful in adjusting the coils parallel to the magnetic 

meiidian 

The galvanometer lested on a stone bracket built up from the ground A scale 
placed approximately north and south at a distance of about 347 centims from the 
magnet was reflected in the mirror and viewed thiough a telescope 

The scale rested on a solid stone support on the floor of the loom The mirror, 
about 1 5 centim square, was a specially good one, selected by a fortunate chance from 
among a number in the laboratory The divisions of the scale were in millimetres, and 
aftei practice these could be subdividetl by the eye with great accuracy to tenths The 
scale itself was of paper , though this material is unsuitable for many purposes because of 
the changes produced in it by the weather, in our experiments these changes aie of 
small consequence, for we require only the ratio of the throw produced by the induction 
current to the steady deflection produced by the permanent current , and the time which 
elapsed between the measurements was only a few minutes Any shi inking or altera- 
tion of the scale will go on very approximately unifoimly thioughout its length and 
not alter the latio of two lengths, which were never very unecjual, as measured by the 
scale The scale had been carefully compared with the standard metre and the necessary 
correction applied to the readings 

The distance between the mirror and the scale only enters our result in the small 
coirection necessary to reduce the scale readings so as to give the latio of the sme of 
half the throw to the tangent of the deflection It was unnecessary, therefore, to 
measure it with any great accuracy or to take steps to ensure its remaining the same 
from day to day , so long as it did not change during the half-hour occupied by each 
experiment, all the conditions required by us were satisfied 

The scale was carefully set so that the line joining its middle point to the centie 
VoL. XVIIL 19 
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of the mirror was east and west, while the scale itself ran north and south By taking, 
however, throws and deflections on both sides of the zero which was at the centre of 
the scale, the effect of any small error m setting was eliminated from the result 


General Theory of the Method. 


In making the observations the double amplitude, i e., the distance between an 
extreme elongation to the right and a conesponding one to the left, was noted Let 
a be this double amplitude in scale divisions for the induction throws, c for the deflection 
due to the alteration BQ, and let d be the distance between mirror and the scale 

Then tan 2a = 4 , tan 2d = 4 ^ , and from this we find 

2sin^a_(t(' 11a®— 8c®l 

tand “cj 128d® j’ 

neglecting higher powers of a/d and c/d The values of (11a® — 8c®)/128d^ vancd foi the 
different arrangements from 00173 to 00023 

The value of the ratio x'jx was obtained as follows • 


Let E and E' be the values of the potential difference between the points where 
the current enteis and leaves the bridge, m the two cases when the values of Q are 
Q and Q + 5Q respectively. 

e the E M F of the battery, which we suppose does not alter *. 

Let X and X' be the resistances between the points A and D where the cm rent 
enters and leaves the bridge in the two cases, and Y the battery lesistance 

Then putting P = Q — 200 in the small terms, and R = S= 100, wo find 
E' = x{Q-\-BQ-^l00 + ^^BQ), 


also 


E (Q+lOO), 



if a term of the order F8Q/90,0()0 be neglected. Y is of the order 1 ohm, and BQ of 
4 or 5 ohms 


Hence 


x' _ Q + 100 

a:”Q + 100 + || BQ' 


* A combination of large Darnell’s cells was used themselves will afford a test of this A small change in 
Except for the correction now discussed, the results are the e m f. would only produce a hrst order change in the 
independent of changes in the battery e m.f , provided value of the correction, and therefore a second order change 
such (if they occur) go on uniformly, and the experiments in the whole result , it may therefore be omitted 
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In a second series of observations the approximate value of Q was 100, and in 

this case the formula becomes - = ^ 

OD Q+ 100 + BQ 

The actual value of the ratio will vary with the value of BQ in the various 
experiments, in most cases it is from one to two per cent greater than unity BQ being 
negative 


Introducing these the formula for L expiessed in terms of quantities which can be 
directly observed is 


Q + 100 + Ji«Q 


c 


lla«-8c“] 

128rf* 


[The coefficient of BQ in the denominator is in some of the experiments 


Theory of the Actual Observations 

The above simple theory of the experiment assumes (A) that a perfect resistance 
balance can be (1) obtained and (2) maintained during the expeiiment, and (B) that in 
measunng a throw the galvanometer needle can be brought to absolute rest before a 
reversal of the curient The coil is made of copper wire , slight changes of tempeia- 

tuie therefore affect its resistance, the current itself pioduces a small heating effect in 

the wire, and it is practically impossible to maintain an accurate balance Again to bring 
the needle accurately to rest before each throw involves time, while to avoid undue 
heating it is necessary to be rapid in observations , it is better therefore to make a 
coirection for any small swing which may exist at the time of making a reversal Lord 
Rayleigh has shewn how actually to make the observation^., provided the reversal takes 
place as the needle passes its equilibrium position {Phil Trans, 1882, Pt ll., p. 680) 
The following quotation gives his theory and practice of the method of observation 

“In the simple theory of the method the induction throw is supposed to be taken 

when the needle is at rest, and when the lesistance balance is perfect Instead of 

waiting to reduce the fiee swing to insignificance, it was much better to observe its 
actual amount and to allow for it The first step is, therefoie, to read two successive 
elongations, and this should be taken as soon as the needle is fairly quiet The battery 
cm rent is then reversed, to a signal, as the needle passes the position of equilibrium, and 
a note made whethei the free swing is in the same or in the opposite direction to the 
induction throw We have also to bear in mind that the zero about which the vibra- 
tions take place is different after reversal from what it was before reversal, m consequence 

of imperfection in the lesisUnce balance At the moment after reversal we are there- 

foic to regard the needle as displaced from its position of equilibrium, and as affected 
with a velocity due jointly to the induction impulse and to the fiee swing previously 
existing If the arc of vibration {i.e the difference of successive elongations) be before 

reversal, the arc due to induction be a, and if 6 be the difference of zeros, the subsequent 

vibration is expressed by 

^ (a + tto) sin nt + h cos nt, 

19—2 
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in which t is measured from the moment of reversal, and the damping is for the 
present neglected The actually observed arc of vibration is therefore 

2 Vfi {a ± a^y + b% 


or with sufficient approximation 


26 * 

ct + (Xq H , 

" a 


so that 


a = observed arc 


+ 


26“ 

a 


“ In most cases the correction depending upon 6 was very small, if not insensible 
The ‘ observed arc ’ was the difference ol the readings at the two elongations immediately 
following reversal As a check against mistakes the two next elongations also were 
observed, but were not used further in the reduction The needle was then brought 
nearly to rest, and two elongations observed in the now reversed position of the key, 
giving with the former ones the data for determining the imperfection of the resistance 
balance As the needle next passed the position of equilibrium, it was acted upon by 
the induction impulse (in the opposite direction to that observed before) and the four 
following elongations were read.” 


To find then the correct double throw a, if a, be the observed throw, ao the throw 
at the time of reversal, and 6 the difference between the equilibrium positions befoie 
and after reversal, we have 


a = o, ^ 


a, * 


The sign to be attached to depends on the directions of ttj and Uo. 


After two throws right and left respectively have been observed, and the equilibrium 
position 18 taken with the batteiy key m one position — denoted by R, say, in the 
table — then Q is altered by hQ and the new equilibrium position is found This was 
done by bringing the needle approximately to rest near the new position, by the proper 
use of the battery key (Maxwell li.) and an auxiliary damping circuit, and reading 
three elongations in the usual way. From these the position of rest was found. The 
difference between the two equilibrium positions gives c, the deflexion to the right , 
the battery key is then reversed and a deflexion to the left found; the resistance 
6Q 18 then removed and a second zero reading taken; from these two, we find the 
deflexion c% to the left. 


The sum of Ci and Ca gives c the double deflexion required. 

The values of Q and Q + BQ are calculated from the resistances on the multiple 
arc m the arms of the bndge. 
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Thus, on July 18th, for the balance the resistances were 205 and 7750 ohms, for 
a deflexion 205 and 3960 ohms. Herice 

1 = Jl- _1_ 

Q 205 ■^7750’ 

1^1 1 

Q+8Q 205 3950’ 

Whence Q = 199 713, 

(3 + aQ = 194 884, 

8Q = — 4 829 “ legal ohms.” 

The temperature of the box was 18° 5. 

Having obtained a value for c as desciibed, a second senes of throws were taken, 
then another series of deflexions, and so on successively 


Table II gives as a specimen the observations for July 20th 
Temperatuie 17° 5 C 

Battery 1 Daniell cell 

Resistances for Balance 205 and 6760 

„ for Deflexion 205 and 3460 


Whence 


Q= 198 9662 legal ohms 
BQ = -o 4329 


lla"- 8c=» 

\ 28 d^ 


= 00107, 


-=10211 

as 


* 
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Table II 


Throw 

Time 

II 10 

Zero 

L 75 65 

R 75 6 

1 

2 

a, 

80 3 

80 

h 

05 

a 

80 2 

80 2 

Mean 

throw 

a 

80 2 

Mean 

deflexion 

C 




Deflexion 

Cl 

Ca 

c 




II 12 

L 75 65 

117 

41 35 


82 5 


82 5 

Deflexion 


H 75 6 

34 45 


4M5 









h 

a 




II 14 

R 75 6 

0 

80 

05 

80 

80 


Thiow 


L 75 65 

1 

79 9 


80 






Deflexion 

c, 

Cl 

c 




II 17 

R 75 55 

34 5 


4105 

82 3 


82*3 

Deflexion 


L 75 7 

116 95 

41 25 









«i 

b 

a 




II 18 

L 75 7 

2 

79 9 

15 

801 

80 05 


Throw 


R 75 55 

1 

801 


80 






Deflexion 

Cl 

Cl 

c 




11.22 

L 75 7 

117 

41 3 


82 4 


82 4 

Deflexion 


R 75 65 

34 55 


41 1 







(i„ 

a, 

b 

a 




IT 24 

R 75 65 

1 

79 7 

05 

79 8 

79 85 


Throw 


L 75 7 

2 

79 7 


79 9 




II 26 



1 

Final 

Means 

80 025 

82 40 


Thus the complete set of 4 throws and 3 deflexions took sixteen minutes. 


Wo see from the last two columns that there has been a slight change in the 
value both of the throw and of the permanent deflexion the current has decreased 
slightly, but very slightly, during the observations 

We can get a senes of values of the mtio of a/c by combining an observation of 
deflexion with the throws on either side, or an observation of throw with the deflexions 


The mean value of ajc for this senes is 97118. 
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Time of swing of Needle 

The time of swing wjis found m the usual way by observing the transits of the 
zero reading over the cross-wire of the telescope. 

In this case 12 transits were observed and then after waiting for an interval of 
16 transits 12 more were taken 

We thus found the mean of sets taken on several occasions, always both before and 
after the series of throws and deflexions T=10 7l3 mean solar seconds The time was 
taken on the chronometer already mentioned m Part I. of the jxiper 

The greatest error from the mean in any one of the 12 observations was less than 
2 parts in 1000 Thus the time of swing is very accurately known 

The value of \ was found by reading a series of 42 deflexions The average value of 
a large number of observations (which lay between 0134 and 0131) was 01324 

Fiom these observations we obtain foi the value* of L 
A = 4 6488 Legal Quadrants 

The result requires a small coirection because SQ was at 17° 5 instead of at 17° 
at which the box is right 

Introducing this we find as the value 

4 6494 Legal Quadrants 

Four sets of observations were taken on the two coils airanged in senes 

Table III gives the details, from which the results have been calculated The 

mean value of 01324 has been employed throughout for the logarithmic decrement \ 

Table III 


Date 

Tempera 

ture 

a 

c 

r 


P 

L 

L 

at 17° C. 

July 18 th 

18 5* 

80 71 

73 87 

10 742 

- 4 829 

199 684 

4 6480 

4 6499 

July 20th 

18 9 

77 01 

71 46 

10 716 

- 4 903 

199 909 

4 6460 

4 6485 

July 29th 

17 5 

80 025 

82 40 

10 713 

- 5 4329 

198 966 

4 6488 

4 6494 

July 30th 

18 9 

80 725 

77 25 

10 723 

- 5 0553 

.199 640 

4 6471 

4 6496 


Mean 4 6493 legal quadrants 


* There was a slight uncertainty about this temperature 
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It appears that the greatest difference between two results is *0014 in a total of 
4 6500, or less than 1 part in 3000. 

It will be noticed also that the agreement is very decidedly improved by the 
ternpeiature corrections of the last column Thus the value of the coefficient of self- 
induction has been determined to an accuracy which requires that the temperature of 
the vanous coils used should be known to a fraction of a degree 

The value given, 4 6493, is m legal quadrants , le , the resistance of a column of 
mercury 106 cm long has been taken as 10* CGS units To leduce it to “Henry’s” 
or “International Quadrants” it must be multiplied by the ratio 106/1063 We then 
find as the value of the coefficient of self-induction of the coil 

4 6362 Quadrants, 

or 4 6362 x lOVo centimetres 


Self-induction of each half ot* the Coil 

Since the coil was wound in two parts and one of the parts occasionally used 
alone, it was thought well to find the coefficients for the two parts separately, and to 
check the result by observing also the value when they were ai ranged so that the 
mutual induction of the two opposed the self-induction. Let Lu be the two coeffi- 
cients of self-induction of the two parts, M the coefficient of mutual induction between 
the parts, V the coefficient of self-induction of the whole with the two parts opposed 

Then L — 2M, 

L' = Jji ]j<i “ 2il/ 

= 2(Li + //3) — Z/ 

Thus L = 2 {Li + Lj) — L\ 

The coefficients are all small and the probable errors of the measuies are greater 
than those in the direct measurement 

The following values, however, were obtained 

Li = I 405 Quadiants for semi-coil marked A 
L,^im „ .. ,. „ B 

IJ = 0 963 


Whence L = 4 633 legal quadrants , agreeing fairly well with the true result 
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PART III 

Corrections to the Simple Theory of the Experiment 

(i) The Electrostatic Capacity of the Coil 

The chief cause of difficulty in comparing the experimental results with theory 
arises from the fact that the coil has considerable capacity, and further that this is 
not distributed uniformly along the length ot the wire. 

The coil consists of two similar portions almost identical 

Each half is wound with about 60 layers of gutta percha covered wire containing 
about 30 turns to a layer The interior diameter is 27 5 cm and the exterior 
18 48 7 cm , while the axial depth of the coil is about 5 2 cm The number of turns 
of the coil were not counted exactly when it was wound 

After the experiments the case was opened and the coil measured as far as practic- 
able It was found that the number of layers in a radial direction as estimated from those 
which could be seen and counted wius 64, and they occupied 10 35 cm Thus the average 
distance between the centres of consecutive layers is 10 35/64 or 164 cm. The inner 
layer contained 28 turns, and of these 25 he in a space of 3 9 cm , thus the distance 
between consecutive turns is 156 cm The thickness of the uncovered wire was found 
to be 049 cm. , thus the thickness of two coverings is 107 cm 

The two halves arc separated by a sheet of glass with a circular hole in its centre , 
the sheet is about *27 cm in thickness. 

The whole coil is enclosed in a wooden box, the ends of the wires being brought 
to terminals which are well insulated from the wood 

Now if we consider any turn of the one coil lying near the glass, it is faced on 
the opposite side of the glass by a similar turn, which during the experiments will be 
at a veiy diffeient potential Charges will thus accumulate on these turns and their 
capacity must be considered in the theory If we consider a turn in the centre of 
either coil it is surrounded by other turns at nearly the same potential as itself, and 
does not therefore become much charged 

The outer layers of the coil will have some capacity, but if the wood case be 
treated as an insulator this will be small, and thus we may consider that the chief 
capacity of the coil lies in the faces in contact with the glass 

We may thus represent the two coils in the following diagrammatic manner 

Consider a number (w— I) of equal condensers, each of capacity S', each plate of a 
condenser represents two adjacent turns ol the wire, which he on the same side of 
the glass, and face two corresponding turns, representing the second plate of the condenser, 
on the opposite side of the glass. 

VoL. XVIIl. 


20 
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In strictness, since the diameters of the turns increase from 27 to 48 cm., the 
capacities of the condensers ought not to be taken as equal, but unless this is done the 
solution is very complex, and when the correction is small the error introduced cannot be 
great. 

Let the positive plate of each condenser be connected to the positive plate of the 
two adjacent condensers by wires of self-mduction L, and likewise for the negative plates. 


Each loop of wire represents two adjacent layers in the coil itself 
The one set of condensers and loops represents one coil, the other set the second 
coil. Connect the two plates of the condensers at one end of the series by a loop of 
wire of inductance 2L, and connect the plates of the condenser at the other end of 
the series by wires of inductance L to the two plates respectively of a condenser of 
capacity S 

We have thus a representation of the condenser and coil in which the oscillations 
occur. This is shewn diagrammatically in Fig 3. 

Vi Va arj Vj 




Fig. 3 


Case 1 . 

Let a^i, a?/ be the currents m the wiies connecting the positive and negative plates 
of the first and second condensers, as, those in the wires connecting the corresponding 
plates of the second and third condensers, and so on. Let Qi, Q^, be the charges on the 
positive plates. 

Then since the rates of increase of the charges on the opposite plates of any one 
condenser are equal and opposite, 

dQi , 

dQ2 / / 

— . —Xi —x-i. 


— CO ^ y 

Xi = X 3 , etc. 

Now let Fi, Vi, Vy be the potentials of the positive plates, F/, Fj', etc. those 
of the negative plates, M, L the lesistance and inductance of the wires joining consecutive 
plates, 

Lxj + ItXi = Fi — Fa, 

Lxi ■\-Rxi — F/ — F/. 

But Xi = Xi, Xx = x(. 
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o O 

■.2lx, + 2l«. = F. - V.' - ( r, - F') = I - 1 

Now if L\ R denote the inductance and resistance of the two wires joining the 
plates of any two consecutive condensers, then 

Z'=2Z, R^2R. 

Then if R is the whole resistance, L the whole inductance, 

R = nR, L = nL'. 

And the equations to find the period are 


Hence we have 


L'xn + R'xn = 


Qn 
S' ’ 



Xi — Xi 


dQ, 

dl ’ 


Xn-x 


^’n 


dt 


L 'Xx-\- R Xi-^r •'*^1 ~ "■ 

1 2 1 
- Xx + Ux^ + RXi + ,x^--^,Xi = 0 - 


1 

S' 


Xf^^x "f" Z/ Xfi -p R Xfx 4" Xn - 


Put Xx = 

and let 

S' {X»Z'-PUj -2 = Q, 
S' [k?L'^Rik]-\ = R. 

Then the equations become 

PXx + X, = Q, 

A, + QZ, + X. = 0, 

Z, + QAs + A, = 0. 

Xfx^x + RXfx — 0 


20—2 
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Whence to find the periods we have the determinant 

1 = 0 


PIOO... 

1 Q 1 0 ... 

0 I Q 1 ... 

Q 1 

1 R 


(to n columns). 


Now the determinant 
=*P 


Q 1 
1 Q... 


Q 1 

1 R 


= P| R 1 ... 

IQ.. 

. Q 1 
1 Q 

Now 



1 ... 01 

(n — 1) columns 

Q 1 0 

Q 1 0 


1 R 0 

+ (-!)«“* 

R 1 

(n - 1) columns 

1 Q 

Q 1 

i 

1 Q 


(n — 1) columns 


(n — 2) columns 


R 1 

1 Q 


Q 1 
1 Q 


= R 


(w) columns 


Q 1 0 
1 Q 1 
0 1 Q 




(m — 1) columns 


1 0 0 . I 
Q 1 0 
1 Q 1 


= R 

Q 1 0 

+ (— !)■*'« =• 

Q 1 0 


1 Q 1 

(m — If columns 

1 Q 1 


Q 




(m — 2) columns 




m— 1 “w— 2> 


if stands for 


to m columns 


Q 1 0 0 . 

1 Q 1 0 . 

0 1 Q 1 .. 

Q 

Thus the given determinant 

= P 1PA„_, - A„_,} - {PA„_3 - A„_ 4 - 0. 
Now if Q = 2cos^, then we know that 




_ sin {m+ 1) 0 


sin 6 


. (Riyleigh, Sound.) 


Hence we have as the equation for the periods 

P {R sin (n - 1) ^ — sin {n — 2) — [R sin (w — 2) ^ — sin (r? — 3) ^} = 0. 
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In the first instance neglect the terms depending on the resistances, then 
S'X^L' ~ 2 = Q = 2 cos 

a 

S'X^L' = 2 (1 + cos ^) = 4 cos* 2 • 

Now if the whole of the capacity N, were concentrated at one part of the circuit 
connected by a wire of inductance L we should have 

S,L~ n(n-l)S'L' 

In the most iinpoitant of the cases with which we have to deal a large part of the 
inductance is so concentrated in the capacity S We shall suppose therefore in solving 

0 

the equation that X^S'L' is a small quantity of the order l/ii-* So that 2 cos ^ is of the 

order 1/a, and 6 is not much different from tt Put 0 = tt — (f) ultimately </> will be 
treated as small, though for the present the solution is general then 

/Si'X*Z' = 2(l +cosd)=2(l - cos <l>) 

Whence substituting 

— 1 } {(N' — 1) sin (w — 1) ^ + sin (n - 2) (f>] 

+ (S'VL' - 1) sin (a - 2) + sm (a - 3) ^ 

— ~ — 1) sin (a — 1) ^ + sin (a —2)<j>} = 0. 

Thus {sm (a — 2) ^ — sm (a — 1) «/>] 

+ sm (a — 1 ) ^ 4- sm (a — 3) ^ — 2 sm (a —2)<f> 

S' 

— {sm (a — 2) <^ — sm (a — 1) -I- S'X^L' sm (a — 1) <^} 

+ S'^\*L'* sm (a-l)<^ = 0, 

2S'\^L' {sm (a — 2) ^ — sm (a — 1) <f)} 

+ 2 sm (a — 2)<f) (cos ^ — 1) 

— ^ {sm (a — 2) ^ — sm (a — 1) + S'X^L' sm (a — 1) (|>} 

+ S'*X*X'*sin(a-l)<^ = 0 


But 2 (cos <f)-l) = — S'X^L' (A) 

X*X' {sm (a — 2) ^ — 2 sm (a - 1) (f)} 

- {sm (a — 2) ^ - sm (a — 1) ^ + S'X^L' sm (a — 1) <f>] 

+ N'X*X'*sm(a — 1)<^ = 0 (B) 
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On eliminating (f> from (A) and (B) we obtain an equation for X* 

Now we have seen that 4sin*^/2 is of the order S'L'jlL, where 2 stands for the 

whole capacity In the most important cases 8, the external capacity, is large compared 

with Si, the c-apacity of the coil, and m this case the whole capacity is large compared 

with Si In the general case on substituting in (B) from (A) we find 

\^L' (sin {n-2)(f)-2 sin (u - 1) 0 + 2 sin (n — 1) (1 - cos (f>)} 

= ^ {sm (?i — 2) ^ - sin (w — 1) + 2 (1 - cos <f>) sin {n — 1) ^1 


Whence 


\'L N = 1 + 


sm (w— 1) 

sm (?i — 2) ^ - 2 cos (f> sin (n — 1) </> 


sm (n -l)<j> 
sin n(f> 


= 1 — cos + sm <l> cot n<f>, 

. . X^L' (S — }^S') = sm </> cot u</> 
or substituting for X^L' from (A) 

2 tan ^ {S — ^S') = S' cot n</) . 


.(C), 


(CO, 


the fundamental equation for the peiiods 

Up to the present no assumption has been made as to the relative values of S 
and 8' In our case S' is small compared with Si, and then <f) is small ; 8 may have 
any value 

In the more imjiortant cases S is large compared with In this case n(f> is of the 
order (Si/S)^ We may expand cot?i^ and cot^/2 and use IjSL as an approximate value 
for V m the small terms 


Now we have 
Thus 

Hence 


2{l-co3<f>) = X^L'S' 

= X^L'S' (1 + ^X'^L'S' + ). 




= X..Z'S'|l + “+-,+ I, 

/I* n* 


where a, b, etc can be found approximately Hence expanding in Beriiouilli’s numbers, 

I S'\ a b 




= 1-- 


1/ L* 

Bi^^ _ B^ \ 

D L* *)• 


Now, as a first approximation, 


^^L'S' n Si Si 1\ 
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Hence is of the order /Sf,/<Sf, 


n^<f>* IS of order 



— 

1000 \SJ ' 


since n = 30 approximately in the experiments. 


Again, the value of S is in the final experiments 5853 cm. while Si, when the two 
coils (A) and (B) are used, is about 1600 cm. (See Part IV ) 


Thus the important terms are those in . , while a term such as one in 

is, when Si has its largest value, of the order (Si/Sf , and when Si is only 100 cm 
it is of order (Si/Sy 


and 


Hence retaining the most important terms, 

2 


Thus 


Hence 


=i-3lli-2(nlr)K 

omitting terms of the order l/n’^ in the coefficient of Si/S~ 


Substituting in the terms in n*<f>* and introducing the value of n in the last term, we 
have approximately 


VIS = 


iSif 1 \ 4 

3 6^r 2(7 j- l)j“‘'45 


. (D) 


In obtaining the coefficients of (Si/S) the teims in /i0 have been retained when 
compared with terms in 0. 


Hence for 


Si/S = 2733, 

X^ZS = 1 - *08.96 + *0066 = 9169. 


In some of the preliminary experiments however the value of Si/S was greater than 
unity and the series method of solution will not apply. 

The following graphical method however will apply to all the cases 
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The equations to be solved are 


2 (1 — cos <f)) 


tan ^ — 1^ = cot n<j> , 

S'= , n-l = 30, 2733, 

n - 1 

for S = 58*53 metres, Si = 16 metres 

Hence — 1^ = 218 

Hence 218 x tan ^ = cot 31«^ 

An inspection of the Tables and a trial shews that <f> is nearly 56' 

By plotting on a large scale the values ol cot 31^ and 218 tan ^/2 at about 56', 
we find the curves intersect at 56' 30" 

Hence = 56' 30" 

T Sf 

Hence \^LS = 2 ( 1 — cos <i>) -jrrr, 

L o 

=«2(1-co8 <^)w(ii~1)^’ 


substituting for n and SjSi 

Thus practically the same value is found as by the series II wi‘ take aS, = I metre, 
as in the expenmeiits with coil {A) or {B) singly, then 

SISi= 38, 2(n-I)=G0, 

and tan </)/2 (38 x 60 — l| =cot 31^ 

Thus 3479 x tan ^ = cot 3I<|>. 


A similar procedure gives for </> the value 14' 45", and substituting in the equation 
for \^LS we obtain 

X»Xa8 = *9924 


The solution by series already obtained was *9943. 

The case m which there is no outside condenser is given by putting S — S' in the 



DISCHARGE OF AN AIR CONDENSER, WITH A DETERMINATION OF 161 


original equation, thus, supposing the coil to consist of n parts, so that nS' = <Sf, *= 16 metres, 
we have 

tan| = cot«.#,, <^ = 2 nVl- 

X’ZS. = (1 - cos 4,) = ( 2 ^;^ 

V«' 

= 2-38 if 71 = 31 

The case of a continuous coil of uniform capacity 8 and inductance I per unit of 
length may be treated as follows. 

We assume the fiequency to be such that the current across each section of the 
wiie is the same at any given moment. 

Let V be the potential at one end, that at the other being zero, a the length of 
the wire, v the potential at a distance x from the end at which the potential is zero. 


Then v 

The charge on an element dx at x is 


Vx 


sVxdx 


Energy 


q = 8vdx = 

= ^ 97 ; =^. 9 -—- dx 


The total electrostatic energy of the coil is thus 

1 sF* r® 


1 iZ! f" 

2 a» Jo 


aPdx, 


and thus = ^ x ^F* 9 a = ^F'^S,, 

if IS the capacity of the whole coil 

Hence the total electi ostatic energy of the coil and condenser is 

The electrokmetic energy is if u is the cuirent 


Hence 


X® = 


This agrees with the result already found for a large number n of condenseis 
connected by wires (See equation (D), p 159 ) 

In some of the earlier experiments desciibcd in Fait IV in which the whole coil was 


VoL. XVIII. 


21 
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U8ed and the value of Si therefore was 16 metres, the values of S were approximately 
2, 6, 5*6 and 10 5 metres The values of <f> and \^LS can be found for these cases in 
the same manner and we thus get the following Table. 

Table IV. 


s 


SISi 


\^LS 

2 

16 

125 

2 “ 37 ' 48 " 

•2449 

5 

16 

312 

2 16 40 

4582 

55 

16 

344 

2 12 20 

4741 

10 5 

16 

656 

1 52 12 

6498 

58 53 

16 

3 659 

56 30 

9169 

0 

16 



2 38 * 


The experiments m which the external capacity is small are of no value as a means 
of finding “v” They serve however to test the truth of the formula and of the cor- 
rections which we have applied 

We may put the correction another way, and say that instead of employing the 
whole capacity S to calculate the frequency from the formula \^LS = 1 we have to use 
a capacity 8/k, where k has the values given in the last column of Table IV 

Throughout the above we have taken L', the effective coefficient of self-induction 
of 1/n. of the number of turns, as 1/n of the whole coefficient, and neglected the 
mutual induction between the turns, we proceed to justify this. 

Now the effect of inductance in any wire is made up of the self-induction of that 
wire, and the mutual induction of the other wires, moreover the currents in the various 
turns are, owing to the capacity, not the same. 

Let li be the coefficient of induction of a wire in which the current is Xi due to 
itself, mi 2 , mi 3 , etc the mutual coefficients. 

Then the stnet equations for any wire joining two of the condensers each of 
capacity S' will be 

li^i + niiiXi -f -f («! - ajj) = 0 ; 

put L'xi = /]«! + mi 2 X 2 + , 

and let ir 2 = «^i + y 2 > 

Xi = Xi + etc , 

L'xi = (li + viu + ...) -f miajis -|- 


For thi» case S, takes the place of S. 
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Now yjcc depends on S' jS, and mi,, etc are all finite and less than ; 

Jj = (lx +...)+ ^ — w, 

where m is of the order of the arithmetical mean of etc, 

+ Wl]2 + . . + -gr 

o 

Thus in the case ot a large number of turns, if SJS is small the equations 
already used arc correct if L' bo l/wth of the whole self-induction, for we may neglect 
the term Sim/S compared with the sum -i- mia + etc 

There is now the correction for resistance to be considered In the case of a simple 
circuit 




\q being the uncorrected value , thus we may put 

Now so far as the inductance of the circuit is concerned. 

And in the more important cases both k" and k' are small 


Therefore 


\^==^^(l-‘k"-k'), 


where k" has the value already found from Table IV , 


In some of the experiments is about 27r x 10®, 

R = 200 X 10», Z = 5 X 10», 

and the correction is negligible 

If the peiiod be 1/120 second as in other experiments, 

\o = 27r X I 2 X lO’* = 7*2 X 10“ approximately, 

= ^ approximately, 

and k' ^ , which is also negligible. 


21—2 
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In some of the experiments only half the coil was used. 

We may represent this case diagrammatically thus (Fig. 4) 

The upper set of plates and loops represents the coil connected to the mam 
condenser, the lower set represents the insulated coil, the ends of which are insulated 



Fio 4 


Cas^ li. 

As the mam condenser is discharged the electrostatic action of the upper plates 
causes the charges on the lower plates to vary and oscillating currents are produced in 
the lower coil 

Let X be the current leaving the mam condenser, y^, y^, yt the currents between 
the lower plates of the coil condensers, then the currents between the upper plates of 
the same are x—y^, x-y^, etc., and the equations are 

L{x)=V,-V, 

L'{x-yi)= Fj- Fa 

L {x — yn~i) = F„_i — F„ I 

L'x=Vn-V,' 

Vn-i = ^ »-i ~ Fn 

Fi- F/+Fa'-F„' 


Hence 
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= 2(F.-r.')-2£V-| + |-? 

(n + 2)iV = f-| + «” 

Also L' {x - 2yJ =V,-V;-{V, - F,') 


r(x-2j;,)=to, 


Z,'(i-2y„.,)=- 


y»-2 + 2yn-i 


Now we may shew that tji = yn-i. For superpose everywhere on the system a 
potential i), this will not atiect the currents And now choose v so that the potentials of 
the plates of the main condenser are equal and opposite, t e so that 

7i + v= -(Fi' + v), 

the distribution ]*> a symmetrical one and obviously in this case 


Hence if n = 2??i 


Vi^Vn-i, etc 


and we have m — I equations 
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put 


Xy =x, flJa = aj, - 2yj, ar, = - 2y8, 

2/a=i(a?i~a7a), oc^), etc, 


Hence 


2/3 ■” ^ (^a ~ gIc 

•i y / • ^2 ^8 

~W' W ’ 

' ^ (^tn— 1 ^j») ) 


putting x = Xe~'^\ 

I 1 ) ^ J ~ 

j Xi + J2/Si — 2| X^ + X^ = 0, 

^ Z^_x+(2,SVZ^-l}Z;„ = 0. 


Solving these equations as previously, putting S'L'X^ = 1 — cos we find as the 
equation for the periods 

^ - ■ — — J = 1 ■ .. . (E) 

[ 1 — cos <^ + Sin cot m<f>} ^ ' 


Expanding as fai as and assuming that may be neglected, compared with 
we have 

m 


^}^1 j I w + 


1 


3 


= 1 , 


Now 2wZ' = L, <f>^ = 2S'X^L\ Si = (2m — 1) S' 

Hence |l + i = 1, 


or neglecting the terms m (Si/Sf, 
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Thus so far as the term m Si/S is concerned the correction is one-fourth of that 
to be applied in the first case, and this, when the values of and S are 16 and 
58 53 respectively, comes to — 022. 

If we assume the coefficient of the term in {SJSy to be also divided by 4 we 
have to add to this -f- 001. Thus to about one part in 1000 we have 

VZASf = l - 021 = *978 

It however in the case represented in Fig. 4, we suppose that the lower coil is 
uninsulated, the equations can readily be shewn to be those of the first section of this 
Part, and the formula for the frequency will be 

\»^/.= 9169 . (G) 

There is however another possible arrangement to notice. 



Case 111 

If in Fig 5, AB, CD repiesent the two coils, we have supposed above in Fig 3 
that B was connected to C, while A and D are connected to the mam condenser In 
some of the experiments however it appears possible that B was connected to D, and 
A and C to the external condenser. The distribution of potential would then be as shewn 
m the figure, and the solution differs from that of the first case We can write down 
the equations and solve this case, but it can be shewn thus that it reduces to the 
second case 

For compaic Fig 5 with Fig. 6, which is obtained by putting the coil DC alongside 
AB, and placing above the two a second similar double coil A'B'D'G' with its ends 
insulated, the distance between this and the hist coil being the same as for the two 
coils in Fig 5 The distribution of currents is clearly the same Now if /S\ be the 
capacity of the two coils AB, DC, or A'B\ UC in Fig 6, the correcting term is 
- Sa/12S 
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1 S 

But Si = 2aS»i Thus the correcting term in this case is 
in the first case 


one half of its value 



We shall assume that if the highci powers of Si/S are included the correction is still 
one half of its value in the first case. 

The solution for the case in which there is no condenser attached is best obtained 
from the original equation (E), p. 160, by putting S = 8\ le. assuming the last section of 
the coil to be the external condenser 


Thus we have 


Also 


X^S'L in + — -7— — — 7 — 7] 

( 1 - cos ^ + sin </> cot n<f)l 

X^S'L' = 1 - cos (f> 

nS' = 8i, tnL'^L. 


Whence 


n (1 — cos cos {n<^ — = 


: cos ^ cos 71 


Now assume, guided by the solution on p 


161, that n(^ — ^ — where ■v/r is small 


Then n (1 - cos sin ^ = cos ^ sin ~ and <f> = ^ approximately , neglecting ~ 


Thus 


2 2 V 2j 2’ 


i ll _ 

2 Y 2 


n<t>^ 

4 


Thus approximately 




16 n»’ 



X^SiL = 2n^8'L'X^ = 2/7“ (1 - cos <^) = 7i«^- = ^ 


Now 
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Thus companng this with the result on p 161 we see that the frequency is the same 
whether the connexions be as in Fig 3 or in Fig. 5 

In order to solve when Si is not small compared with S we have with the same 
notation from the above equations 

sin + - cos <^)| = sin| cos ^ 

Now we may suppose <f) is small. 

TI . . . -f 2 .sj 

Hence cot n<b = tan = m - . i m .i h .i — 

^ 2 /S w</>- 

~S~~2 


Now if 


since 
we have 


X^SL = k = 2nXSL', 

2\^S'L' = <f>\ 


k = 


S 

S' 


cot nj> = 



Now = = ^ approximately, and when the connexions aie as in Fig 4, k—2h 

foi (S=2 Hence assuming k is not very different in the present ariangement 

cot30<3E) = #(l + 12), 
cotS0<f) = ^^ <f> = l6S(f> 


The solution of this gives 0 = 2'’ 50' 30" and k= 2873 

If S = 5, k IS '45 in the first arrangement Thus 

cot 30 0 = 60 approximately, 
whence 0=2° 30' 30", 

and k = *558. 

For S=5 5, k= 574, 

while if N = 10'5, ^ = •784 

If then we write XLS = k we have the following values for k according as the 
connexions are made 


VoL. XVIII. 


22 
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Table V. 



‘ . i 

8 

GhB6 1 

Case 11 

Case 111 


Coil asm Fig 3 

Half-coil used 
as in Fig 4 

Coil as in Fig 5 

2 

245 


287 

5 

458 


558 

5-5 

474 


574 

10-5 

659 


784 

30 6 

1- 152 


1- 076 

190 

1 - 028 

1- 007 

1- 014 

3000 

1- 002 

0 

0 

1 

1- 001 

58 5 

1 

0 

00 

1- 021 

1- 040 


Again it appears from an approximate calculation founded on the measurements of 
the coil that the capacity of any one layer on those adjoining it is large, it may even 
be as great as 600 cm, It is therefore desirable to investigate if possible what effect 
this has on the formula for the frequency. 

We may perhaps represent this by supposing the coil to consist of a series of 



loops without capacity with a senes of parallel plates attached at the centre of each 
loop. 


L'x=V,-V,, 

L' ( X - 1/2) = Fa - Fs, 
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L' {x - yn-i) =* 
L*x — 




Q. 



dt 


■y,. 


etc , 


nL'x - L' (y, + 3^2 + yn-i) = 


F-F/ = 


0} 

S 


L' (a;--yn-i) = ^2/n-i. 


•. X* 



(n-2)5f/Z'*V] 

l-N/Z'X* 


1 

,S" 


/SfZX*=l- 


\^SL = 1 - 


” -s;vL', 

n 

n-2 ^/ 

/Sf 


Now it appears possible from the investigation in Part IV. p 174, that 8^ may 
be as great as 600 cm so that S'jS = 

Also, taking the two coils, ?i = 60 and 1 — ^ = 1.- approximately, thus the 

correction is negligible, and we might give S' a much larger value without modifying 
our final result 

If we have no external condenser then 8 = 8^ and we have X^Si'L = 1 — i approxi- 
mately So that 111 this case the capacity of each layer of the coil on the next may 
be the effective factoi in determining the period. 


(ii) Effect of Resistance and Throttling on the Period. 


The ciitical resistance at which the discharge ceases to be oscillatory is 

/4X 

V 8 ’ 

and in our case this is enormous, because of the small capacities. In the principal 
case, of the large air condenser, it is 




4 6"x i0» 3 X lO’o 
6000 ' 10* 


= 53000 ohms 


When only one half coil is used the critical resistance is less, being about 30,000 ohms. 

22—2 
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Now the resistance of our wire circuit is only 200 ohms as ordinarily measured, 
but it is well known that under rapid oscillations the resistance of a conductor is 
increased by reason of the extra peripheral distnbution of the current. The spark gap 
has also a certain resistance which it is not easy exactly to estimate. 

Some observations were made with a condenser discharging through several known 
circuits and the same air gap, m order to study the damping and make an 
estimate of what the resistance of the spark was. These indicate that for feeble 
discharge a spark resistance is high, while for powerful discharge it may be quite 
low With our feeble spark it is undoubtedly large, and quite eclipses the resistance 
of the wire part of the circuit, though it does not amount to anything like the critical 
resistance at which the discharge ceases to be oscillatory, but it cannot be considered 
as constant, and its complete specification will be difficult 

With regard to the throttling by reason of rapid alternation, it must be observed, 
1st, that the alternations weie not excessively rapid, always comparable to 1000 per second, 
and 2nd, that the wire on the coil was copper and very thin 

The coil had a mean diameter of 38 centims and consisted of 3493 turns of copper 
wire, half a millimetre in diameter At 1000 alternations per second uniform distribution 
of current through such a wire would haidly be departed from, and neither the resist- 
ance or the self-induction would be gieatly different from their ordinary values 

It IS important to note that no correction to self-induction is necessary, for even 
with infinite rapidity of oscillation, when all the current flows by the periphery, the 
value of the self-induction would not be greatly distuibed , though the throttling resistance 
would then be enormous The reason why the self-induction is not very dependent on 
distribution in a thin wire is that it is only the space inside the wire which ceases 
to be magnetised by a peripheral distribution, and this is small in comparison with all 
the space outside 


(ill) Sklf-tnduction of Leading Wires. 

The self-induction of the leading wires between condenser, coil and spark-gap, was 
about 100 metres , but as the self-induction of the whole circuit was considerably more 
than an earth quadrant this is entirely insignificant. 

(iv) Effect of Leakage. 

The insulation resistance between the two halves of the coil was measured and 
found to be 20 megohms; hence leakage duiing a discharge was piactically non-existent 

(v) Effect of Wave Length. 

The electric oscillations have not been assumed quick enough to give waves com- 
parable in length with the circuit, else different parts of the circuit would be in different 
phases, and some complications would result. 
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The length of the circuit is 4 kilometres. 

The wave length in the chief cases is either 
3 X 10'« 3x10'® 

1600 

and IS always bigger than 100 kilometres, so no complication from different phases will 
arise 


PART IV. 

Preliminary Experiments 

In the earlier stages of the work a large number of experiments were made with 
various condensers , some of these had a small capacity It was thought at the time 
that it might be possible to use a guard-ring condenser of which the capacity could be 
accurately determined and that thus a good value for “ v ” might have been obtained , 
at this stage the importance of the correction for the capacity of the coil was not 
fully realized and it was the discrepancy which was observed when the results of these 
experiments were compared with a simple theory which led to the fuller consideration 

of this correction which has been given in Part III. 

The experiments therefoie are chiefly of interest as a test of the theory and 
as enabling us to see the consequences of the correction. 

Several measurements were made with a small air condenser consisting of 7 concentric 
brass cylmdeis each 45 4 cm. high and •75 mm, thick and of internal diameters 13’25, 
9*90, 8 26, 6 92, 5 00, 3 40, and 1 60 cms. respectively. The capacity of this condenser 
making some allowance for the edges and for connecting wires was calculated at 5 5 
meties 

Another condenser consisted of eleven circular discs of brass of total capacity, as 

calculated from the dimensions, of 5 metres. A list of these vanous condensers is given 

below (See p 175) 

Two other condensers weie used, one consisting of tinfoil plates on glass, the other 
a paraffin paper condenser The capacity of the former calculated from its dimensions 
IS 47 5 K metres, K being the specific inductive capacity of glass Taking IC as 5 this 
comes to 237 metres An attempt made however to determine by observation the capacity 
of this condenser gave as the value 190 metres, coi responding to the value 4 for K 
which IS very low. 

The capacity of the paraffin paper condenser was | microfarad or 3000 metres. 

The capacities of these condensers were also determined by the ballistic method, but 
it must be remembered that with such small capacities accuracy cannot be expected 
and the values found are therefore only approximate. 
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The coirection to be made to the simple theory involves as we have seen in 
Pait III the capacity of the two halves of the coil treated as two plates of a condenser 

We may obtain a very rough estimate of this by treating the two sets of opposed 
turns as two discs separated by the glass plate and insulated covering of the wire. 

Now we have from the dimensions given in Part III p 153 the following data the 

thickness of the glass is ‘27 cm and of the gutta percha 1 cm taking the inductive 

capacity of glass as 7 and of gutta percha as 3, we have for the equivalent air thickness 

27 1 

-f- g or *072 cm. 

Hence since the interior diameter is 27 5 cm. and the exterior 48 7 cm 

^ TT X 76 2 X 21*2 , 

47,: X 4 X 072 "" approximately. 

But the value of Si can best be found by the ballistic method. The two halves of 

the coil were charged like the two coats of a condenser to a potential difference of 60 volts 

and discharged through a ballistic galvanometer. A standard condenser of 01 microfarad 

was similarly chaiged, and the kicks compared. As a second experiment the galvano- 

meter was shunted with the l/9th shunt and a condenser of capacity 02 microfarad 
discharged 

A number of concoidant readings were obtained with the result that the capacity 

came out as 0018 microfarad or 16 2 metres for rapid charging 

If the time of charging is prolonged the capacity rises apparently and could be 
got as high as 22 metres , this was due in part to the action of the containing box 
which behaves as a conductor for slow charging We have taken then the value 
16 metres as that to be applied in the corrections in the final experiment 

We have seen that we may also require to know the capacity of one layer of the 
coil on the next This it is difficult to determine with any approach to accuracy 

In each layer there are about 30 turns of wire, its thickness being about 05 cm. 
The least distance apart of the surfaces of these wires is about 1 cm while the 
distance between their centres is about ’lo. 

We may as a very rough approximation treat the two layeis as two concentric 
cylinders 1’5 cm (30 x 05) in height and 12 cm. apart. 

The mean diameter of these cylinders is 38 cm Hence if K be the inductive 
capacity of the dielectric the capacity required is 

TT x 38 X 1 5ir 

— To — cm., 

47r X -12 

or about 120A^ cm Assuming AT = 3 for mdia rubber we get for the capacity of one 
layer on the next the value 3 6 metres. 
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List of condensers used in the preliminary experiments with their capacities as 
directly measured ballistically or estimated from their dimensions. 

Capacity 

Cylinder condenser, already described, 5 5 metres 

11 plate disc condenser, „ 50 „ 

5 plate disc condenser, part of the above 2 0 „ 

A Leyden jar about 20 5 „ 

A flat sheet glass and tinfoil condenser about 190 0 „ 

or as found by calculation 237 „ 

A large paraffin paper condenser by Muirhead, 
consisting of six 2 microfarad condensers 
arranged in series about 3000 „ 

After several preliminary photographs at various speeds and modes of connexion we 
took on 22nd July a caieful series of spins with the fork adjusted exactly at 128 and 
with the 4 pattern of the disc extremely steady. 

The connections were made as m Figure 8 
L being the self induction coil 
G and C the condenseis arranged close together 
S the spark gap in the dark box, and M the electncal machine 


The point E was sometimes earthed. 



Fxg 8 


Connexion with the machine was made through wooden penholders w, m order to 
avoid the capacity of the machine wires and terminals coming in as a disturbance, and 
the two condensers are shewn connected to each other also by penholders. This was not 
always done, and it is this circumstance which was specially varied, the object being 
to test the influence of wooden connexions, for subsequent use; eg. with a guard-ring 
condenser, where wooden connexion might preserve the potential uniform during slow 
charge but isolate the guard-nng during sudden discharge. 

The following are the circumstances of the chief plates taken this day 
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Plate No. I. 

On its first or oiitei circle several sparks were taken, with cylinder and disc con- 
denser joined by wood w'. 

Second circle, seveial more with the same 

Third circle, with the cylinder condenser alone, the disc condenser being disconnected 

Fourth circle, both condensers m parallel, joined as in Figure 8, but by wire, not wood 

The following is the micrometric analysis of this plate, the numbers being given 
rather fully as a specimen It was the first plate carefully read We do not quote the 
actual circle readings but the successive differences or lengths of the constituent half- 
oscillations , the last one was usually faint, and some were better marked than others 
It will be seen that there were very few oscillations in each spark, because of the 
smallness of the condenser and the resistance of the circuit It would not indeed have 
been surpnsmg if the damping had aftected the penod perceptibly, but the only obvious 
effect is the lengthening out of the last swing by the high resistance of the decaying 
spark 

Successive alternation intervals on fourth or inner circle of Plate No 1 for different 
sparks — 


6° 48', 

6° 18', 

6'^ 55', 

70 

6’ 36', 

6° 15', 

6° 40', 

6° 54' 

6" 29', 

6" 41', 

6" 32', 

7° 6' (lower power object glass), 

6° 32', 

6" 35', 

6" 25', 

7'* 11' (plate recentred), 

6° 32', 

G" 35', 

6° 26', 

7° 7' (repetition), 

6° 23', 

G" 33', 

6° 16', 

7° 2' (plate recentred), 

6" 32', 

6" 38', 

6° 34', 

7'^ 28' (apparatus reset) 


It IS clear that the last or decaying half oscillation is unduly lengthened by reason 
of the high resistance of the dying spark, so, omitting it, we have as the average of a 
half oscillation for this circle 6'’ 31'. 

Similarly omitting the last reading, which in nearly all cases is longer than the others, 
the average length of a half oscillation on the thud ciicle is 5° 19' , on the second circle 
5’ 18', and on the first or outer circle S'" 19' 

Since the plate was making 64 revolutions per second, this gives as the observed 
frequency 

For the cylinder condenser connected by wood to the disc condenser 2170 per second 
For the cylinder condenser alone . ... 2170 „ 

For the cylinder and disc condenser properly connected 1770 „ 

These numbers shew that the wooden connectors sepaiating the condensers act as 
expected, at least in preventing combined discharges, and thus act effectively in isolating 
the machine terminals from the capacity discharged. 
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It would be tedious to quote at full length the details of all the preliminary spins, 
and indeed all of the records have not yet been read But such as seemed likely to 
be instructive were carefully examined, and a summary ot them is given below 

25 The 11 -plate disc condenser arranged so that the machine charges it 
through a needle point, an inch or two distant, without direct contact. The needle 
point replaces the wooden connexion previously used The following are the lengths of 
various half oscillations as recorded on a plate spinning 64 turns a second 4° 42', 
4° 42', 4° 47', 4° 41', 4" 49', 4° 41', 4° 44', 4° 38', 4° 38', 4° 41', 4° 50', 4° 48', 4“ 37', 4° 43', 
4'’ 38', 4° 29', 4° 19' Average of these numbers 4° 40', 

Frequency deduced from the observation, 2470 per second. 

iS'ame date Cylinder condenser, similarly arranged Frequency 2370 

Same date 5-plate disc condenser, similarly arianged, average 4® 30' Frequency 2580. 


Jidy 30 Cylinder condenser arranged in a different part of the circuit, viz. each set 
of plates connected to one of the terminals of the two halves of the coil as m Figure 11, 

p 181 

Average reading 4'" 34' Frequency 2560. 

On other ciicles ot the same plate, condenser detached and middle terminals of coil 
left insulated, so that the only capacity was that of the two halves of the coil • 

Readings 2M5', 2° 54', 2° 31', 2’ 4', 2' 4', 2" 2'. 

Average 2° 30' Frecpiency 4630 


July 31. Spins taken at the 12-pattern speed (le 21 J revs pei sec) with the large 
Mull head condenser in simple circuit with the whole coil The outer circle was taken 
with the condenser attached to middle screws, as on July 30, for the others it was con- 
nected in the ordinal y way But no correction for coil or other capacity should be needed 
with this great condenser 

Average reading 30" 30', the speed not perfectly steady 
Frecpiency deduced 126 per second 


August 1 Cylindei and disc condenser m parallel 

Average of readings tor spark alternations on outer circle 6” 32' 


„ „ lor another set ditto 6° 38' 

„ „ for spark on second circle 6° 30' 

„ „ for another set ditto . 6° 29' 5" 

„ „ for spark on third circle . 6° 32' 

„ „ for another set third circle . . 6° 29' 

„ „ for spark on fourth circle . 6° 30' 

General average for this plate 6“ 31' 5" 


Frequency deduced, 1766 

The speed for the outer circle was steadiest 

VoL. XVIII. 


23 
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Same date. Cylinder and disc again, with coil connexions reversed, otherwise every- 
thing the same. 

Average of readings off all alternations on outer circle 6° 13' 5" 

„ „ „ „ second circle 6° 15' 5" 

„ „ „ „ third circle 6° 1 1' 

„ „ „ „ fourth circle 6° 17' 

Speed for fourth circle was steadiest , weighted average 6° 15'. 

Frequency deduced 1830 

Satne date. Leyden jar added to cylinder and disc condensers. 

General average of readings 9® 48' 

Frequency deduced 1180. 

August 2. Took a spin with the large Muirhead condenser connected not to the 

entire coil, but oply one portion of it, the portion called B 

Average of readings (one spark on each circle) at 4-pattern speed was 49° 40', but the 

speed was not over steady, and with these heavy sparks the setting of the microscope on 
a leading feature of each alternation is less definite. 

Frequency deduced 232 or 233 

Same date Same condenser joined to coil A, 

Average of readings 50° 10'. 

Or omitting the last or drawn-out alternation, and taking the most probable aveiage 
from the steadiest circle 

Estimated leading 49° 42' 

Hence frequency deduced, aveiage 230, 
most probable 232 

Same date. Muirhead condenser joined to complete coil, one spark attempted on each 
circle, but one apparently missed fire. 

Average of whole set (with 8-pattern speed) 45° 15' , 
or frequency 128. 

Same date Muirhead with disc and cylinder condenser added 
Speed deduced 127 and 124 

August 3 Sheet glass condenser (glass as dielectric). 

Composed of 8 sheets of glass and 9 of tinfoil. 

Each tinfoil 381 x 54*2 centim. 

Combined thickness of the 8 plates 2’2 centim. 

Plate running at 6-pattern speed. 

Average of readings 17° 8'. 

Frequency deduced 450 
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Same date Same condenser through B coil only ; frequency 820. 

This IS a sufficient account of the preliminary experiments, whose object was partly 
to gam expenence and partly to find out what sort of condenser was best to use. Decided 
that a large simple air condenser was advisable, without complication of guard-ring or 
anything, but with edges that could be allowed for by calculation and with plates large 
enough to make the correction of relatively small amount. 

In order to compare these preliminary results with theory it seemed best to calculate 
the theoretical frequencies, using the formula \^LS = k where k has the proper value for 
each combination as given m Table V. m Part III 

We thus obtain the following results: 


Table VI Both coils A and B being used 


Date 

Condenser 

Capacity m 

Frequency 

Frequency I 

centimetres 

calculated 

observed | 

July 25 

Five- plate disc 

2 

2590* 

2580 

July 24 
July 25 

Eleven-plate disc 

5 

2400* 

2403 

2470 

July 22 
July 25 

Cylinder 

5 5 

2060 

2270* 

2160 

2370 

July 22 

Cylinder and disc 

10 5 

1745 

1770 

Aug 1 

in parallel 

1766 

Aug 1 

Cylinder, disc and 
Ijeyden Jar 

30 5 ^ 

1170 

1180 

Aug 3 

Sheet Glass 

190 

237 

501 

417 

450 

July 31 




126 

Aug 2 

Paraffin condenser 

3000 

128 

127 




128 


In the observations marked thus * the calculations have been made on the assumption 
that the connexions were as in Fig. 5. 


23—2 
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Table VII. using only one coil 


Date 

Condenser 

Capacity 

Frequency 

calculated 

Frequency 

observed 

Aug 3 

Paraffin condenser 

3000 

233 

232 

230 


Glass condenser 

190 
^ 237 

926 

827 

820 


Considering the nature of the experiments the agreement may be considered satis- 
factory. The capacity taken for the cylmdei condenser is probably too high , if it v/ere 
assumed as 5T instead of 5 5 the agreement m all the experiments in which it was 
used would be improved It is also clear that the value 190 taken foi the capacity of 
the glass condenser is too small , only one determination of this was made, and there 
may have been some leak which reduced the capacity as measured , an earlier attempt 
at measuring the capacity was a failure from this cause 

It will be noticed that the corrections have been applied as though on July 24 
and 26 the coil connexions were those shewn in Figure 5, while on the other days they 
were those of Figure 3 There is no evidence in the note-book that this was the case, 
at the time these experiments were made the importance of the direction in which the 
current traversed the coils was not realized. 

The results of three of the preliminary expenments are not recorded in the table. 

On August 1, with the cylinder and disc condensers in use, the connexions were 
as shewn in Figure 9, and the frequency was 176G, this result is given 



Fig 9 


The connexions were then altered so that the condenser was to the terminals B 
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and G as in Fig. 10. A and D being connected together, the frequency rose to 1830 , 
this result we have not been able to explain as satisfactorily as we could have wished 



Fio 10 

The following may however have been the cause In the figure A and D are terminals 
connected with the outer turns of the coils, B and C those connected with the inner 
Now the capacity of the outer turns is greater than that of the inner, while at the same 
time the portions of the coils which are nearest to the condenser, and in which theie- 
fore the potential difference is the greater, will have most effect on the result. We 
have however taken an average value of S', 16/30, in calculating the correction It may 
be that this average is right for Fig 9, but that for Fig 10 it ought to be reduced, 
for the actual value of S' near C is only 3/5 of that near A If we assumed 
/Si = 3 X 16/5 = 10 say, or /S' = 10/30, we should obtain as the frequency the value 1860 
which agrees closely with that given by expenmcnt 

Again on July 30 the cylinder condenser was connected to the coil as in Fig 11. 
The observed frequency was 2560. 



The calculated frequency for this case, assuming the corrections already given, is 
2060, or if we assume the connexions to have been as in Case ii , 2270 , m either 
case the result is much too low. 

It will be noticed however that in Fig. 11 the condenser is connected to the 
terminals B and (7, le to the inner terminals of the coil as in Fig 10, and we have 
just seen that the assumption that the effective capacity of the coil is 10 meties 
when this is the case serves to reconcile theory and experiment. It becomes of interest 
then to evaluate the frequency, assuming S^ equal to 10 and S' to 10/30 
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The resulting value for the frequency is 2470 which is still below that found by 
experiment, viz 2560, but it has already appeared that the capacity assumed for the 
cylinder condenser, viz 5 5 metres, is too high The assumption that the value was 
5'1 which (p. 180) is required to reconcile with theory the experiments recorded m 
Table VI. would also bring the results of this case into greater hannony 

On the same date (July 30) and immediately after the above experiment, the 
condenser was removed and oscillations taken with the coil alone In this case, assuming 
the theory developed in Part III , we have 

or if we suppose the capacity uniformly distributed along the coil, 

On substituting for the value 16 metres, and foi L 4 63 secohms, we find for the 
frequency the values 3830 and 4300 respectively, the experimental result is 4630 In this 
case theory and experiment would be leconciled by the assumption that the capacity of the 
coil was 10 metres instead ol 16, and this value fits, as we have seen, the experiments 
just discussed in which the condenser was used 

If we adopt the first of the two formula? and take = 10 we find the theoretical 
frequency is 4820, while the second formula based on the assumption of a uniform 
distribution of capacity leads to the value 5360. The observed value was 4630 which 
agrees best with the first of these two theoretical values, being lathcr below it. It will be 
observed however from the record on p 177 that the experimental lesults are very vaiiablo 

Thus these three sets of experiments in which the condenser was connected to the 
terminals B, C of the coil will be reconciled with theory by the assumption that when 
the experiment is so conducted that there is a laigc potential diffeience between the 
inner windings of the coil for each of which the electiostatic capacity is smaller than 
for windings near the outer edge, the effective capacity of the coil aS\ of the foimula 
is about 10 metres, possibly rather over 10 metres. 

These results aie given in Table VII (a) 

Table VII. (a) 

Both coils A and B being used, but the coil capacity taken as 10 meties instead of 16 


Date 

Condenspi 

Capacity 

Frequency 

calculated 

Fiequencs 

observed 

Aug 1 

j 

Cylindei and disc 

10 5 

1860 

1830 

1 1 

July 30 

1 

Cyhndei 

5 5 

2470 

2560 

1 „ 

Coil only 


4820 

4630 
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The general concordance of the experimental results with theory appears to shew 
that the capacity of the coil, layer upon layer, has no marked effect, if it be taken into 

1 S ' 

account a correcting factor of the form 1 ^ ^6 introduced, where may possibly 

be 3 or 4 metres. This would reduce the frequency in the case of the 2-metre condenser 
by about l/30th, bnnging it to 2510. 

For 5=5 the correction would be 1/75 


A sufficient account has now been given of these preliminary experiments, as a result 
we were led to construct an air condenser of considerable capacity which we could calculate 
with some degree of accuracy. 


PART V 

The Air Condenser 

We proceeded to make an air condenser of eleven flat plate glass slabs very care- 
fully coveied with tinfoil so as to offer a perfectly smooth metallic plane on both 
sides, folding the tinfoil lound the edges so that they were practically slabs of metal. 

The plates were nearly square, and their size was measured individually, giving as 
the average result 59 716 cm long by 59 614 cm broad 

The boxwood scale which had been used was then compared with a brass standard 
metre, which we know to be accurate at 0° ; and 60 centims. on it was found to be 
^ millimetre longer than 60 centims. of the standard at 18°. The expansion of the 
brass would make the length of the standard too long by ’2 millim , so the total 
correction is 025 centim Hence the corrected size of the condenser plates is 

59 74 X 59 64 square centim. 

The thickness of the eleven plates clean and finished and lying close together was 
measured in eight different places and found to average 3 157 inches, or when clamped 
together tightly 3’116 inches, so the thickness of each plate was 284 inch or *721 centim. 

We then cut a number of plate glass distance pieces, measured them carefully, and 
arranged them in the 10 spaces between the plates, 5 in each space, like the pips on 
a card Set the plates on end on a pair of ebonite wedges and clamped them in 
special wooden frames, making careful contact with each plate by a thin wire lying 
along the middle of an edge. Connected alternate plates together and proceeded to 
charge But found that the glass distance pieces leaked in the most surprising manner 
Four of them were sufficient to prevent the machine from charging anything. Tested 
them separately and found they leaked like wood, giving a distinct brush discharge 
from their corners 



184 Messrs GLAZEBROOK and LODGE, EXPERIMENTS ON THE OSCILLATORY 

Hence replaced them by pieces of ebonite all cut out of the same sheet, each 
piece 7 millimetres square . 52 pieces end to end, measured in vernier callipers, 

occupied 10 24 inches 

So the thickness of each distance piece was 

1989 inch or 5001 centim. 

With 5 of these between each plate, one at each comer and one in the middle, 
the plates were once more clamped up, connexions carefully made, and an experiment 
begun 

The plates stood vertically on a pair of sharp-edged ebonite wedges, at a height 
of 1 inch above the floor of the frame, which was tmfoiled to make it definite The 
sides and top weie at first open, so that the edges of the plates were then free, but 
afterwards m order to keep the inside air dry for all the best experiments, the box 
was panelled in The distances of the wood panelling from the plates were as follows* 


Fioiu edge of plates to wall of case 5 15 centim. 

„ „ „ „ roof „ 8 8 „ 

„ „ „ „ floor „ 2 5 „ 


A simple wooden X formed the front and back at a distance from the outer flat 
of the plates, 4 0 on one face and 3 2 on the other 

Estimate of Capacity of Condenser 

The method of correcting for the edges of a thin plate is given in Maxwell, 
vol I § 293 A term has to be added to the linear dimensions as if an extra strip 
of a certain breadth were put on all round a uniformly chaiged plate 

This extia breadth, on account of the extra density at terminations of thin parallel 
planes, is 



where “6” is the distance between the plates But the plates are thick and square 
edged, and a fuither correction has to be made for their thickness, Maxwell’s further 

correction for thickness /S, cos , assumes the edges to be rounded and is therefore 

inapplicable, but acoustic analogies suggest the addition to the dimensions of each plate 
of a (quarter of its thickness, to represent the effect of the edges themselves (Cf. Rayleigh, 
Sound, vol II §§ 307 and 314) 

The total correction is thus 

225 + 25/3 = *11 + *18 = 29 centim 

to be added all round 
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Thus the capacity of the condenser proper is 

10(59 74+ 58) X (59 64+ 58) 
47r X 5001 

and this reduces to 5779 centimetres 


To this has to be added a term for the proximity of the case to the edges, especially 
for the proximity of the floor; the floor correction is 

5 X 60 X -72 


4x25 


= 69 centirns. 


The walls and roof together amount to 8 7, or altogether 15 6 centims 

Next, the ebonite distance pieces must be allowed for They are each ^ square 
centim in area, and there are 50 of them , then specific inductive capacity may be 
taken as 3, so the extra capacity due to them is 8 centims. 

Adding all those wo get for the condenser capacity, 5803 centims 

Then there is a correction for the charged portion of the wires leading from the 
condenser and coil to the spark knobs. This was approximately 7 3 metres long and 
one millimetre thick, with a span of 1^ metres between it and the walls Its capacity 

was therefore A-r--— = 50 centims 
2 loge loO 

Thus the whole electiostatic capacity under charge was 
5853 centirneties. 


Connexions were as m Figuie 12 The machine was usually connected only across 
an air space by needle points so as to take no part in the discharge 
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PART VI 

Final Experiments. 

With the air condenser described in Part V., a number of spark photographs on 
Mr Swan’s 4-mch square plates were taken with the plate revolving 64 times a second 
From seven to nine circles were attempted on these plates with three or four sparks on 
each circle. 

Tin plates which are lettered from A to Z were afterwards read with great care 
by Mr J. W Capstick who writes “The measurements will be found to be within a 
very few minutes of the correct reading In one case I accidentally went over a spark 
twice, and though I was then at the end of six hours’ almost continuous work at 
them, and the spark was an exceptionally indefinite one, the greatest divergence in the 
readings was only 3 or 4 minutes. 

“The plates are very much better than any I had done pieviously, and the setting 
of the microscope was generally a simple matter The spaiks were in general so 
definite and regular that I did not think it necessary to make drawings of them” 

[This had been done with some of the earlier plates.] 

Mr Capstick remarks — as will be seen from the Tables — that there is some irregu- 
larity m the sparks, and that, unless it is desired to study this, greater accuracy of 
reading is hardly necessary. 

The analysis of this long series of plates has been a work of time, we give below 
the results of a study of all the plates from G to U. In the earlier plates, marked 
A to F, the work was in some respects of a preliminary character, there was no plate 
marked Q. In the spin for plate P the coils were in multiple arc, and the coefficient 
of self-induction for this arrangement was not determined. 

We give as an example the actual record for two of the circles on plate U* 

This illustrates the method cf dealing with the results 

Spark Record on Plate P. 

( 

Outer circle. 

Actual readings. 

Spark (1) 194° 0' 

186 49 
179 24 
(172 4) 

164 59 
157 40 

* The record for this plate happened to come first in one of the note-books in which results were recorded 


>il B only used 


Averages 



14° 32' 



DISCHARGE OF AN AIR CONDENSER, WITH A DETERMINATION OF “v” 187 



Actual readings 

Differences 

Averages 

Spark (2) 

155° 

14' — ___ 




(147 

46) 

14° 

21- 1 



140 

53 

14 

12 

33 J 

■ 14° 22' 


133 

34 

14 




126 

20 



Spark (3) 

112° 

40' 



106 

4 

14^ 

11' X 



or 

105 

5 

(14 

43) 

[ 14° 18' 


97 

57 


17 



90 

48 

14 

9 

12 ‘ 



83 

48 

14 



76 

36 




General mean for this outer circle 14® 24' 


Second circle 

Spaik (1) 

Spark (2) 


Spark (3) 



14° 12' 
14 11 

14 19 

14° 18' 
14 10 
14 28 


14° 18' 
14 0 

14 21 


14° 14' 


14° 18' 


14° 13' 


Spark (4) 

Here there was some simple overlapping, giving no difficulty in sorting out 
geneial average foi this circle is 14° 14' 


24—2 
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Table VIIL 
Plate U. Coil B 


Circle 

I 

n 

III 

IV 

V. 

VI 

VII 

VIII 

IX 

Spark 1 

14* 36' 

14*12' 

14* 33' 

14* 17' 

14*21' 

14* 34' 

14* 39' 

14*46' 

14*56' 


14 45 

14 11 

14 25 

14 6 

14 12 

14 26 

14 40 

14 18 

14 41 


14 25 

14 19 


14 19 

14 25 

14 24 

14 43 

14 24 

14 37 


14 24 







14 56 


2 

14 21 

14 18 

14 31 

14 9 

14 12 

14 26 

14 45 

14 11 

14 16 


14 12 

14 10 

14 18 

14 5 

14 10 

-14 14 

14 23 

14 14 

14 12 


14 33 

14 28 

14 22 

14 15 

14 11 

14 24 

14 36 

14 11 

14 9 




14 49 




15 5 



3 

14 11 

14 18 

14 29 

14 21 

14 14 

14 14 

15 3 

14 17 

14 39 


14 43 

14 0 

14 19 

14 20 

14 20 

14 5 

14 29 

14 20 

14 10 


14 17 

14 21 



14 16 

14 24 

14 16 

14 23 

14 16 


14 9 






14 14 


14 21 


14 12 






14 7 



4 




14 33 

14 19 

14 43 


14 23 






14 26 

14 9 

14 38 


14 20 






14 36 

14 25 

14 39 


14 34 


Mean for 
circle 

1 r 24' 

14*14' 

14*27' 

14* 19' 

14* 18' 

14*26' 

14*31' 

14*22' 

14*29' 

Mean of 
central 
swings for 
each circle 

14*16' 

14* 8' 

14*21' 

1 

14*14' 

14*12' 

14*18' 

U* 28' 

14*19' 

14*17' 


General mean from plate 14° 23' 
Mean from central swings 14° 17' 
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Thus m Table VIII will be found the actual length in degrees and minutes of all the 

oscillations on the plate. The Roman numerals at the head of the columns indicate the 

circles on which the sparks are to be found, the record for each spark is shewn separately. 

The mean length of oscillation from the 99 sparks here recorded is 14° 23' , the range 
of the readings is rather over 1°; the means for the various circles are given in the 
Table, they lange over 17' It is clear however that the oscillations m any one spark 
are not of equal length As a rule the first oscillation is a long one This is followed 

by one or moie of shorter period while, as the spark dies away, the oscillations again 

lengthen, the cause of this has been discussed m Part IV. 

The lengthening of the latter oscillations is more plainly shewn on some of the other 
plates. If we omit the longer oscillations, and take only the more regular central swings 
on plate U, we get the following senes of numbers, in which the 14° is omitted for 
brevity 


Table IX. 


Circle 

I 

II 

III 

IV. 

V 

VI 

VII 

VUI 

IX 


25 

11 

25 

6 

12 

26 

40 

18 

41 


12 

10 

18 


10 

U 

23 

24 

12 


17 

0 

19 

5 

11 

5 

36 

14 

9 


9 



20 

16 

38 

.29 

11 

10 





26 

9 


14 

20 

16 









23 










20 


Averages 

16' 

8' 

21' 

1 

1 12' 

18' 

j 28' 

19' 

17' 


These lead to an average length of oscillation of 14° 17'. 

In taking the average in this manner we have given equal weight to each 
observation 

Now the record of this plate taken at the time of the observation is 

Plate U 

Air condenser in circuit with B coil 

Machine not m circuit but arranged to charge it through a pair of needle points 
from a distance so that its capacity should not interfere 
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On the outer circle were taken 4 sparks, speed steady. 


„ second „ „ 

.. 4 



fair 

, third „ „ 

.. 3 



steady 

, fourth „ „ 

„ 4 



fair. 

, fifth „ „ 

4 



fair 

, sixth „ „ 

» 4 



quite steady 

, seventh „ „ 

» 4 



steady. 

, eighth „ 

» 4 



steady on average 

, ninth „ „ 

„ — 



_____ 


(The number of sparks taken is not with perfect certainty correct, because there 
was sometimes a difficulty in hearing them ) 

The remarks as to the speed were noted at the time according as the stroboscopic 
pattern had successfully been held still or not while the circle was being taken 

If attention is paid to these speed remarks it would seem that circles L, III., VL, 
VII. and VIII. should have most weight attached to them. 

The averages for these circles are 16', 21', 18', 28', 19', for the middle swings, and 

their mean is 14° 20', 

The complete averages for these steadiest circles are 24', 27', 2C', 31', 22', and the 
mean of these is 14° 26' 

It would thus appear that the best value for the wave length for this plate is 

14 ° 20 ', while if all the sparks be included which he on the circles retained, the 

number is increased by 6', if all the circles are included, each of these numbeis is 
reduced by 3' 

We may claim then to know the length of the oscillation on this plate to 
about 5', le to about 6% 

The frequency corresponding to 14° 20' is 64 x 360/14 33 or 

1608 

Plate S 

Another series of wave lengths as recorded on plate S, in which coil A only was 
used, IS given in Table X 

The notes relating to this plate are as follows 

On this plate the sparks photographed were taken from the air condenser through 
the A coil only Machine charging via needle points 
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Table X 

Plate S. Summary of Readixos. 
Coil A. 


Circle 

I 

II 

III 

IV 

V 

VI 

VII 

VIII 


14“ 31' 

14“ 36' 

14“ 37' 

14“ 28' 

14“ 31' 

14“ 53' 

(blurred) 

(all overlap) 


14 11 

14 20 

14 29 

14 3 

14 2 


15“ 6' 



14 24 

14 28 

14 28 

14 16 

14 43 

14 33 

14 26 



14 49 

14 39 

14 11 



14 52 

14 32 






14 15 






14 19 

14 41 

14 45 

14 35 

14 39 


14 56 



13 57 

14 21 

14 43 

13 58 

14 4 

14 19 

14 22 



14 11 

14 22 

14 17 

14 9 

14 11 

14 22 

14 14 




14 25 


14 28 

H 51 

14 48 

14 2 




14 32 

< ) 

14 35 



14 40 




14 13 


14 15 



14 33 




14 18 

14 19 

14 34 



14 44 




14 26 

14 47 

14 47 







14 38 


14 45 







14 30 


14 19 







14 26 


14 25 







14 17 


14 50 







14 42 







General 

Mean 

14“ 22' 

14“ 28' 

14“ 28' 

14“ 26' 

14“ 26' 

14“ 38' 

14“ 27' 


Mean of 
central 
waves 

14“ 11' 

14“ 22' 

14“ 23' 

14“ 15' 

14“ 6' 

14“ 26' 

14“ 24' 



General mean 14° 28' 
Mean for centre swings 14° 19' 
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Four sparks were taken on each circle 

Circle I speed moderately steady Circle V. speed 

fair 

IL 

„ 

fair 

VI. 

steady on average. 

III 

„ 

quite steady for 3 sparks. 

VII 

slightly backing 

IV. 


steady 

VIII. „ 

fair 

To save 

space 

only the differences are quoted. 

All the differences read are included 


Sometimes overlapping prevented any reading being attempted 

The general mean from Table X. is 14® 28', while the central swings give 14° 19' 
Those means include all the circles. The range of the mean readings is about the 
same as for plate U, and the fiequency calculated for the cential swings works out 
to 1610 oscillations per second 

Table XI 

Plate R. Complete Coil A -f 7? 


Circle 

I 

II 

III 

IV 

V 

VI , VII 

Spark 1 

26° 52' 

26° 53' 

26° 34' 

26° 43' 

26° 47' 



26 16 

26 22 

26 11 

26 19 

26 23 



26 18 







26 46 






2 

26 44 

26 55 

26 51 

26 52 

27 1 

>> 


26 4 

26 18 

26 15 

26 20 

26 23 

'c 

o 

'p 


26 51 



27 7 


Cu 







S 






1 

o 

3 


26 59 

26 51 

26 55 

1 26 46 

so ' 

S 1 



26 4 

26 12 


26 19 





26 50 


26 37 

i 

4 



; 1 

1 

26 38 







26 4 



General 

Mean 

26° 33' 

26° 30' 

26° 32' 

26° 37' 

26° 37' 


Central 

Mean 

26° 12' 

26° 1.5' 

1 

26° 13' 

26° 14' 

26° 21' 



General mean ot plate 26° 34' 
Mean from central senes 2G° 15' 
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As an example of a plate in which the whole coil was used the record for plate R 
18 given in Table XI It will be seen that the means for the separate circles differ 
by 7' in the case in which all the sparks are considered, and by 9' when only the 
central swings are dealt with, the difference between the two means is 19'. 

If we take as the length of wave 26“ 15', the frequency is 64 x 360/26 25 or 878 
oscillations pei second 

It 18 not necessaiy to give the results of the other plates in such full detail 

The following Table summarizes them sufficiently In each case the central sparks 
only are included 


Table XII 
Complete Coil A B 


Plate 


L 

0 

R 

T 

Number of sparks 

11 

13 

9 

15 

22 

Length of wave 

26° 14' 

26° 9' 

26° 16' 

26“ 15' 

26“ 5' 


Mean length of wave 26“ IT 


Coil A 


Plate 

G 

H 

M 

N 

S 

Number of spaiks 

20 

28 

7 

27 

33 

Length of wave 

14° 14' 

14° 32' 

14“ 25' 

14° 18' 

14“ 19' 


Mean length of wave 14“ 20'. 
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G(nl B. 


Plate 

J 

U 

Number of sparks 

28 

37 

Length of wave 

14“ 26' 

14“ 20' 


Mean length of wave 14° 22'. 


From these we find as the mean length of the wave when the complete coil 
A + R IS used 26° 11' 

With regard to the observations made with the coils A and B in circuit separately, 
it will be observed that plates H and J give higher results than the others Now 
there is a note m the book that for these two series the outer plates of the 
condenser were earthed , they were taken therefore under different conditions to the 
others; if they be omitted we have as the mean wave length for plate A 14° 18', 
and for B 14° 20', if we include plates H and J, the mean fur A is 14° 20' and 
for B 14° 22'. 

The corresponding frequencies are, excluding plates H and J, 
for coil (A + B) 880 per second, 
for coil A 1611 per second, 

for coil B 1607 per second 

If we take the whole series of sparks for A and B we get respectively for A 
1607, and for B 1603. 

While the frequencies given by plates H and J are 

for A 1683, 
and for B 1696. 


It IS hardly necessary to work out the frequencies for each plate Foi the complete 
coil A + J5 the greatest variation from the mean is four parts in one thousand. 

We may now determine from these spark records the value for “ v ” 


We have the formula 


V = 27r 


frequency x 


k ’ 


where k is the constant, the values of which are given in Table V , occurring in the 
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formula LS\^ In the case in which the two coils were used there is no difficulty 

in deciding on the value of k. The formula for X is that given on p 159 (D), 


LSX^=1-^ 


IS, 


3 S 


and hence k= 916 




If only one coil is used two cases may arise , if the lower coil is completely in- 
sulated we have the case dealt with in Figure 4, the corresponding formula as far as 
teims in SJS arc concerned is (F) on p 166, viz 



and the value of k resulting from this is 978 If on the other hand the lower coil 
IS not insulated the collection necessaiy will be that indicated in (G), p 167, and the 
resulting value of k will be the same as that for the two coils, viz 916 

As far as we know the coil was usually insulated , at any rate it was not in- 

tentionally connected to eaith except for the two plates H and J 

But theie is another complication in this case We assume in this case that the 
value ot L is that for eithei half the coil , now this assumes that there is no current 
in the unused coil , but in consecpience of the electrostatic induction there is a current 

in the unused coil This current will be of the order osS'fS if x is the current from 

the main condenser, and its effect will therefore alter the coefficient of self-induction 
L of the uppei coil by an amount pioportional to MS'jS or about il//120 Now the 
value of Li is about 1 4, and of M about 91 Hence the value of L, in the expen- 
merits with the single coil is uncertain to one part in one hundred and seventy 

Omitting howevei this correction we get the following Table of values. 


Table XIII 


Coil UHcd 

k 

Fiequeucy 

L 

s 

r 

Observations 

A+B 

916 

880 

4 636 

58 53 

3 009 X 10'« 

Mean fiom seventy sparks 

A 

( 978 

1611 

1 409 

58 53 

2 939 X lO'" 

U nused coil assumed insulated 


( 916 

1611 

1 409 

58 53 

3 037 X lO'" 

„ „ uninsulated 


916 

1583 

1 409 

58 53 

2 984 X 10'° 

Plate H, coil uninsulated 

B 

( 978 

1607 

1 393 

58 53 

2 922 X 10'° 

D nused coil assumed insulated 


( 916 

1607 

1 393 

58 53 

3 020 X 10*° 

„ „ „ uninsulated 


916 

1595 

1 393 

58 53 

2 990 X 10'° 

Plate t7, coil uninsulated 
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In the fourth and seventh lines of this Table we give the velocity as obtained from 
plates H and J. We know that in this case the effective coil and one plate of the 
condenser was earthed originally, and we have therefore used the value of k calculated 
on the assumption that the free coil was earthed throughout It will be seen that the 
resulting values of “t>” and that obtained from the experiments with the full coil are 
in close agreement, being respectively 2*98 x 10“ 2 99 x 10“ and 3 01 x 10“ 

If we take the other observations for coils A and B, excluding plates H and J, 
the results are not quite so satisfactory The assumption that the free coil was insulated 
leads to the values 2 94 x 10“ and 2 92 x 10“, given in lines 2 and 5 of the Table , on 
the assumption that it was earthed we find from the same series of experiments the values 
3*04 X 10“ and 3 02 x 10“ respectively, given in lines 3 and 6 The truth would appear to 
he between the two. 

If we take the experiments with the complete coil A + R in series, we can determine 
the corrections with greater accuracy, and we find as the result 
v = 3009xl0“ centimetres per second, 

while since the corrections can be calculated with more exactness in this case, we 
attach far greater importance to the result 

We do not however look upon the paper as one describing a very exact method 
of determining “v,” but rather as a study in the oscillatory discharge of a condenser 
which incidentally leads to a determination of “v" by a novel method. 



VIII. The Geometry of Kepler and Newton. By Dr C. Taylor, Master of 

St John’s College. 

[^Received 25 August, 1899 ] 


This paper consists of two parts (A) and (B), treating respectively of some things 
in the geometry of Kepler and some m the geometry of Newton, the finisher, in pure 
mathematics as in physics, of so much of his brilliant predecessor’s work 

In Fontenelle’s Panegyncic of Newton, published in French and English under the 
title, 2'he Life of Sir Isaac Newton with an Account of his Writings (London, 1728), 
the third paragraph begins thus, “ In studying Mathematicks, ho employ’d his Thoughts 
very little upon Euclid, as judging him too plain and easy to take up any part of 
his time , he understood him almost before he had read him, and by only casting his 
eye upon the Subject of a Proposition, was able to give the Demonstration. He 
launch’d at once into such books as the Geometry of Des Cartes and the Opticks of 
Kepler So that we may justly apply to him what Lucan has said of the Nile, whose 
Springs were unknown to the Antients, That it was not granted to Manhnd to see the 
Nile in a small Stream ” 


(A) 

KEPLER 

Kepler’s new and modem doctrine of the Cone and its sections, which histonans of 
mathematics have ascribed to a later generation, was propounded in cap iv 4 of his 
Ad Vitellionem Paralipomena, qmbus Astronomiw Pars Optica traditur, a work published 
originally in 1604, a century before Newton’s Opticks (1704), and edited with notes 
forty years ago by Dr Ch. Frisch in vol ii of his Joannis Kepleri Astronomi Opera 
Omnia in eight volumes The passage containing the new doctrine is given below line 
for line, with the addition of numbers for reference, from the edition of 1604 
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Page 92 4* Com fe6liombus. 

Com varii funt, re 61 anguli, acutanguli, obtufanguh : item 
Com re< 5 li feu regulares, & Scalem feu irregulares aut comprefli 
de quibus vide Apollonium & Eutocium in commentariis. O- 
mnium promifcu^ fe< 5 liones in quinq, cadunt fpecies. Etenim 
25 linea in fuperficie com per fe6lione conftituta aut eft re6la, aut 
circulus, aut Parabole aut Hyperbole aut Ellipfis Inter has li- 
neas hic eft ordo caufa proprietatis fuje & analogic6 magis 
qu^m Geometnee loquendo quod k linea re 61 a per hyperbo- 
las infimtas in Parabolen, inde per Elhpfes infimtas in circulum 
30 eft tranfitus Etenim omnium Hyperbolarum obtufiffima eft 
linea re6ta, acutiffima Parabole fic omnium Ellipfium acutiffi- 
ma eft parabole, obtufiftima Circulus. Parabole igitur habet ex 
altera parte duas nature infimtas, Hyperbolen & Reflam, ex 
altera duas finitas, & in fe redeuntes, Elhpfin & circulum Ipfa 
Page 93 loco medio media natura fe habet Infimta enim & ipfa eft, fed 
finitionem ex altera parte affeflat, quo magis enmi producitur, 
hoc magis fit fibiipfi parallelos, & brachia, vt ita dicam, non vt 
Hyperbole, expandit, fed contrahit ab infiniti complexu, fem- 
5 per plus quidem compleftens, at femper minus appetens cum 
Hyperbole, qu6 plus a< 5 lu inter brachia compleflitur, hoc plus 
etiam appetat Sunt igitur oppofiti termini, cii cuius & refla, illic 
pura eft curuitas, hic pura reflitudo Hyperbole, Parabole, Elli- 
pfis, interieflae, & reflo & curuo participant , parabole ex sequo, 
10 Hyperbole plus dc rcftitudinc, Ellipfis plus dc curuitatc Pro- 
pterea Hyperbole quo longiiis producitur, hoc magis reflje feu 
Afymptoto fuai fit fimilis Ellipfis qud longius vltra medium 
contmuatur, hoc magis circularitatem affeflat, tandemtiue coit 
iterum fecum ipfa Parabole loco medio, femper curuior eft Hy- 
15 perbola, fi aequalibus interftitiis producantur, femperque reflior 
Ellipfi Cum^ue vt circulus & refla extrema claudunt, fic Para- 
bole teneat medium ita etiam vt refta; omnes fimiles, item(^ue 
& circuh omnes, fic funt & parabola; omnes fimiles , folac^ue 
quantitate differunt 

20 Sunt autem apud has lineas aliqua punfla praecipupe confide- 
rationis, quae defimtionem certam habent, nomen nullum, nifi 
pro nomine defimtionem aut propnetatem ahquam vfurpes 
Ab US enim punflis reftae eduflae ad contingentes feflionem, 
pun< 5 la 4 , contafluum, conftituunt aequales angulos iis, qui fiunt ; 
25 fi punfla oppofita cum iisdem punflis contafluum conneflan- 
tur. Nos lucis causA, & oculis in Mechanicam intentis ea punfla 
P'oeos appellabimus. Centra dixiftemus, quia funt in axibus fe- 
ftionum, nifi in Hyperbola & Ellipfi conici authores ahud pun- 
flum centri nomine appellarent. Focus igitur in circulo vnus 
30 eft A is 4 ue idem qui & centrum in Ellipfi foci duo funt BC 
aequaliter k centre figurae remoti & plus in acutiore. In Parabole 
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vnus D eft intra fe6lionem, alter vel extra vel intra fe^lionem in 
axe fingendus eft infinito interuallo k priore remotus, adeo vt 
edu6ta HG vel IG ex illo caeco foco in quodcunque pun6lum 
fe6lionis G. fit a^i DK parallelos In Hyperbola focus externus 35 



F interno E tantd eft propior, quanto eft Hyperbole obtufior 
Et qui externus eft alten fe6lionum oppofitarum, is alteri eft m- 
ternus & contra. 

Sequitur erg6 per analogiam, vt m re< 5 la linea vterque focus 
(ita loquimur de re( 5 la, fine vfu, tantum ad analogiam complen- 5 
dam) coincidat m ipfam re6lam fitcjue vnus vt in circulo. In 
circulo igitur focus in ipfo centro eft, longiflime recedens a cir- 
cumferentia proxima, in Ellipfi lam minus recedit, & in parabo- 
le multd minus, tandem in re6ta focus minimum ab ipfa rece- 
dit, hoc eft, in ipfam incidit Sic itaque in terminis, Circulo & re- 10 
^a, cocunt foci, illic longifTim^ diftat, hic plan^ incidit focus in 
lineam. In media Parabole infinito interuallo diftant, in Ellipfi 
& Hyperbole lateralib bini a< 5 lu foci, fpatio dimenfo diftant , in 
Ellipfi alter etiam intra eft, in Hyperbole alter extra Vndique Page 95. 
funt rationes oppofit^. 

Linea MN quae focum in axe metatur, perpendiculariter in 
axem infiftens, dicatur nobis chorda, & quse altitudinem often- 
dit foci k proxima parte fedlioms a vertice, pars nempe axis BR. 5 
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vel DK vel E. S dicatui Sagitta vel axis. Igitur in circulo fagitta ae- 
quat femichorda, in Ellipfi maior eft femichorda BF ^ fagitta 
BR maior etiam fagitta BR qu^m dimidium BP femichordie 
feu chordae quarta pars In Parabole, quod Vitellio demonftra- 
lo uit, fagitta DK praecis^ aequat quartam chordae MN hoc eft D 
N eft dupla ad DK In Hyperbole EQ plus eft, qu^m dupla i- 
pfius ES. fc. minor eft fagitta ES q, quarta chords EQ & fem- 
per minor, atque minor per omnes proportiones, donee eua- 
nefcat in reifta, vbi foco in lineam ipfam incumbente, altitude 
15 foci feu fagitta euanefcit, & fimul chorda infinita efficit, comci- 
dens fc cum arcu fuo, abufiue fic didto, cum re 6 la hnea. fit Opoi- 
tet enim nobis feruire voces Geometricas analogiae plurimum 
nam 4 ue amo analogias, fideliflimos meos magiftros, omnium 
naturae arcanorum confcios in Geometria praecipue fufpicicn- 
20 dos, dum infinitos cafus inteneftos intra fua extrema, medium- 
4 ue, quantumuis abfurdis locutionibus concludunt, totam^ue 
rei alicuius effentiam luculenter ponunt ob oculos. 

Quin etiam in defcnptione fedlionum analogia plurimum 
me luuit hltenim ex 51 & 52 tertii Apollonn defcriptio Hyper- 
35 .Q boles & Ellipfeos effiicitur facilima , poteft^ue 

/ vel filo perfici Pofitis enim focis, & inter eos ver- 
/ tice C. figantur acus in focis A B. anne6latur ad 
— ' ^ acum A filum longitudme AC ad B filum longi- 

tudme BC Prolongetur vtrumque filum aequali- 
^ bus additionibus, vt fi duplex filum digitis com- 
prehendas, iis^ue k C difcedentibus, bina fila paulatim dimittas, 
altera^ue manu fignes iter anguli, quern vtrumque filum facit 
apud digitos, ea defignatio erit hyperbole Facilius Ellipfis de- 
fcribitur Foci fint AB vertex C P'lgc acus firmas in A B vtram- 
que filo ample6lere, fimplici amplexu, vt inter AB filum non 



Page 96. 


5 


d 


^ interfit Fill longitudo fit AC duplicata, & capita fill 
nodo fint connexa Inferc lam Graphium D in eun- 
dem fill complexum cum AB & tenfo filo, quantum 
id patitur, circa AB circumduc lineam, haec Ellipfis erit 
6 Cum haec tarn facilis effet defcriptio, non indigens o- 
perofis illis circinis, quibus aliqui cudendis admiratio- 
** nem hominum venantur , diu dolui, non poffe fic et- 



iam Parabolen defcribi Tandem analogia mo- 
ftrauit, (& Geometnea comprobat) non mult6 
operofius & hanc defignare Proponatur A fo- 
cus, C vertex, vt AC fit axis , is continuetur m 
partes A. in infinitum vfq,, aut quousq, Parabo- 
len placuerit defenbere Placeat vfq, in E Acus 
erg6 in A figatur, ab ea fit nexum filu longitudi- 
ne AC CE Teneas manu altera caput alteru fi- 
ll E. altera graphium, cu filo extende vfq, in C 
Sit etiam ad CE ere6la perpendiculanter EF 
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igitur graphic C & manu altera E difcede aequalibus interiiallis 
a Iinea AE. fic vt manus altera & fill caput femper in EF maneat, 
filum^ue DG femper ipfi AE parallelon , via CD. quam Graphic 
fignaueris, erit Parabole 

Dixi haec de feflionibus conicis tanto libentius, qubd non 
tantum hie dimenfio refraflionum id requirebat, fed etiam in- 
fra in Anatome oculi vfus earum apparebit. Turn etiam inter 
problemata obferuatoria mentio earum erit facienda duobus 75 
locis Denique ad praeftantiffima optica machinamenta, ad pen- 
filem in acre ftatuendam imaginem, ad imagines proportiona- 
liter augendas, ad ignes incendendos, ad infinite comburen- Machmam? 
dum, confideratio earum plane eft neceffaria Porta 

The headlines of the edition quoted are loannis Kepleri and Parahpom in 
Vitellionem up to page 221, and afterwards loannis Kepleri and Astronomice Pars Optica. 

Page 92 

Kepler begins by saying that rays from the centie of a sphere do not become 
pdiallel after reflexion from its inner surface, but converge to the centre. Some other 
surface then had to be sought which would reflect all rays fiorn some point into 
parallels Vitellio in lib IX 39 — 44, in part supplying what was lacking in Apollonius, 
had shewn that the paraboloid of revolution was of the required form. But the subject 
of the Conic Sections presented difficulties because it had not been much studied 

Kepler therefore — pardon a geometer — proposed to discouise somewhat “ mechanically, 
analogically and popularly ” about them. 

Vitellio or Vitello (Witelo) had proved that at any point of a parabola the tangent 
makes equal angles with a parallel to the axis and the * line from the point to a 
certain fixed point on the axis. Rays of the sun impinging eciuidistantly from the 

axis upon the concavity of a reflecting paraboloid of revolution would therefore all be 
reflected through a fixed point on the axis, and fiie might so be kindled thereat 

Of cones right or scalene there are five species of sections (line 24), the right 

line or line-pair, the circle, parabola, hyperbola and ellipse From the line-pair we 
pass through an infinity of hyperbolas to the parabola, and thence through an infinity 
of ellipses to the circle Of all hyperbolas the most obtuse is the Ime-pair, the most 
acute the parabola. Of all ellipses the most acute is the parabola, the most obtuse 
the circle 


Page 93. 

The parabola is of the nature partly of the infinite sections and partly of the finite, 
to which it IS intermediate. As it is produced it does not spread out its arms in 
direction like the hyperbola, but contracts them and brings them nearer to parallelism, 
“semper plus quidem complectens at semper minus appetens” (line 5). The hyperbola 

VoL. XVIII. 26 
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being produced tends more and more to the form of its “Asymptote” (line 12). Para- 
bolas are all similar and differ only in “quantity” (line 19). 

He then goes on to speak of certain remarkable points related to the sections 

which had no name (line 21). The lines from them to any point of the section make 
equal angles with the tangent. He will call them Foci (line 27). He would have 
called them centres if that term had not been already appropriated. The circle has 
one focus, at the centre: the ellipse has two, equidistant from the centre, and more 
remote as the curve is more acute In the parabola one is within the curve, while 
the other may be regarded as either without or within it, so that a line hg or ig 
drawn from that “caecus focus” to any point of the curve is parallel to the axis 
(Ime 35). 

Page 94. 

In the hyperbola the focus external to either branch is the nearer to its internal 

focus as the hyperbola is more obtuse. In the straight line (or line-pair), to speak in 

an unusual way merely to complete the analogy, the foci fall upon the line itself. 
Thus in the extreme limiting cases of the circle and the line -pair, the foci come together 
at a point, which in the one is as far as possible from the nearest point of the cir- 
cumference and in the other is on the line itself. In the intermediate case of the parabola 

the foci are infinitely distant from one another (line 12) in the ellipse and the 
hyperbola on either side of it they are a finite distance apart. 

Page 95. 

The line mn through the focus, le the latus rectum, is called the chord, and hr 
or dk or es the aagitta (line 6) In the next line BF is a misprint for BP, The 
lengths of the sagitta and the chord are compared in the five sections, and it is said 
that in the line-pair the one vanishes and the other becomes infinite (Ime 15), whereas, 

if e be the eccentricity, they are m the finite ratio 1/2 (1 -f- e), and vanish together 

Kepler commends the principle of analogy in glowing terms, saying that he dearly loves 
analogies, his most trusty teachers and conversant with all the secrets of nature 
(line 19). Analogy leads us to comprise in one definition extreme limiting forms, from 
the one of which we pass to the other by continuous variation through an infinity of 
intermediate cases 

In the next paragraph Kepler shews how to describe an arc of a hyperbola by means 
of threads fixed at the foci, the difference of the focal distances of a point on the cuive 
being constant An ellipse is described more easily (Ime 33), with one thread 

Page 96 

In line 1 “AC duplicata” is inaccurate, the length of the thread being ac + ch He is 
shewing how to describe an ellipse by means of a thread fixed at the foci a and 6, the 
point c being a vertex. Having given his construction for this curve without the 
troublesome compasses (line 6), he goes on to the parabola. To his grief he was long 
unable to describe this analogously At length he thought of the construction in the 
text, in which adg represents a string of constant length ec + ca fixed at the focus a. 
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The horizontal line is a fixed ordinate, c is the vertex and d any point of the locus His 
construction assumes a case of the theorem that the sum or difference of the distances of 
a point on the parabola from the focus and a fixed perpendicular to the axis is constant. 

In conclusion he refers to later passages for applications of his theory of the conic 
sections. See cap v De modo vidonis, and cap. xi. prob. 22 — 23 (p. 375 sq.). 

The Convergence of Parallels. 

Vitelho, as we have seen, had proved that rays of the sun impinging equidistantly 
from (le. parallel to) the axis upon a concave reflector of the form of a paraboloid of 
revolution would all be reflected to a certain point on the axis, whereat consequently 
“ ignem est possibile accendi.” Hence in different languages the name “ burning point ” 
for what Kepler called Focus, in a parabola or other conic. 

It would appear that the idea of the meeting of parallels at infinity came from 
the observed fact that solar rays received upon a reflector may practically be legarded 
as parallel Moreover it was obvious that the distance, estimated on an infinitely 
remote transversal, between “equidistant” lines would subtend a vanishing angle at an 
assumed point of observation Kepler does not say that his doctrine of parallels is 
altogether new and strange, when he writes at the end of page 93, “ adeo ut so 
that lines from the point h (or i) arc parallel, — as if that would be allowed to follow 
from its being infinitely distant. But it was perhaps a new and onginal suggestion 
that h and i at infinity were the same point 

Kepler states expressly that he gave the name Foci to certain points related to the 
conic sections which had previously “no name” With their new name he associated his 
new views about the points themselves, and his doctrines of Continuity (under the name 
Analogy) and Parallelism, which would soon have become known, and would after a time 
have been taken up by competent mathematicians. 

An abstract of the passage now quoted at length from Kepler’s Paralipomena ad 
Vitellionem was given by the writer in The Ancient and Modern Geometry of Conics*, 
published early in 1881, and previously in a note read in 1880 to the Cambridge 
Philosophical Society {Proceedings, vol. IV 14 — 17, 1883), both of which have been referred 
to by Professor Oino Loria in his writings on the histoiy of geometry. 

Henry Briggs 

Frisch (ii 405 sq.) (quotes a letter of Henry Briggs to Kepler dated, Merton 
College, Oxford, “ 10 Cal Martiis 1625,” which suggests improvements in the Paralipo- 
mena ad Vitellionem. In this letter Briggs gives the following construction Draw a 
line CBADC, and suppose an ellipse, a parabola and a hyperbola to have B for focus 
and A for their nearer vertex. Let CC be the other foci of the ellipse and the 
hyperbola Make AD equal to AB, and with centres CG and radius in each case equal 
to CD describe circles. Then any point of the ellipse is equidistant from B and one 
* The Ancient and Modern Oeometry of Conics is hereinafter referred to as AMOC 

26—2 
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circle, and any point of the hyperbola from B and the other circle. When G is at 
infinity on either side of D the circle about it becomes rectilinear Hence any point P 
of the parabola is equidistant from B and the perpendicular DF to DA This is ex- 
pressed by Briggs as follows. 



“ Si A Bit vertex section is, et B, G foci, et AB, AD aequales, et centro G, radio 
GD descnbatur penphena * quodlibet punctum sectionis eandem servabit distantiam a 
foco B et dicta penphena. Eruntque...in Parabola (cui focus alter deest, vel distat 
infinite^ et idcirco recta DF vicem ohtinet pertphenae) PB, FP aequales” 

The writer comprehended and accepted Kepler’s way of looking at parallels as lines to 
or from a point at infinity in one direction or its opposite 

Desargues 

The famous geomecer Desargues worked on the lines of Kepler, and is now commonly 
credited with the authorship of some of the ideas of his predecessor 

Poncelet in the first edition of his TraiU des ProprieUs Projectives des Figmes 
(1822) writes with reference to a letter of Descartes, “ On voit aussi, dans cette lettre, 
que Desargues avait coutume de consid^rer les systemes de droites parall^les comme 
concourant I’lnfini, et qu’il leur appliquait le mdme raisonnement ” (p xxxix.). Chasles 
on the Porisms of Euclid refers to this remark of Poncelet In his Apergu Histonque 
(p. 56, 1875) he writes that Kepler “ mtroduisit, le piemiei, I’usage de Vinfini dans la 
G4om4trie,” but really with reference only “aux mdthodes infinite'simales.” The saying 
that Kepler introduced the use of the infinite into geometry has been repeated by 
other writers unacquainted with his doctrine of the infinitely great 

Dr Moritz Cantor in his Vorlesungeu uber Geschichte der Mathematik writes under 
the head of Girard Desargues (1593 — 1662), “ Wir mlissen einige wesentliche Dinge 
hervorheben und darunter zunachst die Anwendung des Unendlichen in der Geo- 
metrie...Auch Kepler hat 1615, Cavalieri 1635 in Druckwerken, deren Besprechung 
uns obliegen wird, wenn wir von den Anfangen der Infinitesimalrechnung reden, den 
gleichen Gedanken zu me geahnten Folgerungen ausgebeutot, aber bei Desargues waren 
es gam andere Unendlichkeitsbetrachtungen als bei diesen Vorgangern” (ii. 619, 1892). He 
goes on to say that Desargues regarded parallels as meeting at infinity, and thus in 
effect that Kepler did not so regard them. Cantor (p. 620 n ), referring to Poudra’s 
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(Euvres de Desargiies i 103, states confidently that Desargues could not have held that 
“ es gebe nur einen Unendlichkeitspunkt einer Gerade” “Auch in i 105. .darf man 
jenen modemen Sinn mcht hinemlesen ” But the oneness of opposite infinities followed 
simply and logically from a first pnnciple of Desargues, that every two straight lines, 
including parallels, have or are to be regarded as having one common point and one 

only A writer of his insight must have come to this conclusion, even if the paradox 

had not been held by Kepler, Bnggs, and we know not how many others, before Desargues 
wrote. 

In Poudra’s (Euvres de Desargues, i 210, under the head TraitS des Coniques, we 
read, “ Nombrils, point brulans, foyers — C’est ^ dire qiic les deux points comme Q et 
P sont les points nornrnds nombrils, brulans, ou foyers de la figure, au suiet desquel 
il y a beaucoup ^ dire.” Desargues must have learned directly or indirectly from the 
work in which Kepler propounded his new theory of these points, first called by him 

the Foci {foyers), including the modem doctiine of real points at infinity. 


(B) 

NEWTON 

In the fifth section of the first book of the Pnncipia, entitled Inventio orhium ubi 
umbilicus neuter datur, the determination of conic orbits fiom data not including a focus, 
Newton proves the property of the Locus ad quatuor lineas of which no geometrical 
demonstration was extant, shews how to describe conics by rotating angles and other- 
wise, and solves the six cases of the problem to determine a conic of which n points 
and 5 — a tangents are given Two more problems, each with its Lemma prefixed, 
complete the section, which ends with the words, “Hactenus de orbibus mveniendis. 
Superest ut motus corporurn in orbibus inventis determincmus ” 

The following pages contain a summary of the greater part of the section, with 
suggestions for the simplification of some of its contents and a few additional con- 
structions and piopositions The Lemmas and Propositions of the Principia are quoted 
by their Roman numerals 


1 . 

The Conic through Five Points. 

Prop. A. Given five points of a conic to find a sixth. 

Let A, B, C, D, P be given points of a conic Through P draw PTSO parallel 
to BA across BD, AC, CD. It is required to find the point K in which it meets the 
conic again 
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By a property of conics and by similar triangles, if AB, CD meet in I, 
OK OP-IOG . OD = /A . IBjlG .ID =^08. OT/OC . OD. 



Therefore OK OP ^08 OT, 

which determines K when the other points aie given. 

Inflect PR to GD parallel to AG Then the point K is found by drawing CK 
paiallel to RT, and PRT, 8GK are similar triangles 

Cor. 1. To determine the conic through five given points A, B, G, D, P Having found 
K, we find H where PR meets the conic again in like manner, namely by drawing BH 
parallel to TR. Having two pairs of parallel chords, we can draw their diameters and 

find the centre This with either pair of the parallel chords determines the conic, if 

the pair be unequal. If they be equal, we can use the parallel chord through D in 

lieu of one of them Given five points A, B, C, D, E, two pairs of parallel chords 

can also be determined as in Piob LV of the Arithmetica Universalis Let AC, BE cross 
in H Inflect DI to AG parallel to BE, and EK to DI parallel to AC Then, in 
order that ID, EK may meet the conic again in F, 0, we must have with Newtons 
notation for rectangles and proportions, 

AHC BHE • AIG.FID • EKO FKD. 

Cor. 2 To determine the conic touching lines IB, ID at B, D and passing through 
P Supposing AC, BD in the figure to coalesce, find K as in the general case, and 
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draw the diameter of PK Then draw the diameter through 7, and find its vertices, 
and those of the conjugate diameter. 

Cor. 3 Hexagrammum Myahcum. The construction in Cor. 1 for two pairs of 
parallel chords gives three pairs, AB and KP, AC and PH, BH and KC Hence 
Pascal’s theorem for the case of parallels. 

Cor 4. Given parallel chords AB, KP and a fifth point 0 of a conic, a sixth 
point D on the curve can be found as follows Draw any parallel to GK meeting 
PK in T and meeting the parallel through P to A(7 m jB. Then BT, OR meet at 
D on the conic. 

Cor 5. In this construction we may say that PR, PT are to be taken in a given 
ratio equal to 80/ SK. See below on Newton’s Lemma xx. 

Cor 6 The locus of the point (BT, OR) in Cor 4 is a conic through A, K, C, P, B 
Hence the following construction Take fixed lines PR, PT, fixed points B, C, and 
a fixed point Z at infinity. Then as the line ZRT turns about Z the point (BT, OR) 
traces a conic through B and 0 Obviously it will likewise trace a conic in the general 
case when Z is not at infinity. 

Cor 7 In other words, the locus of the vertex D of a varying triangle RDT whose 
base slides between fixed lines PR, PT, while its three sides pass through fixed points 
B, C, Z respectively, is a conic. This may be shewn independently as follows Draw CD 
in any assumed direction, and find R, and then T, and then D Thus one point D is 
found on the line through C, and it is a single point of the locus By drawing the 
line BC we find that each of the points P, (7 is a single point of the locus. Thus CD 
cuts it in two such points, and the locus is therefore of the second degree 

Cor 8 The anharmomc point-property of conics In Cor 4, as 7) varies, the parallel 
RT to CK divides PR, PT proportionally, so that the cross ratios of R and T in any 
four positions are equal to one another Hence 

B[D\==[T\ = [R\ = C{D\, 

or any four points D of the conic are equi-cross with respect to B and C, which may be 
any assumed fifth and sixth 

Cor 9 Hence we can deduce the general case of Cor 6 

Cor 10. Locus ad quatuor tineas By similar triangles, PR/PT and SC/SK are 
equal ratios Compounding with them other equal ratios we get 

PR.PQ/PS PT^SG SA/SK SP^f/g, 

if /, g be the focal chords parallel to AG, AB See also below on Newton’s Lemma xvii 

Cor. 11. The extension at the end of Cor. 6 follows from a simple transformation 
of the figure by which the parallels RT are turned into convergents. In the figure as 
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it stands suppose DB<o drawn to PQ. Then, the points A, J5, (7, P being fixed and 
D variable, 

(01 = liJl = ir) = 14 

But P IS the position of 0, and likewise of o), when RT vanishes Therefore 
passes through some fixed point F When jD is at A the line Oco becomes QS, and when 
RT passes through B it becomes CH Thus F is the point {GH, QS), and as 0® turns 
about F the point D is found by drawing CO, Bw. 

Cor. 12. By the construction of Cor 7, as is well known, we can describe the 
conic through five given points For example, in the limiting case in which three 
points A, B, C and the tangents at B, G are given, we can take AB, AG for the 
fixed lines, and for the fixed points B, G and the intersection Z of the two tangents 

Lemma A. To find the centre of an involution of four points 

To find the centre of the involution m which P, K and S, T are conjugate points, 
through P and S (or T) draw parallels, and through T (or S) and K draw paiallels 
meeting them in R and G respectively Then RG passes through the centre of the 
involution {AMGG, p 258) The converse has in effect been used in Prop A, where 
the conic and AG, BD cut a parallel to AB in points of an involution having 0 for 
centre 

The SIX joins of any four points cross any transversal in three pairs of points in 
involution. In the above constiuction two of the four points are at infinity. 

2 . 

Locus ad Tres et Quatuor Lineas 

Apollonius of Perga We shall see that Newton mentions Apollonius of Perga 
in connexion with the problem of the quadiilinear locus What Apollonius says of the 
TOTTo? eVi Tp€t9 teal TeV<Tapa? is translated as follows by Dr T L Heath in 

his edition of the Conics of Apollonius in modern notation (p Ixx sq, 1896), “Now 
of the eight books the first four form an elementary introduction ,... The third book 
contains many remarkable theorems useful for the synthesis of solid loci and determinations 
of limits , the most and prettiest of these theorems are new, and, when I had dis- 
covered them, I observed that Euclid had not worked out the synthesis of the locus 
with respect to three and four lines, but only a chance portion of it and that not 
successfully , for it was not possible that the synthesis could have been completed 
without my additional discoveries.” This prepares us to find m the third book of the 
Conics of Apollonius, if not the synthesis of the locus, the elementary theorems on 
which it depends 

Turning to lib ill 54, 56 we see the property of the locus proved incidentally for 
the case of three lines m the proposition thus enunciated by Dr Heath (Prop 75, p. 120), 
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TQ, TQ' being two tangents to a come, and R any other point on it, if Qr, Qr* 

he drawn parallel respectively to TQ', TQ, and if Qr, QR meet in r and Qr, QR 

in r', then 

Qr Qr'-QQ^=^{PV^ PT^)x(TQ.TQ QF*), 
where P is the point of contact of a tangent parallel to QQ 

Dr Heath shews (p 122 sq ) that this proposition and his next (lib ill 55), for 

tangents to one branch and two branches of a conic respectively, “give the property of 

the three-line locus" The constancy of Qr Qr' being a corollary from the property of 
the trilmear locus, we can of course work back from the latter to the foimer 

But more briefly, leaving out r', diaw the tangents TQ, TQ crossing any chord 
RR' parallel to QQ' in K, K' 

Then, because the diameter through T bisects both KK' and RR', the mtercepts 
KR, K'R' are equal, and likewise KR', K'R 



Therefore RK RK' (or KR . KR') varus as KQ^. 

This is the trilmear theorem as proved by Apollonius. 

Inflect RD to QQ parallel to QT. 

Then RK . RK' varies as RD^, and the theorem may be stated thus. 

The distance of any point on a conic from a given chord varies as a mean proportional 
to its distances from the tangents at the ends of the chord, each distance being parallel to 
any given line 

Apollonius does not enunciate the theorem, but he proves and uses it in the coui*se of 
his propositions mentioned above 
VoL. XVIII. 
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The distances of any point on a conic from the tangents at fixed points A, B, 
C, D being denoted by a, 6, c, d respectively, its distances from AB, BG, CD, DA vary 
as mean proportionals to ah, be, cd, da 

Hence obviously the four-line theorem, AB . CD = k . BG DA. Apollonius, who claims 
to have solved the Locus ad tres et quatmr tineas completely, may very well have deduced 
the four-lme theorem from the three-line theorem m this way 

The Lemmas and Propositions quoted below by number are Newton’s, whose proofs 
and diagrams in hb i. sect. v. of the Primipia should be referred to. 

Lemma XVII. Case 1. AG, BD being given parallel chords of a conic, through any 
point P of the curve draw the chord PK parallel to AC and crossing AB, CD m Q, R , 
and a parallel to AB meeting AG, BD m 8 , T. Then PQ.QKjAQ .QB is a constant ratio. 

But, the mtercepts PR, QK being equal, the rectangle PQ.PR is equal to PQ QK, 
and therefore varies as AQ.QB or PS.PT. 

Thus Newton’s proof for this case is the same as that of Apollonius for the three- 
line theorem, which it includes, since the parallels AC, BD may be supposed to coalesce 

In Case 2, with the help of Case 1, the theorem is shewn to hold when AC, BD 
are not parallel In this general case Newton docs not use the point K, which might 
have been found by drawing the parallel to RT through B. This construction leads to 
the proof of his Lemma xvii. m Prop A, Cor 10 The pioof m question is given by 
Messrs J. J. Milne and R. F Davis in their Geometrical Comes, followed by a corollary 
in which Lemma xx. is deduced from Lemma xvii, as by Newton 

Lemma XVIII Conversely, the locus of a point P such that PQ . PR/PS PT is 
constant is a conic section. 

Corel The trilinear theorem is deduced as a limiting case. 

Scholium. The term conic section includes the Ime-pair and the circle. For a 
trapezium may be substituted a re-entrant quadrilateral , and one or two of the points 
A, B, C, D may be at infinity 

Lemma XIX. Any line being drawn through A, the point P in which it meets 
the locus again is determined. 

Corol. 1 The tangent at a given point is drawn. 

Co7ol. 2. It IS then shewn how to find a pair of conjugate diameters, and the 
different species of conics belonging to the locus are discriminated 

At the end it is said, with tacit allusion to the algebraic proof of the quadri- 
linear theorem by Descartes, “Atque ita problematis veterum de quatuor lineis ab Euclidi 
incoepti & ab AppoUomo continuati non calculus, sed compositio geometnea, qualeir 
veteres quserebant, in hoc corollario exhibetur” 
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3. 

CURVARUM DeSCRIPTIO ORGANICA. 

Lemma XX AB, AG are given chords and P a given point of a conic Through 
P draw parallels to AG, AB forming with them a parallelogram PQAS , and across PQ, 
PS draw GRD, BDT to any sixth point D of the conic Then will PRjPT he a con- 
stant ratio, and conversely. 

Gase 1 The constancy of PRjPT is deduced from the four-hue theorem proved in 
Lemma xvii. Interchanging P, D m this paragraph only, let A, B, G, D \n the figure 
of Prop A be fixed and P variable Through D draw a parallel to AG meeting GP 
in r, and a parallel to AB meeting BP iii t. Then, GD being given. Dr vanes as 
PRjRG, and therefore as PRjPS, and, BD being given, Dt varies as PTjTB, and 
therefore as PTjPQ Therefore DrjDt is a constant ratio 

In like manner, with P fixed and D variable as m Lemma xx , PRjPT (p 206) is 
a constant ratio. 

Hence the line RT is given in direction See Prop xxii and Prop xxill, where 
PtjPr is made equal to PTjPR by drawing tr parallel to TR, “ act& recta tr ipsi TR 
parallelH” Hence, K being the position of D found by drawing RT through G (p 206), 
it follows that RT is parallel to GK Thus Prop. A is in fact Lemma xx. 

Lemma XXI. Take a tnangle BPG, and let angles equal to its angles at B and 
G turn about those points as poles, one pair of the lines or bars containing the angles 


p 



intersecting at AT on a fixed line or director which cuts BG in N. Then the other 
pair will cross at a point D lying on a conic through B and G 
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For inflect PR to CD, making the angle CPR equal to the constant angle CNM. 
Then PCR, NCM are similar triangles, and 

PRINM=-PGINa 

Inflect PT to BD, making the angle BPT equal to the constant angle BNM. Then 
PBT, NBM are similar triangles, and 

PTjNM^PBjNB 

Therefore PR varies as PT, and by Lemma xx, PR and PT being on fixed lines, 
the locus of {GR, BT) is a conic through B and G, and conversely. 

The lengths PR, PT in the figure, which differs somewhat from Newton’s, are as 
the perpendiculars from N to PB, PC. 

Given four points B, G, D, P, an infinity of conics can thus be drawn through 
them, for the given point D determines only one point M of the director. Given a 
fifth point of the conic, the director is determined, and one conic only can be described 

To draw the tangent BT at B, make D coincide with B See Prop, xxii , Carol 1. 
In other words, make the angle NCM equal to the angle PCB, and then the angle 
MBT equal to the angle PBG. 

To find the directions of the axes. If the arms BM, CM be made constantly parallel, 

the intersection D of the others will trace a circle through B and C This will cut 

the conic again at the two points found by making the parallel arms successively 
coincident with BG and parallel to the director. Four points common to the circle and 
the conic having been found, the axes must be parallel to the bisectors of the angles 
between a pair of chords joining them For Newton’s construction see Prop xxvii. 
Scholium (p. 216) 

Prop. B If two angles AOB, AoiB of given magnitudes turn about poles 0, ©, 
and if the intersection A traces a curve of the nth order, the intersection B will in 
general trace a curve of the 2nth order 

For a given position of the arm OB there are n positions of A and therefore n 
of B. When OB is in the position Oco all the B’s coincide with w, which is therefore 
an n-fold point on the locus of B, as is also the point 0 , and since any line through 

0 (or w) meets the locus of R m n other points, the locus is of the order 2n. 

4. 

Inventio Orbium. 

Prop. XXII. Prob, XIV. To describe the conic through five points This is done by 
Lemma xx., and again by Lemma xxi 

Prop. XXIII Prob. XV. To describe a conic through four points and touching a 
given line 

Case 1. When one of the points is the point of contact the construction is effected 
as m Prop, xxil 



Dr TAYLOR, THE GEOMETRY OF KEPLER AND NEWTON. 


213 


Case 2. In the general case, HI being the given tangent and BCDP the given 
points, draw HAI, IGPG, GBDH, and make the ratio compounded of 

HA^IHD HB\ GB.GDIGP.GG\ IG IP/IA\ 

a ratio of equality. Thus HA/IA is determined and the point of contact A is found 
within or without HI, 

This IS Newton's solution briefly stated, and it is identical with the modern solution 
by what is called Carnot’s theorem. When A is found the two conics can be described 
by the methods used in Case 1. 

Prop XXIV Pros XVI To describe a conic through three given points and touch- 
ing two given lines. 

Given two points and two tangents, Newton proves that the chord of contact must 
pass through one of two fixed points. This may be shewn as follows 

Let B, D be the given points and GH, GK the given tangents 

Take H and K in line with BD, and suppose BD and the chord of contact to 
cross at R. 

Then by the trilinear theoiem, all the distances being measured along we have 
BR^IDR^ = BH BKIDH DK 

Divide BD within and without at R in the ratio thus determined, and we have 
two points through one of which the chord of contact must pass 

A third given point C taken with B or D determines two points S thiough one 
of which the chord of contact must pass Thus there are four possible positions of RS, 
giving four solutions. 

When RS is found the conic can be described as in the first case of Prop xxiii 

Imaginary Points. In the second case of Prop xxill and in Prop xxiv. Newton 
uses an auxiliary line which is supposed to cut the conic in points X and Y 

At the end of Prop, xxiv he remarks that the constructions given will be the 
same whether the line XY cuts the trajectory or not. For the sake of brevity he 
gives no special proofs for the case in which, as we should say, the points X and Y 
are imaginary 

Lemma XXII Figuras in alias ejusdem genens Jigmns mutare 

Here Newton gives a method of hoinographic transformation, in which the loci of 
points G, g correspond so that the coordinates X, Y oi G and ju, y of g are connected 
by relations of the form, 

AB 

£C ’ ^ X ' 
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By this method, it is remarked, convergent lines can be transformed into parallels, 
and when a problem has been solved in the simplified figure, this can be retransformed 
into the original figure. In the solution of “solid problems” one of two conics can be 
changed into a circle. In the solution of “ plane problems ” a line and a conic can be 
made a line and a circle. 

Prop. XX V. Prob. XVII To describe a conic through two given 'points and touch- 
ing three given lines. 

Transform the given tangents and the line through the given points into the sides 
of a parallelogram 

Let these sides be hci, idk, kcl, Ibafi, where a, b correspond to the given points 
and c, d, e are the points of contact 

Take m, n mean proportionals to ha, hb and la, lb 

Then helm = icjid = ke/kd = lejn, 

and each of these ratios is equal to the given ratio of hi + kl, the sum of the 
antecedents, to m-^n + ki, the sum of the consequents Thus the points of contact are 
determined 

It may bo remarked that this case is the reciprocal of Prob xvi Given two 
points B, D and two tangents GH, OK, the pole of BD must he on one of two fixed 
lines. A third tangent being given, we can thus find four positions of the pole of BD, 
Having then five tangents and the points of contact of two of them, wo can trace 
the four conics in various ways. 

Prop. XXVI. Prob. XVIII To describe a conic through a given point and touching 
four given lines. 

Newton’s solution is in effect as follows. Let P be the given point, and let two 
diagonals of the quadnlateral formed by the four tangents meet in 0 Draw OPco to 
the third diagonal, and take Q a harmonic conjugate to P with respect to 0, « 

Then Q is on the conic, and the case is reduced to that of Prop, xxv 

He transforms the given tangents into the sides of a tangent parallelogram , finds 
the centre 0, and finds Q the other end of the diameter PO. In the retransformed 
figure Q would therefore be found by the previous construction. 

Prop XXVII. Prob. XIX. To describe the conic touching jive given lines. 

This 18 led up to by three Lemmas, one of which, with a transformation as in 

Prop. XXV. or Prop xxvi., would have sufficed for the solution of the problem 

Lemma XXIV. Corel 2. Using the figure of Lemma xxv, let AMF, BQI be 

parallel tangents to a conic; A, B their points of contact, FQ, IM any third and 
fourth tangents. 
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Then AM : AF — BQ : BI, and FI, MQ meet on the diameter AB. 
We can now solve the problem as follows. 



Complete the parallelogram IKLM by drawing the tangent KL parallel to IM. 
Then IL, KM cross at the centre of the conic. Conversely, from five given tangents 
we can determine the conic. 

Case 1, Let four of the tangents be the sides of a parallelogram, as in the figure, 
Its diagonals by their intersection give the centre, and FI, MQ also intersect on the 
chord of contact AB. The diameter AB being known, the conjugate radius is a mean 
proportional to AM, BI. 

Case 2 Let the tangents at A, B only be parallel. These with FQ, MI determine 
a point {FI, MQ) on the chord of contact AB) and with IM, KL they determine a 
point {IL, KM) on AB. 

Case 3 When none of the tangents are parallel, the same construction determines 
AB , for one pair of them, or two pairs, can be transformed into parallels by Lemma 
XXII. All the points of contact can be found in this way, and the conic can then 
be traced by various methods 

Lemma XXV. Corol 1 If lEM, IQK be fixed tangents to a conic and MK 
the diameter parallel to their chord of contact, then, EQ being any third tangent, the 
rectangle KQ.ME, or {IK — IQ){IM — IE) is constant. This leads to a tangential 
equation of the form, 


a.IE.IQ^h /A^ + c./Q + d-O. 
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Corol. 2. The anharmonic tangent-property of conics. 

A sixth tangent eq is drawn, and it is shewn that 
KQ:Qq^Me-Ee. 

Thus the four tangents LK, EQ, eq, LM determine equal cross ratios on the 
tangents IK and IM 

Corol 3 A tangent quadnlateral being given, the locus of the centre of the conic 
is the straight line which bisects its diagonals 

Prop XXVII Hence, five tangents being given, two tetrads of them give two 

lines through the centre The parallel tangents can then be drawn, their points of 

contact found by Lemma xxiv, and the conic described by Prop xxii 

Scholium The preceding problems include cases in which the centre or an asymptote 

is given For an asymptote is a tangent at infinity, and the centre with one point 

or tangent determines another point or tangent 

To find the axes and foci of a conic described by Lemma xxi Set the arms 
BP, CP (which by their intersection described the conic) parallel and let them so 
rotate The intersection X of the other arms of the two angles will then describe a 
circle through B, C Draw its diameter KL crossing the director at right angles in 

H When X is at K, then CP is parallel to the major or minor axis according as 
KH is less or greater than LH , and when X is at L, then CP is parallel to the 
other axis Hence when the centre is given the axes are given, and the foci can be 
found 

Newton does not explain his construction for the directions of the axes, which has the 
appearance of having been first made for the hyperbola, and then stated for the ellipse 
also as having imaginary points at infinity Le Seur and Jacquier, in their annotated 
edition of the Pnncipia, having explained the construction for the case of the hyperbola 

by means of its asymptotes, or tangents “ad distantiam infinitam,” merely lemark in 

conclusion that it applies also to the parabola into which the hyperbola is changed when 
the intersections of the director with the circle coalesce, and to the ellipse into which 
the parabola is tinned when the director passes outside the circle*. 

The squares of the axes are as KH to LH Hence a trajectory of given species or 
eccentricity can easily be described through four given points. Conversely a trapezium of 
given species, “si casus qiiidam impossibiles excipiantur,” can be inscribed in a given conic. 

There are also other lemmas by the help of which trajectories of given species 
can be described when points and tangents are given. For example, the middle point 
of a chord drawn through a fixed point to a conic traces a similar and similarly 
situated conic “ Sed propero ad magis utilia.” 

* Their words are, “Superior autem oonstructio non Ellipsi in quam vertitur parabola, dum recta MN extra 
solum hyperbolaD convenit, sed & parabolas in quam hyper- circulum transit,” the points M and m being the inter- 
bola mutatur, dum puncta m, M coeunt , atque etiam sections of the director MN and the circle 
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5. 


Perspective and Continuity. 

In Lemma xxil (p. 213) Newton gives a construction made to illustrate his 
algebraical transformation of an equation of any degree into another of the same degree. 
After the proof that tangents remain tangents, he remarks that his demonstrations might 
have been put together “more magis geometrico,” but he aims at brevity With this 
Lemma should be read his Enumeratio Linewnxm Tertii Ordinis, where again he has 
something to say about curves in general. 

At the end of the preface to his Opticks Newton writes, And I have joined with 
it another small Tract concerning the Curvilinear Figures of the Second Kind, which 
was also written many Years ago, and made known to some Friends, who have solicited 
the making it puhlick He is referring to the Enumeratio above mentioned, in which 
curves of the nth order are called curves of the (n — l)th genus or kind, the straight 
line in this way of speaking not being counted among curves In this tract he gives 
the theory of Perspective in space under the name Genesis Curvarum per Umbras, rays 
from a luminous point being supposed to cast shadows of geometrical figures on to an 
infinite plane Thus, ho says, the “ Parabolae quinq , divergentes ” generate by their 
shadows all other cubic curves, and so from “ Curvae quaedam simphciores ” of any 
genus can be produced all the other curves of that genus 

Such genesis of curves by shadows may have been suggested to Newton by some 
of Kepler’s prohlemata obseruatoria (pp. 201, 203), in which he lets the sun shine through 
a small apeiture into a darkened room, and observes the diurnal course of its projection 
on the floor. This varies with the latitude of the place, according to which the apparent 
path of the sun itself in any day cuts or touches or does riot meet the plane of the 
horizon 

Thus Perspective as a modem method may be said to have originated with Kepler 
The idea of it was not altogether unknown to the ancients, but they were scarcely in 
a position to put it to effective use, for this could not be done without a more or 
less complete doctrine of Continuity, including especially the quasi-concurrence of parallels 
at infinity See AMGC, p Iv., and the writer’s note on Perspective in vol. x. of the 
Messenger of Mathematics (1881). 

Newton’s Lemma xxii. may have arisen from his genesis of curves by shadows 
Having seen how to connect varieties of the same order of curve graphically, he would 
naturally seek to connect such curves algebraically, and this could obviously be done 
by his transformation of coordinates from X, Y to x, y, with Xx and Yxjy constant 

Page 200. 21 quantumuis absurdis locutionibus] Poncelet used “ce qu’il appelle le 
prindpe de continuity,'’ which is Kepler’s principle of Analogy under a new name This 
principle Kepler formulated in terms suitable to its later applications. Including normal 

VoL. XVIII. 28 
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and limiting forms of a figure under one definition, we are led to paradoxical ways of 
speaking, “sine vsu, tantum ad analogiam complendam” (p 199 5 — 6), as when we 
think of a hyperbola as a sort of ellipse, and postulate imaginary elements in the one 
analogous to what we see in the other 

Newton in some of his constructions virtually uses imaginary points (pp. 213, 216), 
whether or not, like Boscovich, he thought definitely of geometrical figures as having 
imaginary elements. To say that equations m x and y, which represent coordinates, may 
have imaginary roots {Opticks, p. 151) is to say in effect that there are what may be 
called imaginary points Newton doubtless used equations for his own satisfaction in 
some places where he does not fully explain his geometry. An equation representing 
the locus described in Lemma xxi (p. 211), is given in Prob liii. of the Amthmetica 
Universalis (1707) By the method of Fluxions he discovered things which he gave to 
the world proved “ more magis geometrico “ Thus he writes 

“At length in the winter between the years 1676 and 1677 I found the Proposition 
that by a centrifugal force reciprocally as the square of the distance a Planet must 
revolve in an Ellipsis about the center of the force placed in the lower umbilicus of 
the Ellipsis and with a radius drawn to that center desenbe areas proportional to the 

times And this is the first instance upon record of any Proposition m the higher 

Geometry found out by the method m dispute’' 

Two imaginary points the Focoids {AMGC, p 281), or “Circular Points at Infinity,” 
play a great part in modem geometry Their existence may be proved m geometrical 
form as follows 

Draw any circle in a given plane, and let and be the two points in which 
it cuts the line Infinity These will be the same for all circles m the plane. 

For take points A, H on the circle subtending any angle a at the circumference, 

and take any other two points a, h in the plane 

Then the angle A<^B is equal to a, because ^ is on the circle , and the lines 
<f>A, <f>a are parallel, and likewise <f)b, because <f> is at infinity. 

Therefore 

Z a<l>b= Z A<f>B = a, 

01 any two lines through ^ may be regarded as intersecting at any angle. 

Hence every circle m the plane passes through </>, and similarly through <f>' 

Conversely, a conic through <f) and 4>' is a circle 

The orthoptic locus of a curve of the nth class is of the degree n (n — 1), since its 

intersection with the line Infinity consists of (j) and <j)' taken in(n- 1) times 

From the equation 

+y^ = {x+ %y) {x — ly) = 0 

m rectangular coordinates it seems at first that and 0' are indeterminate, because 
X (or y) may have any direction But the angles tan~^ + i are indeterminate. 
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The equation tan q- a) = tan 6 

reduces to tan a (1 -f tan^ 0) = 0, 

and when tan®0 = -l, then 6 is of the form a±i^ with /8 infinite. 

Page 210 ab Euclide incoBpti, etc] Newton has in mind the words of Descartes 
in La Odomdtrie, “commencde a resoudie par Euclide et poursuivie par Apollonius, sans 
avoir ^td achev^e par personne.” Apollonius has indeed nothing to say about a locus 
related to more than four lines, but there is no reason to question his statement that 
he had solved the problem of the four-line locus Its complete working out would have 
supplied ample materials for a book on the scale of his lib. V on Normals*. 

Newton assumes Lemma xvii in Lemma xx., on which his Lemma xxi depends, 
thus making the “ Oigamc Description ” of conics seem less simple than it is. Having 
proved Prop A, make A, B, K, P, C fixed points and D variable, and we have at 
once RT parallel to the fixed line GK (p 206) as in Lemma xxi 

Page 216 Sed propero ad magis utilia] The Pi'xncipia, all but some ten or twelve 
propositions composed previously, having been written m less than a year and a half 
(Dec. 1684 — May 1686), Newton could not have had much time to spare for the two 
sections (hb. i 4 — 5) on Inventio Or hum Maclaurin’s constructions of a conic by means 
of three (p. 207, Cor. 6 — 7) or more lines through fixed points grew out of a lemma 
Neutonianum, as we learn fiom the preface to Simson’s Sectiones Comcoi Newton himself, 
with leisure, could have developed the said two sections into a comprehensive and 
essentially modern treatise 


* Of this lib V Chasles tells us that it treats of “les 
questions de maxima ot de mtmma,” and that, “On y 
retrouve tout ce que les m^thodes analytiqucs d’aujourd’hui 
nous apprennent sur ce sujet ” This astonishing statement 
IS a too brief summary of the words of Montucla on lib ▼ 
and lib vi , “ Ils traitent I’un et I’autie un des sujets les 
plus difficiles de la g6om6trie, savoir les questions de 


maxtmis et mxnimis, sur les sections ooniques Dans le 
cmquiftme .qpollontu# examine particuhdrement quelles sont 
les plus grandes et les moindres lignes qu’on puisse tirer de 
chaque point donn6 k leur ciroonf^rence On y retrouve 
tout ce que nos m^thodes analytiques d’aujourd’hui nous 
apprennent sur ce sujet ’’ Chasles goes on to speak of 
normals as the subject of lib v 
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IX. Sur les Groupes Continus. Par H. Poincar^. 


[Received 25 Septembei, 1899 ] 


I. Introduction. 


La throne des groupes continus, ce titre immortel de gloire du regrettd Sophus 
Lie, repose sur trois th^oremes fondamentaux 

Le premier th^orbme de Lie nous apprend comment dans tout groupe contmu il 
y a des substitutions mfinit^simales et comment ce groupe peut etre form6 k Taide 
des op^rateurs 

X(/) = £W|. 


Consid^rons r operateurs de cette forme 


et convenons de poser 


(1) Z,(/), X,(/), 






D’apr^s le second th^or^me de Lie si les symboles sont lids aux opdrateurs 

Xt par des relations Imdaires de la forme 

(2) (X.X*)=Sc^«X.. 

ou les c sont des constantes, les r opdrateurs (1) donneront naissance k un groupe. 

Les relations Imdaires (2) pourront s’appeler relations de structure puisqu’elles 
ddfinissent la “ structure ” du groupe qui ddpend uniquement des constantes c 

C’est le troisidme theordme de Lie qui attirera surtout notre attention Quelles 
sont les conditions pour qu’on puisse former un groupe de structure donnde, c’est-k- 

dire pour trouver r opdrateurs Xi, X*, Xy satisfaisant ^ des relations de la 

forme (2) dont les coefficients c sont donnds? 


On voit tout de suite que les coefficients c ne peuvent dtre choisis arbitrairement. 
On doit d’abord avoir 


(3) Ctw=-c»*,. 
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Ensuite d’aprfes la definition m^me du symbole (XiXk) on a iden’tiquement 

(4) {(XaX,) Xc) + ((XftXe) Xa) + {(X^Xa) X,) = 0, 

d’ou resultent entre les c certaines relations connues sous le nom dUdentitds de Jacobi 

Une condition necessaire pour que Ton puisse former un groiipe de structuie donnee, 
c’est done que les coefficients c satisfassent k ces identit^s de Jacobi auxquelles il 
convient d’adjomdre les relations (3). 

Le troisi^me theoreme de Lie nous cnseigne que cette condition est suffisante 

Pour la demonstration de cc theoreme, nous devons distmguer deux families de 
groupes. 

Les groupes de la famille sont ceux (jui ne contiennent aucune substitution 

permutable ^ toutes les substitutions du groupe 

Les groupes de la 2® famille sont ceux qui contiennent des substitutions permutables 
k toutes les substitutions du groupe. 

En ce qui conceme les groupes de la famille, la demonstration de Lie, fondde 
sur la consideration du groupe adjoint, ne laissc rien a desirer par sa simplicite. 

En ce qui concerne les groupes de la 2® famille, Lie a donne une demonstration 
entierement diffeiente, beaucoup moms simple, mais qui permet cependant de former les 
operateurs X^{b) par rintegratioii d’equations differentielles ordiiiaires 

Dans une note recernment inseree dans les Comptes-Rendus de VAcad4mie des 

Sciences de Pans, j’ai donne une demonstration nouvelle du 3® theoreme de Lie. 

Les resultats contenus dans cette note etaient moms nouveaux que je ne le croyais 
quand je I’ai publiee 

D’une part en effet, Schur avait dans les Betichte der k sachsischen Gesellschaft 
der Wissenschaften 1891 et dans le tome 41 des Mathematische Annalen donne du 

theoreme en (question une demonstration entierement difidrente de celle de Lie 

Cette demonstration presente la plus grande analogie avec celle que je propose , 
mais ellc n’a poui amsi dire pas ete poussee jusqu’au bout Comme le feit remarquer 
Engel, le resultat depend de senes que Schur forme et dont il demontre la convergence , 
ail contraire Lie rambne le probleme k rintegration d’ equations differentielles ordmaires. 

Je sins airive comme Lie lui-meme a des equations differentielles ordmaires qui 
meme sont susceptibles d’etre compietement integrdes 

D’autre part Campbell a donne sous une autre forme quelques-unes des formules 
auxiliaires qui m’ont servi de point de ddpait {Proceedings of the London Mathematical 
Society, tome 28 page 381 et tome 29 page 612) 

Il m’a sembie neanmoms que cette note contenait encore assez de resultats nouveaux 
pour qu’il y eftt quelque mteret k la developper 
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Je ramfene en effet la formation d’un groiipe de structure donnde, k I’int^gration 
d’dquations diflfdrentielles simples, integration qui peut se faire en termes fims 

Ces equations sont moms simples que celles que Lie a forrades pour les groupes 
de la famille; mais mdme dans ce cas, il peut y avoir interdt k les connaltre, car 
elles sont dune forme diiferente et me s’en ddduisent pas immediatement. 

De plus elles sont applicables aux groupes de la 2® famille et dans ce cas elles 
nous foumissent une solution du probldme plus simple que celle de Lie. 


II Definition des OpErateurs. 


Soit / une fonction quelconque de n variables Xi, .. , 
Soit X un opdrateur qui change / en 




+ ... +(Xn) 


dXn ’ 


oh les (Xt) sont n fonctions donndes des n variables Xi, x.^, . , Xn, de sorte que* 


Soient Y, Z, etc d’autres opdrateurs analogues de telle fagon que 


les (Ft), les (Zi), etant d’autres fonctions de x^, x^, . , Xn. 

Dans ces conditions* 

X«(/) = X[X(/)], XY{f)^X[Y(f)l XY(f) = X[XY(f)l XYZ(,f) = XiYZ(f)l , 
seront des combinaisons lindaircs des ddrivdes partielles des divers ordres de la fonction 
/, multiplides par des fonctions donndes des Xt 

Ainsi se trouveront ddfinis de nouveaux opdrateurs A®, XY, X^Y, XYZ,..., qui 
sont des combinaisons des opdrateurs simples X, F, Z, ... . On voit que ces produits 
symboliques obdissent h la loi associative mais n’obeissent pas en gdndral k la loi 
commutative de sorte que XY ne doit pas etre confondu avec YX. 

Ces operateurs sont amsi symboliquement reprdsentds par des mondmes, mais on 
peut dEfinir des opdrateurs qui seront symboliquement reprdsentds par des polyndmes 
tels que* 

1 + aX, aZ + 6F, aZ» + 26ZF+ cP, 

en convenant d’dcrire par exemple . 

(1 + aX) (/) =/+ aX(/), (aX + fcF) (/) = oX (/) + 67 (/) 
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On volt que les polyn6me8 op^rateurs ainsi ddfinis obeissent la fois k la loi 
associative et la loi distnbutive , de sorte qu’on anra 

(aX + 6F) (cA + dF) = acX^ + adXY+ bcYX + 6dP, 

et en particulier* 

(A + F)» = Z* + XF+FZ+F«, 

expression qu’il ne faut pas confondre avec X* + 2Z F + F=* 

On pent aussi mtroduire des op^rateurs qui seront reprdsent^s symboliquement par 
des series iiifinies Je citerai par exemple I’op^rateui 

/+a(X+F)(/) + aHX+F)H/) + a3(X+F)3(/)+ 
que je repr^senterai symboliquement par 

[l-a(A + F)] 

ou plus simplement par 

1 

1 - a (X + F) ’ 

et I’opdrateur 

/ + X (/) +|, A' (/) + ~ ^‘ (/) + 

que je reprdsenterai par e“^(/) ou simplement par e"-*" 

On pent se demander si I’emploi de ces op^rateurs repre^sentes par des series est 
l<5gitime et si la convergence des operations est assur^e 

II y a des cas oi\ cette convergence est certaine. C’e^t amsi que Lie a ddmontr^ que 
e^^(/)==/(^'i, ^' 2 , .. , >4) 
oil les sc\ sont definis par les dquations diffdrentielles 

^ = {X,)(x\. x'„ . x„), 

et par les conditions initial es 

= ob^ pour t = 0 

Les op^rateiirs ddfinis par des s^nes symboliques obeissent ^videmrnent aux lois 
distnbutive et associative, ce qui perraet par exemple d’dcnre des dgalitds telles que 
celle-ci 

(e (e- 

II y a aussi un cas oil ils obdissent a la loi commutative Soient 
<f> (X) = Xa„X«, f (X) = 26„X”, 

deux sdries symboliques dependant d’un seul opdrateur dldmentaire X 
On a alors 

4> (X) [^|r (X) (/)] = f (X) [(^ (X) (/)]. 

Les deux produits symboliques <^(X)‘^(X) et yjriX) (f> (X) sont en effet des sommes 
de mondmes dont tons les facteurs sont egaux a X Si tous les facteurs sont 
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identiques, il est clair que I’ordre de ces facteurs est indiflP^rent et que les operations 
sont commutatives 


Mais cela ne sera plus vrai si les senes symboliques dependent 
operateurs eiementaires differents; il ne faudrait pas par exemple confondre 


avec 


ni avec 


2 


m! 


eV = 2 


m ' w * ’ 


gX+r 

P’ 


de 


plusieurs 


III Calcul des Polynomes Symboliques 

Soient X, F, Z, T, U, . , n operateurs eiementaires Par leurs combinaisons on 

pourra former d’autres operateurs representes symboliquement par des monOmes ou des 
polynomes. 

Deux mon6mes seront dits ^quipollents lors qu’ils ne diff^reront que par Tordre de 
leurs facteurs , il en sera de meme de deux polynomes qui seront des sommes de 
mondmes equipollents chacun k chacun 

Nous appcllerous polyndme rdguher tout polyndme qui peut etre regarde comme 
une somme de puissances de la forme 

(aX + iSF+7Z+...)^. 

Il resulte de cette definition 

1 °. Que 81 un polyn6me regulier contient parmi ses termes un certain mc«i6me, 
tons les monomes equipollents figureront dans ce polynome avec le meme coefficient 
Cette condition est d’ailleurs suffisante pour que le polyndme soit regulier 

2®. Que parmi les polyndmes equipollents k un polyndme donne il y a un polyndme 
regulier et un seul. 

Le polyndme 

ZF- FZ 

jouit de la meme propriete que les opdrateurs eiementaires, c'est-^-dire que 

(ZF-FZ)(/) 

est comme Z (/), F(/) etc. une combmaison Imdaire des denvees du premier ordre 
seulement de la function / multiphees par des functions donnees des 

Nous supposerons que les operateurs eiementaires et leurs combinaisons lineaires 
sont seuls k jouir de cette propriete (Si cela n’avait pas lieu, nous mtroduirions parmi 
les operateurs eiementaires tons ceux qui en jouiraient) Nous devrons done avoir des 
relations de la forme. 


(1) ZF-FZ-(ZF), 
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oii (XY) est une combinaison lin4aire des op^rateurs dl^mentaires . nous reconnaissons 
la relation de Lie dite relation de structure 

Cela pos6, deux polynOrnes seront Equivalents lorscpi’on pourra les r^duire Tun k I’autre 
en tenant compte des relations (1) 

Par exemple le produit 

(2) P[XY-YX-{XY)\Q 

(oil le premier et le derniei facteurs P at Q sont deux monomes quelconques) est 
Equivalent zero , et il en est de meme des produits analogues et de leurs combi- 
naisons linEaires. Les produits de la forme (2) sont ce que j’appellerai des produits 
trindmes 

La difference de deux rnonbmes qui ne different que par I’ordre de deux facteurs 
consecutifs est Equivalente k un polyndme de degrE moindre 

Soient en effet X et Y ces deux facteurs consEcutifs Nos deux mondmes s’Ecnront 
PXYQ, PYXQ, 

P et Q Etant deux monomes quelconques, et leur difference 

P[XY- YX]Q 

sera Equivalente ^ 

P(XY)Q. 

dont le degrE est d’une unitE plus petit, puisque (XY) est du 1“* degrE, XY — YX 
du 2^ degiE 

Soient mamtenant M et M' deux mondmes Equipollents quelconques, c’est-^-dire 
ne diffErant que par I’ordre des termcs On pourra trouver une suite de mondmes 

M, M„ M„ , Mp, M', 

dont le premier et le dernier sont les deux mondmes donnEs et qui seront tels que 
chacun d’eux ne differe du prEcEdent que par I’ordre de deux facteurs consEcutifs La 
difference M—M' qui est la somme des differences M — M^, — , Mp — M' sera 

done encore Equivalente ^ un polyndme de degrE moindre 

Plus gEnEralement, la difference de deux polyndmes Equipollents est Equivalente k 
un polyndme de degrE moindre 

Je dis mamtenant qu’un polyndme quelconque est toujours Equivalent d un polyndme 
rdguher 

Soit en effet P» un pol 3 nndme quelconque de degrE n, il sera Equipollent k un 
polyndme rEgulier P'm on aura alors I’Equivalence 

Pn = P'„ + P„-u 

od Pn-i est un polyndme de degrE w ~ 1 qui sera k son tour Equipollent a un polyndme 
rEgulier P'nr-i, d’oii TEquivalence * 

P »— 1 — P' n— I "b P n— *» 


VoL. XVIII. 


29 
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et ainsi de suite , on finira par amver A iin polyndme de degr^ z^ro, de sorte que 
nous pouvons ^crire I’^quivalence : 

Pn- P'n + P' n-i + P'n-i + , 

dont le second membre est im polyn6me r^gulier 

On a done un moyen de r^duire un polyndme quelconque A un polyndme rdguher 
en se servant des relations (1) II reste k rechercher si cette reduction ne peut se 
faire que d’une seule manidre 

Le probldme peut encore se presenter sous la forme suivante , un polyndme rdgulier 
peut-il dtre Equivalent A zEro^ Ou bien encore peut-on trouver une somme de prodttits 
trindmes de la forme 

(2) P[XY-YX ^(XY)]Q, 

qui soit un polyndme rEgulier non identiquement nul ^ Toutes les somrnes de pareils 
produits sont en effet Equivalentes A zEro 

Le degrE d’un produit trindme seia egal a 2 plus la somme des degrEs des 
polyndmes P ei Q Si je considere ensuite une somme S de produits (2), ce que 
j’appellerai lo degrE de cette somme S, ce seia le plus ElevE des degrEs des produits 
qui y figurent, quand meme les termes du degrE le plus ElevE de ees difFErents 

produits se detruiraient mutuellernent 

Le produit tnndme (2) peut dtre considEre comme la somme de deux produits, le 
produit hindme 

(2 bis) P[XY-YX]Q, 

oh je distinguerai le mondme positif PXYQ et le mondme negatif — PYXQ , et le 
produit 

--P{XY)Q, 

que j’appellerai le produit compUmentaire. 

Soit done S une somme quelconque de produits trindmes de degrE p ou de 

degrE infEneur, je pourrai Ecnre* 

S = Sp — Tp Sp^i — Tp^i + +512 — 2^3, 

oA Sk est une somme de produits bindmes de degre k 

(2 ter) P[XY-YX]Q, 

tandis que - Tje est la somme des produits complEmentaires correspondants 

-P{XY)Q. 

11 s’agit de savoir si la somme S peut dtre un polyndme rEgulier sans dtre 

identiquement nulle J’observe d’abord que si 8 est un polyndme rEgulier, il doit en 

dtre de mdme de Sp, car Sp reprEsente I’ensemble des termes de degrE p dans 8, 
tandis que (Sp^i - Tp), (Sp-^ - Tp^i), . . , {St — T,), - reprEsentent respectivement 
I’ensemble des termes de degrE p — l, — 2, ...» 2, 1. 
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On voit iinmddiatement que Sp est Equipollent a zEro , coinme zEro est un polyndme 
rEgulier, et que deux polyndmes rEguliers ne peuvent Etre Equipollents sans Etre identiques, 
il faut que Sp soit identiquement mil 

Soit en particulier p = 3, 

S, = '^[XY-YX]Z-XZ [A YX], 

le signe S signifie que Ton fait la somme du terme qui est explicitement expnmE sous 
ce signe et des deux termes qu’on en pent dEduire en perrautant circulairement les trois 
lettres X, Y, Z. 

On aura 

T,=^X{XY)Z-^Z{XY), 

puis 

S, = X[iXY)Z-Z{XY)l 

T, = t[{XY)Z], 

S = S,-T, + S,-T,=:1[XY-YX- (XY)] Z-^Z[XY-YX- (XY)] 

+ 1[(XY)Z--Z(XY)-{(XY) Z)] 

II est aisE de vErifier que S^ et S^ — sent identiquement nuls, de sorte que 8 
se rEduit k — 

Or 

T, = [(X Y) Z] + [( YZ) X] + [{ZX) Y] 

est un polynCme du I®' degre, cai [(XY)Z] comme {XY) lui-inEme est un polynEme 
du I®*" degrE 

Or dans un polynEme du 1®*' degrE, chaque terme ne contenant qu'un seul facteur, 
on n’a pas a se prEoccuper de I’ordre des facteurs Tout polynEme du 1®^ degrE est 
done un polynEme rEgulier. Si done le polynEme nest pas identiquement nul, la 
somme 8 sera Egale a un polynEme rEgulier qui ne sera pas identiquement nul 

Done pour qu’un polynEme puisse Etre rEduit d’une seule maniEre E. un polynEme 
rEgulier il faut qu’on ait les identitEs siiivantes 

(3) [{XY)Z] + [{YZ)X] + [{ZX) F] = 0 

On reeonnait 1^ les xdentiUs de Jacobi qui jouenb un si grand rEle dans la thEone 
de Lie 

(Si d’ailleurs ees identitEs n’avaient pas lieu, les operateurs ElEmentaires seraient 
liEs par les Equations (3) qui ne seraient plus des identitEs , ils ne seraient plus 
ImEairement indEpendants ; on pourrait done en rEduire le nombre.) 

Les identitEs (3) sent done la eondition nEcessaire pour que la rEduetion d’un 
polynEme k un polynEme rEgulier ne puisse se faire que d’une seule maniEre. 

Il me reste ^ montrer que eette eondition est suffisante. 

29—2 
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Je dirai pour abr^ger une somme rdguli^re pour designer une somme de produits 
trinbraes qui est un polyn6me r^gulier. 

Soit alors 

S^Sp-Tj, + 8p.,^Tj,_^+ .. 

une somme de produits tnn6mes , les deux premiers termes Sp — Tp repr^sentent la somme 
des produits tnn6me8 du degrd le plus ^lev4, c’est ce que j'appellerai la tete de la 
somme S. 

J’ai distingue plus haut dans un produit trindme trois parties que j’ai appel6c3 le 
mon6tne positif, le luondme n4gatif et le produit compl^mentaire Je dirai qu’urie somme 
de produits trmdmes forme une chaine si le mon6me n^gatif de chaque produit est 
^gal et de signe contraire au mondme positif du produit suivant Le mon6me positif 
du premier produit et le mon6me ndgatif du dernier seront alors les monSmes extremes 
de la chaine 

II r^sulte de cette definition que tous les monomes positifs d’une m^me chaine ne 
different que par I’ordre de leurs facteurs. 

Une chaine sera ferrnAe si les deux monomes extremes sont egaux et de signe 
contraire. Si 8p - Tp est une chaine ferm^e de pioduits trmumes {Sp repiesentant la 
somme des produits bin6mes et — Tp cede des produits compldmentaires), il est clair 
que Sp est identiqucment nul puisqiie les mondmes positifs et ndgatifs se d^truisent 
deux ^ deux. 

Nous dvons vu que si S est une somme regulitjre, Sp est identiquement nul, d’ofi 
il resulte (jue la tete d’une somme r^guli^re S se compose ton jours d’une ou plusieurs 
chaines fermees 

Si deux chaines ont memes mondmes extremes, leur difference est une chaine ferm6e 

Nous nous servirons de cette remarquc pour montrer qu’une chaine ferm^e peut 
toujours de plusieurs manieies se decomposer en deux ou plusieurs chaines fermees Une 
chaine ferm^e quelconque peut de plusieurs manieres etre regard^e comme la difference 
de deux chaines G et G' ayant memes monomes extremes, soit alors G" une troisifeme 
chaine ayant memes monomes extremes La chaine fermde G — G' se trouve ainsi 
decomposes en deux autres chaines fermees G — 0" et 0" — G' 

Il s’agit de montrer que toute somme regxdihre est identiquement nulle et en etfet 
quand cela aura ete demontre, il sera Evident qu’un polyn6me regulier dont tous les 
coefficients ne seront pas nuls ne pourra etre equivalente k z4ro, puisque tout polynome 
regulier equivalent k zdio est par definition une somme regulibre 

Supposons que le theoreme ait ete etabh pour les sommes de degre 1, 2, p — 1, 
je me propose de I’etendre aux sommes de degre p 

Je remarque d’abord que si une somme regulibre de degre p est identiquement 
nulle, il en sera de m^me de toutes les sommes regulibres de degrd p qui ont mime 
tSte La difference de ces deux sommes serait en effet une somme regulibre de degrd 
p- \ qui serait identiquement nulle d’aprbs notre hypothese. 
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II me suffira done de former toutea lea chainea ferm^ea de degre p et de montrer 
que chacune d’elles pent 6tre regard^e comme la tdte d’une somme r^guli^re identique- 
ment nulle 

Tonte aomme r^gulifere SI d’ordre p a en etfet pour t^te une de cea chainea ferm^ea, 
par exemple S ' , si done je montre que Tune dea aommes r^gulierea dont la t^te eat S' 
eat identiquement nulle, il en seia de m^me de toutea lea autres et en particulier de iS*. 

Pour 6tablir ce point, je vais decomposer la chaine fermde envisag4e en plusieura 
chainea ferm^es composantes 

II me suffira de demontrer la proposition pour chacune dea composantes 

J’appelleiai chaine simple de la P" sorte toute chaine ou le premier facteur de 

tons les monomes soit positifs suit negatifs seia partout le m^me 

J’appellerai chaine simple de la 2* soite toute chaine oh le dernier facteur de 

tous les monhmes sera partout le meme 

Une chaine simple peut d’ailleurs etre ouverte ou feimcie. 

II est evident que toute chaine ferrnee peut etre regard^e comme la somme d'un 
ceitain nornbre do chaines simples, altemativement de la et de la 2* sorte 

Soit done S une chaine ferm^e, U,, Ci, , Cn des chaines simples de la P" sorte, 
C\, C\, , C'n dea chaines simples de la 2® sorte, on aura 

S = + C\ + 0, + C i -1- C'n, 

le monhnie m^gatit extreme de chaque chaine etant bien entendu egal et tie signe 
contraire au monome positif ex ti erne de la chaine suivante, et le mondme n^gatif 

extreme de C'n <^gal et de signe contraire au monome positif extreme de C^ 

Soit X le premier facteur de tons les monomes de C\, Z le dernier facteur de 

tous les mondmes de C\, Y le premier facteur de tous les monomes de U,, T le 

dernier facteur de tous les monomes de U'j (je n’exclus pas le cas ou deux des 

opdrateurs X, Y, Z, T scraicnt identiques) 

Soit alors C" unc chaine simple de la 2® soite ayant son monome positif extreme 
egal et de signe contraire au monome n^gatif extreme de C'^ , dont tous les monbmes 
ont pour dernier facteur T , et dont le monome n6gatif extreme a pour premier 
facteur X 

Soit C" une chaine simple de la sorte dont tous les mon6mes ont pour 
premier facteur X et dont les monomes extremes sont respectivement ^gaux et de 

signe contraire au mon6me n^gatif extreme dc C" et au mondme positif extreme de G-i 

La chaine fermde S se trouvera d^compos^e en deux chaines fermdes composantes, 
k aavoir 

S' = {C'" + C,) + C', + C, + {C\ + C"), 

S" = -C"+C,-\-C',+ ..+Cn-{-C'n-G'". 
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S' ne contient que quatre chaines simples, car (G'" + Ci) et sent des 

chaines simples, S" contient deux chaines simples de moms que 8 

En poursuivant on finira pai decomposer S en chaines ferm^es composantes, formdes 
seulement de quatre chaines simples. II nous suffit done d’envisager les chaines fermees 
form^es de quatre chaines simples comme par exemple 8' 

Les mondmes positifs extremes des quatre chaines simples qui forment 8' ont 
respectivement pour premier et dernier facteurs 

pour C'" + C„ X et T, 

„ 0 1 , X Bt z, 

„ a, , V et z, 

„ C\ + C'\ Y et T 

Soient Ml, M'l, M^, M\ ces quatie mon6mes 

Tous ces- mon6mes sont 4quipollents entre eux et ^quipollents a un certain mon6me 
que j’appellerai XYPZT 

Nous allons alors construire une sdrie de chaines simples, comprises dans le tableau 
suivant, o\li dans la premiere colonne se trouve la lettre qui ddsigne la chaine, dans 
le seconde le mon6me extreme positif, dans la troisi^me le mon6me extreme n^gatif, 
je fais figurer dans le m^me tableau les quatre chaines simples qui forment 8' et je pose 
pour abr^ger 

Qi = XYPZT, Q\ = XYPTZ , Q, = YXPTZ , Q', - YXPZT 


Nom de la ohaine 

MonAme poaitif 

Mon6nio negatif 

Nom de la chaine 

Monflnip positif 

Mon6me n^gatif 

O'" + A 

Ml 

-M'l 

A 

M, 


c\ 

M\ 

-M, 

P\ 

M', 

-O'. 

A 

M^ 

-M', 

El 

Q. 

-Q\ 


M', 

-Ml 

E'l 

Q'. 

-A 

A 

Ml 

-Q, 

A 

Q. 

-Q'. 

P\ 

M\ 

-Q'. 

E\ 


-Q, 


On pent supposer que tous les mondmes de la chaine A ont pour premier et 
dernier facteurs X et T , de sorte que A ost ^ la fois une chaine simple de 1*” sorte 
et une chaine simple de 2® sorte II en est do m^me des autres chaines D. On 
peut supposer de plus que les chaines E se r^duisent k un seul produit trm6me de 
mani^re que par exemple 

Ei^XYP [ZT - TZ-{ZT)] 

La chaine ferm^e 
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peut §tre decompos^e en cinq chaines ferm4es composantes, k savoir . 

U\ = G\ + D,-E\-D\, 

U,= G, + ]y^-E,-D,, 

U\ = G\ + G" + A - E\ - U,, 

V = A d" E\ + E^ + E\ 

II s’agit done de montrer que chacune de ces cinq chaines ferm^es est la t^te 
d’une somme rdgulifere identiquement nulle 

Pour les quatre premieres, qui sont des chaines simples ferrates, le th4orfeme est 
Evident. On I’a suppose d^montr^, en effet, pour les chaines fermdes d’ordre inf<^rieur 
p. Or il est clair que Ton a par exemple 

U,= XH, 

H (^tant une ohaiue feim^e d’ordre p — V. 

Quant a F, ce sera la t^te de la somme reguliere 

[XY- YX-{XY)] PZT+ YXP[ZT^TZ-{ZT)\-[XY- YX-{XY)]PTZ 

- X YP [ZT - TZ - {ZT)] + (ZF) P [ZT -TZ- {ZT)] - [XY -- YX {XY)] P {ZT), 

qui est identiquement nulle 

II reste k envisager ce qui se passe (juand deux des op^rateurs X, Y, Z, T sont 
identiques, par exemple Z = F, ou Z = Z. 

Nous devons alors distinguer le cas ou les diveis monomes positifs ou ndgatifs de 
notre chaine contiennent deux facteuis identiques, Tun jouant le r61e de Z et I’autre 
le r61e de F (ou I’un le i61e de Z et I’autre celui de Z) , il n’y a alors nen k 
changer k I’analyse qui pr^c^de 

Et d’autre part le cas oh ces mondmes ne contiennent qu’un seul facteur Z 

Le premier cas pourra seul se presenter si Ton suppose Z = Z, ou X — T, et s’ll 
y a plus de trois facteurs en tout. 

Le second cas pouna an contiaire se presenter si Ton suppose par exemple Z = F, 
mais on posera alors 

Q,^Q', = XPZT, Q\ = Q,=^XPTZ, 

La definition des diverses chaines demeurera d’ailleurs la mSme et on constatera 
immediatement que la chaine V est identiquement nulle 

Le th^oreme est done d6montr6 pour les sommes d’ordre p, s’ll Test pour les sommes 
d’ordre momdre. 

La demonstration preeddente n’est toutefois pas applicable au cas de p = 3 , car la 
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chaine V n’existe que s’ll y a au moms quatre facteurs, Mais la seule chaine ferm4e 
du 3* ordre est la chaine St — Tt envisag^e plus haut et nous avons vu qu’elle est 
la t^te d’une somme r^guhfere qui est identiquement nulle si les identit^s (3) ont lieu 

Le th^or^me est done 4tabli dans toute sa g^n^ralitd 
Toute somme r^gulifere est identiquement nulle. 

Done un polyn6me r^gulier qui n’est pas identiquement mil ne peut pas s’aiinuler 
en vertu des relations (1). 

Done en r^sumd, 

Si les identity (3) ont lieu, les relations (1) permettent d'une manilre, et d'wie seule, 
de riduire un polyndme quelconque d un polyndme rdgulier, 

IV. Probl^me de Campbell 

Soient 

Xi, Xj, ... , Xf 

r operateurs 414mentaires , supposons qu’ils soient li^s par les relations 

(1) XaX,--X,X^^(XaX,), 

(XaXb) ^tant une comhinaison lin<5aire des Xk, supposons de plus qii’on ait les identit^s 

(3) iiXaXk) X,) + Xa) + iiX^Xa) X^) = 0 

D’apr^s le deuxi^me thdor^me de Lie, ces op4rateurs donnent naissance a un “gioupe 
continu,” qui admet r transformations infinit^simales ind^pondantes Ces transformations 
infinit^siraales changent / en 

f+eXk(n 

€ dtant une constante infiniment petite. 

Soit 

T = t^Xi + t^Xt + ... + tfXr, 

une comhinaison lint5aire de ces operateurs Les tk sont des coefficients constants quol- 
conques La transformation finie la plus gdnerale du groupe s’exprimera par le symbole 

Soient main tenant 

== tiX\ + t^Xt + . + trXf>f 

V = ViXi + VtXt + . . . + VrXr, 

deux combinaisons Imeaires des X. Comme les transformations forment un groupe, le 
produit 

devra egalement faire partie du groupe, de sorte que nous devrons avoir 

( 4 ) 
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oil 

W = WiXi + WjXj + . . 4- WrXr 
est une autre combinaison Imdaire des X. 

Lea coeflScients w aont 6videmment dea fonctiona des v et des t 
Ddveloppons le produit 


prmyn 

Le terme g4n6ral ©st un polyn6me d’ordre m + n Par lea relations (1) on 

peut le r^duire k un polyn6me rdguhcr, et cette r6duction ne peut ae faire que d'une 
seule mani^re. 


Nous pouvons done 4cnre 


ym'fn 
m* n\ 


Sp If (p, rn, n), 


oil If (p, w, n) est un polyn6me r^gulier et homogene d’ordre p (p ^ m + n) , on a done 

eV = Sp m nlf (p, n) 

Si nous r^unissons les termes de mdme degr4 et que nous posions 
Wp-lm nlf(p, rn, n)y 

il viendra: 


Le seeond th^or^me de Lie, que je vieiis de rappeler, nous apprend que le second 
membre doit ^tre de la forme et par consequent que • 


(5) 




Tf^ 

p« 


C’est 1^ une proposition dont la simplicity serait inattendue, si Ton ne connaissait 
pas la theorie des groupes 

Si on pouvait la demontrer directement on aurait, comme I’a remarque Campbell, 
une nouvelle demonstration du second theoreme de Lie 


Mais il y a plus , on aurait aussi une nouvelle demonstration du troisikme thdorhme 
de Lie 

Les egalites (1) nous font connaitre des relations entre les opdrateurs yiementaires 
et les combinaisons XY—YX; ce sont ces relations qui constituent la structure du groupe. 
Cette structure est done enti^rement dyfinie quand on connait les r* coefficients c des 
r® functions lineaires {XY)i 

Mais ces r* constantes c ne sont pas toutes independantes , tous les coefficients de 
{XX) doivent etre nuls, les coefficients de {YX) sont dgaux et de signe contraiie k 

VoL. XVIII. 30 
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cetix de (XY). Enfiii les coribtantes c doivent etre choisies de telle £05011 que lefl 
identitds (3) soient satisfaites J’adjoins done aux identitda (3) lea identitds suivantes 
qui sont evidentes 

(3 bis) (XX) = 0, (X Y) = ^(YX) 

Le 3* th^or^me de Lie nous apprend qu’on pent toujours trouver un groupe de 
structure donn^e, pourvu que les coefficients c qui definisaent cette structure satisfassent 
aux identitds (3) et (3 bis), c’est-k-dire aux identitds de Jacobi 

Mais supposons inversement ([u’on ait ddmontre directement Tidentit^ (5) et par 
consequent la formule (4) Les coefficients w seront donnds en fonctions de v et de t , 
et je puis dcrire 

( 6 ) Wk=<i>kiv^, Q 

Pour former les fonctions ^k, d suffit de savoii former le polynCme W,, par conse- 
quent de savoir former les polynomes W (p, m, n ) , c’est-k-dire de savoir rdduire un 
polyn6me quelconque en polynome regulier, pour cela il suffit de connaitre les co- 
efficients c 


Soit 


oil 


U^tukXk, Z^lzkXk, Y=^lykXk 


Le caractere associatif de nos operateurs nous montre ({uc Ton a 
d'ob les relations suivantes 

Wk = <i>k(Vu t,), yk=^<\>k(tx> M») 

(7) = 'U,) = (l>k(vu y,) 


Regardons dans les Equations (6) les t comme des constantes, ces equations (6) 
d^finiront une transformation qui transforme r,, v^, , <v en Wi, w,, . Wr. Les relations 
(7) nous enseignent que I’ensemble de 00*^ transfoi mations constitue un groupe 

(C’est ce (jue Lie appelle la Parametergruppe ) 


Les substitutions infinitdsimales de ce groupe sont 


X.{/) = 1 


d/ dj>k 
dvk dt, ’ 


oil dans tt) on annule les t apr^s la differentiation 


Les r substitutions infinit^simales X»(/) sont line'airement inddpendantes Et en 
effet, pour qu’elles ne le fusseiit pas, il faudrait que le determinant fonctionnel des 
if>k par rapport aux t fdt nul, quels (jue soient les v (juand les t s’annulent Or cela 
n’a pas lieu car ce determinant dcvient 4gal k 1 quand les v sannulent. 


Ayant ainsi d^fini les opdrateurs dl^mentaires X»(/), leurs combinaisons T =^^ttX^{f), 
etc se trouvent d6finis eux-m^mes 
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Ces opdrateurs 4tant associatifs, on aura 

c’est-^-dire, en n^gligeant les quantit^s du 3* ordre par rapport aux t et aux u 

TU — UT 

D’autre part, d’aprfes la manifere dont ont 6t6 forraees Ics fonctions on verifie que 
Y=T+U + ^iTU) = Xt,X, + tuiXk + i S iUut - hu,) 
et la comparaison de ces deux identitds donne 


0^1 les coefficients des fonctions lineaires {X^Xj^) sont bien les r* coefficients c donnds 

Le groupe ainsi formd a done bien la structure donnee et le troisi^me theor^me 
de Lie est ddmontr^ 

C’est au fond la demonstration de Schur 

Ce que j’appellerai le problbme de Campbell consiste done k demontrer directe- 
ment la formule (5), ce qui d^montre k la fois le second et le troisi^me thdoreme 
de Lie 


V. Le Symbols (f>(6) 

Considerons r op^rateurs eidmentaires 

Xu Xu . Xr, 

et une de leurs combinaisons lineaires 

T = tlXi + tfiX^ + + tyXf 

Soit ensuite V un autre operatcur eiementaire qui pourra dtre ou ne pas dtre 
une combmaison lineaire des opdrateurs X. 

Supposons que les opdrateurs V X soient Ues par des relations de la forme 
VX, - X,V = 6, ,X, + 6. + . + K rXr 

(t==l, 2. r), 

on aura alors 
0^1 

w* = Xbt.ktt 

Je poserai 

VT-TV^0(T) 

Done 6 {T) est comme T une combmaison Imeaire des X , et les coefficients de 
6{T) se deduisent de ceux de T par une substitution lineaire. 


30—2 
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Je poserai 


de sorte que ^(T) sera comme T une combinaison lin^aire des X, les coefficients de 
6^{T) se d6duisant de ceux de T en repetant m fois cette m^me substitution lin4aire. 

Si mamtenant 

est un polyn6me ou une sene ordonn^e suivant les puissances croissantes de 0, j’dcrirai- 


<t>(0)(T) 

au lieu de 

IgudHT) 


Consid^rons I’^quation, dite caract^nstique 


hii — 0 , 6ia, 

^21 » ~ 

bru 


kr 


= 0 


. brr~0 I 


Si cette Equation a toutes ses racines distinctes et si ces racines sont 0^, 0^, 
il existe r combinaisons hndaires des JTt, k savoir. 

(2) 

telles que 

Si alors on a 

on aura 

^ (.0) (^) = {0k) t'kYk 

Si nous posons 

ij>{0){T) = 'iKX,, 

nous voyons d’abord que les coefficients /<» sont des fonctions Im^aires des t, ce sont 
d’autre part des fonctions des 6, 4tudions ces fonctions. 

Si ^ {0) est un polynorae entiei d’ordre p en 0, les seront des polynbmes 
entiers d’ordre p par rapport aux h Si done <l>{0) est une sdrie ordonn^e suivant 
les puissances de 0, les se pr^senteront sous la forme de series ordonn^es suivant 
les puissances des 6. Nous allons voir bientdt quelles sont les conditions de conver- 
gence de ces series 

Des Equations (2) on tire en effet 

d’oi 



M. H. POINOAR^, SUR LES GROUPES CONTINUS. 


237 


d’oii enftn . 


^-£^(r) = SA<Zi = jy, 


hi » {Bh) • «i* 

Pour determiner les produits a»fc/Sjfc faisons 

f etant une constante quelconque 
On a alors 

oil 

On tire de 1^1 
ce qui peut s’^cnre 

De ces equations on peut tirer les h en fonctions des t, on trouve 
(3) h^ = t , 

oii Ptj est un polyn6me entier par rapport aux 6 et a ^ , quant k F(^) c’est le 
premier membre de I’equation (1) od ^ a ete rempUce par ^ 

Le second membre de I’equation (3) est une fraction rationnelle en decomposons 
la en eidments simples, il viendra 

ob est ce que devient P,j quand on y reraplace ^ pai 
On a done 

Pt* 

d’ob enfin pour une fonction <^(0) quelconque* 


(4) 


On voit que les s’expnment rationnellemcnt en fonctions des b, des djg et des 
La formule (4) peut se mettre sous une autre forme, nous pouvons 4Qrire 
(4 bia) = 

I’int^grale ^tant prise dans le plan des ^ le long d’un cercle de rayon assez petit pour 
que la fonction soit holoraorphe ^ I’lntdrieur, nous le supposerons de plus assez 

grand pour que les points Bi, dr soient k I’lntdrieur du cercle. Cela nous amfene 
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k supposer en m^me temps que le rayon de convergence de la s^rie est plus 

grand que le plus grand module des quantit^a 6^,63, 6r 

On a alors pour tous les points du contour d’lntegration 

\^\>\0r\. 

dot! il r^sulte que la fonction lationnelle 

est ddveloppable suivant les puissances croissantes des b II en est done de m^me 
des hi 

Nous avons dit plus haiit que les h^ sont developpables en sdries proeddant suivant 
lea puissances des 6 , et d aprds cc qui prdcbde, il suffit, pour que ces sdries convergent, 
que le rayon de convergence de la sdiie <^(^) soit plus grand que la plus grande des 
quantites 

1 ^. 1 . 1 ^, 1 - 

Si done est une fonction entidre, les A* scront des functions ontidres des 6 

Qu’arnve-t-il raaintenant &i I’dquation caractdristique 

F(d) = () 

a des racines multiples ? Il est aisd de s’en rendre compte en partant du cas gdndral 
et en passant la limite. 

Je suppose par exemple que 61 soit une racine triple Alors F{^) contient le 
facteur — Si je ddcompose le second membre de ( 3 ) en dldments simples, trois de 

ces dldments deviendront lufinis pour ^=^1. 

Soient 

ces trois dldments simples Alors il faudra dans la formule ( 4 ) remplacer le terme 

^ tiP\,<i>{ei)x, 

F'{e^) 

(qui n’aurait plus de sens dans le cas d’une racine multiple) par les trois termes 
suivants 

{0i) - ( 1 1 ) S {Oi) + (2 >) ' (^0 

On opdrerait de meme pour les autres racines multiples 

Done les h^, dans le cas des racmes multiples, sont des functions rationnelles des 6 , 
des 0t, des ^{0k) et de leiirs ddrivds 4^' (0k), <l>'(0k), , on pousse jusqu’^ <f>^^ (0k) si 

0]f est une racine multiple d’ordre p+l 

Remarquons que je naurais pu faire ce raisonnement par passage la limite, si 
jc m’dtais restreint dds le ddbut en supposant que V est une combinaison lindaire des 
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X, et que lea X aont li^a par lea relations (1) et (3) du N® IV. (relations de struc- 
ture et identitds de Jacobi) 

Alois en effet les cas od I’dquation caract^ristique a des racines multiples ne pour- 
raient plus ^tre regard^s comme des cas particuliers de ceux od toutes les racines sont 
distinctes On aurait pu, il est vrai, d4montrer directement la formule (4 bis) et se 
servir de cette formule, maia j’ai pidfere ne pas m’lmposer au d6but cette hypothbse 
restrictive, quitte k Tintroduire dans la suite du calcul, de fa^on k avoir le droit de 
raisonner par passage d la limite 

Quoi qu’il en soit, le cas le plus mtdressant au point de vue des applications k 
la throne des gioupes, c’est celui od cette hypothese restnctive est satisfaite Sup- 
posons done que V soit une combinaison lindaire des X 

V —V\X\-\-VnX<^-\- -^-v^Xy. 

Supposons de plus que les X soient ld*es par les relations (1) du N® prdc^dent 

et que les constantes c satislont a des relations telles (jue les identit^s (3) du N® pr^- 
c6dent aient lieu 


On aura alors 

d’oii 

b, k- Cl ^ kVi + Ci.i kVi + + Cr , kVr 

Les r^sultats, d^inontr4s dans le cas general, seront ^videmment encore vrais dans ce 
cas particulier , si done on pose 

les ht seront des functions lindanes des t, et des fonctions "rationnelles des v, des 0k, 
des (f>{0k) et de quclques unes de leuis d6iv<^eb Les 0k sont les racines d’une Equation 
alg4bnque dont le premier rnembie est uii polynome entier homogdne de degrd r par 
rapport aux v et k I’lncoiinue 0 

De plus les A, ne dependent que lin^airement des <f> (0k) et de leurs ddnvdes 
Si (f> (^) est une fonction entibre de les h, sont des tonctions entibres des v. 

Dans tous les cas, le symbole <f){0){T) se tiouve enti^rement d4fini 
Je termineiai par deux remarques 


L’ Si xi^) produit des deux fonctions (f>(^) et on aura 

4, (e) [ir (g)(T)]=ir ($) [4>{e){T)] = x iff) ( T) 


2® Si on a 


on aura 


4,(0)(T)=U, 


1 

4 ,( 0 ) 


(U)^'f 


Cette derni^re dgalitd n’a de sens que si iie s’annule pas pour ^ = 0, de telle 

fa^on que soit ddveloppable suivant les puissances de 0. 
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VI. Formules pondamentales. 


Consid^rons I’expression 

( 1 ) 

F et T ayant m^me signification que dans le § pr4c6dent, tandis que o et ^ sent 
des constantes trfes petites D^veloppons cette expression en n^gligeant les termes du 
3 ® ordre par rapport k a et k 0, i\ viendra* 

(l (l + ^2’ + ^“) + 

ou 

l + ffr+^^-aff(VT-TV). 

OU avec la mSme approximation 

{VT- TV) 

On aura done, toujours avec cette approximation 

(2) = oh U^T-ae(T), 

ou encore avec la meme approximation 

(2 bis) = oil l7’=e“*®(T) 

Je me propose mamtenant de ddmontrer que la formule (2 bis) est vraie quelque 
loin que Ton pousse rapproximation , et d’abord qu’elle csl vraie quand on n4glige le 
carr4 de 0 et qu’on pousse rapproximation par rapport k a aussi loin que Ton veut 

Supposons done qu’on pousse rapproximation jusqu'aux termes en 0 et jusqu’aux 
termes en a”* inclusivement Dans Texpression (1) nous remplacerons par 1 + 0T, 

et par les m + 1 premiers termes de leurs ddveloppements , en effectuant le 

produit (et n^gligeant dans ce produit o’"'''*) nous obtiendrons un polyn6me symbolique 
que nous pourrons rendre r6gulier par les proc6d6s du N® III Soit 

<^(o, /9) = 2An, 

le polyndme rdgulier amsi obtenu , IT est un mon6me symbolique, et A son coefficient qui 
est un polynbme entier en o et 

Nous avons alors 

(3) (a + do, 0) = ^ e^T^ia+da) r ^ g-da. v ^ 0) 

En effectuant le produit du 3® membre de cette double ^galit6, et ni^gligeant le 
carrd de la diff^rentielle da, on obtiendra un polyndme r4giilier de m^me forme dont 
les coefficients sont eux-m^mes des polynOmes du 1®*' degr4 par rapport ^ da d’une 
part, par rapport aux coefficients A d’autie part. Telle est la forme du polyn6me 
(o + da, 0), 
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D’autre part on a • 

(3 bis) ^(a + do.^)-4>(a, ^) = daX ^n. 

act 

dA 

Cette 4galit^, rapproch^e de la remarque que nous venons de faire, montre que 
est une combinaison hndaire des coefficients A. 


Done ces coefficients A, considdr^s comme fonctions de a, satisfont des Equations 
lindaires k coefficients constants 

De plus pour a — 0 ils doivent se r^duire aux coefficients de Ces conditions 

suffisent pour les determiner 

Or je dis que Ton pout y satisfaiie en faisant (conformement la formule 2 bis) 

0 (a, /3) = , U^e-^{T) 

En effet cette formule nous donne 


<f>(a + da, ^) = e^^', J/”' = 


et il s’agit de vdrifier que 


e-da 


Or la formule (2 bis) demontr^e quand on neglige dune part le carre de d’autre 
part le carr^ de a, peut s’appliquer ici puisque nous negligeons le carr^ de et celui 
de da Nous avons done 


d’oti 


e-d« v^u^o. u» 

U" = * [e-“® (T)] ^ « (r ) = U'. 


On a done bien 

(a + da, /9) = e-**-- 


C. Q F D 


La formule (2 bis) satisfait done k nos Equations differentielles et comme ces Equations 
ne comportent qu’une solution, cette formule se trouvo v^rifi^e 

Poussons mamtenant I’approximation aussi loin que nous voulons tant par rapport 
k /S que par rapport k a 


Nous avons 


d’o{i 


<^(a, /9) = 


ou 

<f>(a, + d^) - <j> (a, /9) 4> {a, d^) 


Comme nous n^gligeons le carrd de d^, je puis 4crire 

(f>(a, d^)==e^P U=e-<^{T), 


VoL. XVIIL 
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d'ofi : 

(4) 4>(a, /9 + rf/9) = <^(o, 

Cette formule (4) repr^sente sous forme condensde des Equations diffdrentielles de 
m^me forme que les Equations (3 bis), auxquelles doivent satisfaire les coefficients A de 

<f>(a, /9)=sS^.n. 

C’est ainsi que la formule (4) repr^sentait sous forme condens6e les Equations 
(3 bis). 

On pent satisfaire k ces Equations par la formule (2 bis), cette formule donne 
en effet 

<^(a, + = ^ = /3)e^^ ^ 

Les Equations diffdrentielles ne comportant comme les Equations (3 bis) qu’une seule 
solution, la formule (2 bis) se trouve v4rifi6e dims tous les cas. 

Cette formule (2 bis) n’est d’ailleurs que la traduction symbolique d’une formule 
bien connue et, si j’ai d^veloppe la d^moiistiation, c’est umquement pour mieux faire 
comprendre les symboles employes et poui fane connaitre un mode de raisonnement 
applicable des questions analogues, je veux parler de celui o{i s’lntroduisent les 

Equations diff^rentielles (3 bis) ou les Equations analogues 

II importe avant d’aller plus loin de pr^ciscr la portee de la d^monstiation que 
nous venous de donner Pour (ju’elle soit valable, il faut que tout polynome puisse ^tre 
r4duit d’une mani^re et d’une seule k 6tre r^gulier Or, d’apr^s le N“ III , cela a lieu 
dans deux cas. 

Si r et r sont des combinaisons lin^aires des op4rateurs X, 
et SI ces opdrateurs sont li^s par des relations 

x.xt-xa.=tc,t.x., 

les constantes c satisfaisant aux identit4s 

{Xa {X,Xr)) + {X, {X,Xa)) + {X, {XaXj,)) - 0 ; 

SI en d’autres termes les opdrateurs X ddfimssent un groupe de Lie et si sont 

deux transformations quelconques de ce groupe 

Dans ce premier cas la formule (2 bis) est toujours vraie 
2® Elle sera done vraie en particuher si on suppose que 
V, X„„.,Xr 

sont r + 1 opdrateurs lids par les relations 

(5) VX,^X,V^%b^X, 
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et 

(6) = 0 

Ces relations entralnent en effet I’ldentite 

( V (X,X,)) + (Z, (Z*F)) + {X, ( VXd) = 0. 

en ddsignant suivant la coiitume par (FA\) et (Z,Zifc) les seconds metnbres dcs relations 

(5) et (6) On aura done dans cette hypoth^se 

(2 bis) = U=e--^{T). 

On aura de m^me en permutant V et T 

(2 ter) = e®’*' , W = e~^'^(V), 

e~^’» ^tant un symbole analogue et dcfini de la mani^re suivante le symbole 

rj est form4 avec T comme le symbole 0 avec V, on a done, si Y est un op^rateur 
quelconque 

ri{Y) = TV-YT 

On aura done 

ri{V)=TV-VT==^-0{T), 

et en vertu des relations (6) 

■»?(Z) — 0, 7;’*(P) = 0, 7;’"(F)=aO, 

e-P'>{V)=^V-^fj(V)=^V+^0{T) 

La formule (2 ter) devient ainsi 
(2 quater) 

Si Ton suppose maintenant quo les lelations (5) subsistent, mais que les relations 

(6) n’aient plus lieu, les formules (2 bis) et (2 quater) cesseront d’etre vraies quels que 
soient a et 0 

Cependant supposoiis que Ton regarde les op^rateuis X comme trfes petits et qu’on 
en neglige les carr^s , k ce degr6 d'approximation, les lelations (6) dont les premiers 
membres sont du 2** ordre par rapport aux X se trouvent satisfaites d’elles-m^mes 

Les relations (2 bis) et (2 quater) sont done vraies, si Ton neglige les carr^s des X, 
ou, ce qui revient au m^me, si Ton ndglige le carn^ de T, ou encore si on neglige 
le carr4 de /S (puisque T ne figure qu’affectd du facteur /3) 

S% done V et les X sont r + 1 opirateurs lih par les relations (6), les relations 
(2 bis) ei (2 quater) ont lieu aux quantiUs prh de V ordre de ^ 

Au m^me degrd d’approximation la formule (2 quater) peut s’dcnre 

gaK+-^«(r) = e-K ^ 

ou encore 


31—2 
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ou en vertu de la relation (2 bis). 

ga7+«^fl(T) = 0-7 « 0«70^l^ ^ 0«7e^T ^ U^e-^{T), 

ou, toujours en n%ligeant le carrd de /S: 

e«7+«/3tf (D = 0»7 (1 _ ^(7 ^ ^ 0-70^ [T- V)^ 

Si nous posons 

4-a^(7^) = Tf; T-U^Y, 

il vient 

(7) ^ 

CLU 

Soit 

une combinaison lin4aire quelconque des X^, peut-on determiner les coefficients t de la 
combinaison T — %ty,Xy, de telle facjon que Ton ait 

^ae{T)==W'i 

Cela est eviderament toujours possible si le determinant des coefficients h^k n’est pas 
nul Dana ce cas la formule (7) est vraie quel que soit W 

Si maintenant ce determinant est nul, il suffit de partir du cas ou ce determinant 
n’est pas nul, de faire vaiier les coefficients h d’une maniere continue de fa 9 on que ce 
determinant devienne de plus en plus petit et de passer a la limite, pour demon trer 

que la formule (7) est encore vraie quel (pie soit W 

Si enfin F, au lieu d’etre iin operatcur mdepcndant des X, n’est (][u’une combinaison 
lineaire des X, la formule (7) est evidemment encore vraie, puisqu’elle no pent cesser 
de retre par suite de 1’ introduction de nouvelles relations entre nos operateurs. 

Remarquons que ce raisonnemcnt par passage la limite n’aurait pas possible, 
SI nous nous ^tions restreints des le d^but en supposant que V et T sent des com- 
binaisons des operateurs X, que les X definisscnt un groupe de Lie, que ct sent 

deux substitutions finies de ce groupe de Lie. Dans ce cas en effet le determinant des 

6t* aurait ete constamment nul 

La formule (7) pent s’(5tablir directement 
En effet en ndgligeant le caird de on a 

+ r»-"FF+ r»-*FF> 

+ . +FFF"-»4- FF^O. 

Or on trouve ais^ment 

+ y-nW)-.. ± V8^(W) T e^>(W). 
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d’oti: 

ou 

e-rwir = «.K + fit [g-’^ J t = «*^ [ 1 + ^ 2 (TT)] , 

OU 

«•''*«»' =e*>'(i+^r) = «*''e»>', r=— ~ |'‘* (ir) 

C. Q. F. D. 

VII. Formation des Substitutions Infinit^imales d’un Groupe de Structure 

DONNIE 

Soient done Xi , X ^, , Xr r op^rateurs ^Idmentaires li^s par les relations 

(1) Z,Xjt - AfcX, = {XM = 

les c dtant des constantes telles que les identit^s de Jacobi du N" III aient lieu 
Soient 

T ^ lUX ,, U ^ tu , X ,, F=2t;,A„ Tf = S«;,A^ 
diverses combinaisons lin(^aires de ces opdratcurs, 

Considdrons le produit 

effectuons le produit qiii sera une s^ne de polynomes aymboliques, rdduisons chacun de 
ces polynbmes ^ des polyndmes idguliers en nous servant des relations (1), je me 
propose d’dtudier la nouvelle sdrie ainsi obtenue que j appelfe 0 (a, /9) , le raisonnement 
sera le meme que dans le N° prdc^dent, mais je le d^velopperai un peu plus. 

Tous les termes de cette s4rie (a, /S) sont des polynomes rdguliers , et les co- 
efficients de ces polynomes se pr^sentent cux-memes sous la forme de sdnes d6velopp6es 
suivant les puissances de a et de Je puis ordonner <^(a, yS) suivant les puissances 
croissantes de /9, en groupant tous les termes (jui contiennent en facteur une meme 
puissance de /9. J’obtiens ainsi : 

(®j ^) = + . 

D’autre part j’ai 

(a, /3 + d ^) = e- ^ ^ (o, y0) = (^ (a, /S) (1 + T \ 

ou . 

(2) %-<!> T . 

ou . 

(3) 

ces conditions )omtes k 


suffisent pour dtJterminer <f) 


(4) 


<l>o = e^^ 
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Or on y satisfait de la maniere auivante Faisons 

<f> (a. /9) = <t>{a,^ + d^) = , 

soit 17 un symbole qui soit a TF ce que 6 est ^ F. 

II s’agit de satisfaire k I’dquation (2) ou ce qui revient au m^me k 
<^(a,/3 + d/8) = <^(a,73)e^'» 

on doit done avoir 

gW+dW ^ gWgdp.T 


Or en vertu de la formule (7) du N® precedent, on satisfcia a cette condition si Ton a 
(5) 

V 

Cette formule (5) leprdscnte syrnboliquement iin syst^nie d equations diff<^rentielles 
auxquelles doivent satisfaire les coefficients w^, 

En vertu de la formule (4 bis) du N'^ V,, ces equations peuvent s’denre 

(Sb..) 

(i = 1, 2, . , r) 

Si I’on a 

WX,-X,W^Xcic.usWiX„ 

F(() est le determinant dont rei4ment est (pour la i* ligne et la colonno) 

- (Ci i.s'fVi + C2,t,,W3 + . + Cr.t.',Wr), 

sauf les elements de la diagonale principale (i = s) qui sont egaux k 

— (Ci t +C3.t.»W9+ ••• + Cr.t xWr) + f , 

les Pij sont les mineurs de ce determinant. L’int4gralo du second membre de (5 bis) 
est prise dans le plan des f, le long d’un contour ferm6 enveloppant toutes les racines 
de requation P(^) = 0 

La condition (2) sera done satisfaite, si les w satisfont aux equations (5 bis) , la 
condition (4) le sera 4galement si les valeurs initiales des w pour — 0 sont 


w, = V,. 

Les equations (5 bis) admettant toujours une solution telle que pour /8 = 0, on ait 
Wi^Viy et d’autre part les conditions (2) et (4) suffisant pour determiner on aura. 

<f) (a, J3) = e^, w = tw^Xt , 

les w etant des fonctions de y9 definies par les equations (5 bis) et les conditions initiales 

w» — Vv 

La sene ^(a, /S) n’est done autre chose qu’une exponentielle dont I’exposant est 
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une combinaison lindaire des c’est le th^orfeme que j'ai annonc^ au N® IV , et comme 

d’autre part ce th^orbme a etabli eii s'appuyant simplement sur les relations (1) et 

en en faisant des combinaisons purement formelles, le problfeme de Campbell est rdsolu 
et le troisi^me thdorbme de Lie, en vertu de la remarque faite dans ce N° IV, se 
trouve ddmontr^. 


II est ais^ de se rendre compte de la forme relativement simple de ces (Equations 
(5 bis). Soient ^j, P racines distmctes de I’^quation ^(^)==0, ce sont 

des fonctions alg^briques des w, puisque F{^) est un polynbme entier par rapport k f 

et aux w Les seront donnds par des equations lin^aires dont les seconds membres 

seront des constantes , tandis (jue les coefficients des premieis membres seront des fonctions 
lationnelles des w, des et des e~^if , ces coefficients ne d^pendront d’ailleurs que lin^- 
airement des exponentielles , ce seront des fonctions symdtnques des raciiies 


R6solvons ces Equations par rapport aux nous trouveions 

JO ~ -^1 + ^2 jL + . +Arjtr, 


les coefficients A etant rationnels par rapport aux w, aux aux 


Le probl^me qui se pose a propos du tioisibrne th($or^me de Lie est ainsi com- 
pletement r^solu 


II s'agit de trouver > op^iateurs 

XAf), ^2 (A 

satisfaisant aux relations (1), on y satisfait en faisant 


XrU), 


+ A, 


df 

'dw.‘ 


Les Equations (5 bis) peuvent se mettre sous plusieurs autres formes 
Soit 

Sc* » gWk = b, s 


On aura (puisque les Py sont les mmeurs du determinant F) 


pour et 

pour i=y 

Nos Equations 


^P,j-lbkrFkj = 0 


^Pn-S6*.P*, = P 


(5 bis) 


tid^ = 




s-TT 


h 


l~e-^ 




dwjP^i 

F 
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donnent * 

d’oil 

/dfd -«-*)?« - ^ jdi 

La deuxi^me integrale dtant nulle, uous pouvons dcnre tout simplement 
(5 ter) 2.<.6^ = Jd{(l - 

(A:=l, 2, ..., r) 


D’autre part I’^quation (5) peut s’dcnre 

(7) 5 (X) 


d’oili 


ce qui doane . 


dwt 

27r V> 


1 f 

s/~\ 




F{^)' 


X ( f'Ss* - - f ^ P ^— 

^ 2^ v:n: i(l -e-^TW) ^ ^ dwj' 


Cette derni^re intdgrale doit ^tre prise le long d’un contour enveloppant toutes les 
racinea de F(^) = 0, mais n’enveloppant pas les points 


f = 2A;7rV-l (A;=±l, ±2, 


ad inf) 


VIII. Formules de Verification 


Soit 


^r+iv^cv^r 

V=Xv,X„ Y=^ty,X,] 

on aura en vertu de la formule (7) du N® VI. 

1 - fi-® 

r=L^(sv) 


0{T)^ VT-TV 


(posant . 

comme dans le N® V.). 

Soit maintenant 

e-ye^ey==e^, 

on aura par la formule (2 bis) du N® VI 

U^e-^T). 
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Soit 

e-iV+tV) gTgV+6V^gU'^ 

on aura 

U' = (T), 

ou ^ + 8^ est un symbole qui est k V+BV ce que 0 est k V. On aura d’autre part 

e*7' = g-rg-rgTgVgr=: 

d’ou en ndgligeant le carrd de Y qui est mfimment petit. 

et^' = eO’~ 

D’od 

U'-U^UY--YU 


Si je conviens de poser 
il viendra 


^-ie+66) _ g-fl = 5 

U'-U=^8(e-»)(T) 


Nous arrivons ainsi k la formule symbolique suivante 

(1) 8(e-») 2' = [6-*(5r)] ^ - p [e-*(r)]. 

Pour mieux exphquei le sens de cctte formule rappelons que nous avons trouve 
plus haut 

( 2 ) = 


oil les A, sont des fonctions rationnelles des t, des v et des ^ donn^es par les Equations 
(3) ^Ih - ^bk,hk = , bkv = Cuk.iVi + Cnc iV2+ ... + Cr k xVr> 

Alors on am a 

ou les Shi sont les accroissemcnts que subissent les fonctions quand les variables u* 
subissent les accroissements Sv^. 

Si alors les h\ sont ce que deviennent les A^ quand on y remplace les tk par les 
Svk, la formule (1) pourra prendre la forme 

(1 bis) 2irV”l %Xijd^e-(Sh, = X(X,Xi-XiX,) h'ijd(e-th, 

Dans le I*"*" membre le signe % se rapporte aux r valeurs de I’lndice i, dans le 
2** membre aux r(r— 1) arrangements des deux indices i et k (rarrangement k etant 
regard(^ comme different de I’arrangement k, i). 

Cette formule nous fait connaitre un certain nombre de relations auxquelles doivent 
satisfaire les expressions — X^Xi ou (X»X*) Ces relations sont cuneuses , mais 

VoL. XVIII. 32 
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la plupart ont d4]A d^montr^es par Killing et il semble que les autres pourraient 

se d4montrer facilement par les procdd^s de Killing. Je n’y insiste done que comme 
sur un proc4d^ de verification 

Les deux membres de cette equation sent d’une forme particulifere. 

Le premier membre est lindaire k la fois par rapport aux symboles Xi, par rapport 
aux it, aux aux exponentielles (les etant les racines de I’equation ^ — 0) 
Les coefficients de cette fonction Imeaire sont eux-memes des fonctions rationnelles des 
V et des 0^. 

Le second membre est lindaire k la fois par rapport aux symboles (XiXn;), par rapport 
aux ti, aux Svjt, aux exponentielles et (0t et 0^; etant deux lacines de ^=0). 

Les coefficients de cette fonction lindaire sont encore rationnels par rapport aux v et 
aux 

Les $t ^taut les racines de 1 equation F=0 sont des fonctions algdbriques des v. 
Dans les deux membres de I’dquation (1 bis) entrent en outre Imdairement un certain 
nombre de fonctions transcendantes , il y a d’abord les exponentielles e'®* et il y en a 
autant que I’^quation F=0 a de racines distinctes II y a cnsuite les exponentielles 
qui peuvent 4tre distinctes des prdc^dentes, mais qui peuvent ^galement ne pas 
en ^tre toutes distinctes si Tune des i acmes de I’^quation F = 0 est constamment dgale 
k la somme de deux autres racines 


Supposons qu’il y ait ^ exponentielles et soient 

e’*', .. , 

ces exponentielles. 

Les deux membres de I’dquation (1 bis) seront alors des fonctions Imdaires des 
produits de la forme 

(4) 


ok m et h peuvent prendre les valeurs 1, 2, ..., r, et oil /m peut prendre les valeurs 
1. 2, , q 

Les coefficients de ces produits sont des fonctions algdbriques des v, ne dependant 
ni des t, ni des Bv Pour que I’ldentitd puisse avoir lieu, il faut que Ton puisse dgaler 
dans les deux membres de (1 bis) les coefficients d’un m^me produit (4) 

Nous aurons ainsi un ceitam nombre de relations Imdaires entre les symboles Xi 
d’une part, les symboles {X^Xi;) d’autre pait, les coefficients de ces relations Im^aires 
sont des fonctions algdbriques des v Ces relations lindaires doivent etre identiques aux 
relations de structure ou en etre des consequences. 

J’examinerai seulemeiit le cas particular ok (|) = 0 a toutes ses racines distinctes. 
Je puis alors supposer que les opdrateurs dldmentaires X^ ont choisis de telle 
sorte que : 

VX,-X^V==0,X,, 


di etant Tune de ces i acmes. 
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Egalons alors dans Tdquation (1 bis) les coefficients de il vient 


27r J— 1 






<fA. 




1 - e-** 


Le premier membre ne ddpend que des exponentielles mais le second membre 
outre Texponentielle contient encore 

lilgalons les coefficients de Si $h + ^m n’est pas 4gal k une racine de ^^^ = 0, 

cette exponentielle ne figiirera pas dans le I*’’ membre , nous aurons done 

(Z,«Za) = 0. 


On reconnait l^i Tun des th^or^mes de Killing 

Si au contraire 6^ + 6^, est racine de F=0, Texponentielle pouira figurer dans le 
1®'' membre et (Xm^h) pourra ne pas etre nul 

Je n’msisterai pas sur les autres verifications, ni sur le cas ou les racmes ne sont 
pas distmctes et oii on letrouverait les autres theoremes de Killing 

Je me bornerai k faire remarquer que la vilification de la formule (1 bis) n’est 
pas immediate, et qu’il faut pour la faire avoir recours aux identites de Jacobi et aux 
theorbmes que Killing en a diduits 


IX lNTi,GRATION DES lilQUATIONS DiFF6rENTIELLES ET FORMATION DES SUBSTITUTIONS 

FINIES DES GROUPES 


Soit 


0(1 


( 1 ) 

F = dV=l,dv,.X,, dA=^lda, X, 


On aura en vertu de la formule (7) du N" VI 


( 2 ) dA = l-f^(dV) 


Cette formule, identique saiif les notations a la formule (5) du N° VII, compiend, 
sous la forme symbolique, r systemes d’dquations differentielles , ainsi que je lai dijii 
fait reman^uer au N" VII. 

Annulons tous les da, sauf da^., igalons ensuite les coefficients de Xj, X^, , Xr 

dans la formule (2) Nous aurons r Equations diffeientielles qui difiniront 

dvi dvi di'r 
dajf ’ date ’ * ’ dotj,. 

en fonctions des v Ce sont 1^ comme nous I’avons vu au N® VII , les iquations diffi- 
rentielles qui difimssent une des substitutions infimtisimales du gioupe, si Ton prend les 
V comme variables indipendantcs 


32—2 
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En donnant k Tindice k les valeurs 1, 2, r, on obtiendra r systferaes d’^quations 
diff4rentielles correspondant aux r substitutions infinit^simales du groupe 

Nous devons pr^voir quo ces Equations peuvent se ramener, au moms dans le cas 
des groupes de la famille (vide supra N® I.), k des Equations lin^aires, puisque c’est 
un rdsultat bien connu obtenu par Lie. 

Voici le changement de vanables qu’il faudrait faire pour retrouver ces Equations , 

soit: 


on aura* 

(3) L = e-(V). 


Cette ^nation symbolique (3) nous apprend que les sont des fonctions des v 
et des u, lindaires par rapport aux w, et nous permet de former ces fonctions. Si alors 
on pose: 

g- V-dVg UgV+dV _ ^L+dL 

on aura* 

0"^ dA 


ou, puisque A est infiniment petit 

(4) dL = LdA —dA»L. 

Cette formule (4) repr^sente symbohquement r systfemes d’6q nations diff^rentielles qui 
ne sont autre chose que ce quo deviennent les r syst^mes d’dquations difft^rentielles 
reprdsentdes symbohquement par la formule (2) quand on prend les pour variables 
nouvelles. 


Celui de ces syst^mes que I’on obtient en annulant tous les da. sauf daji s’^crit 
(4 bis) = LXt - XyL 

aajc 

Ces Equations sont Imdaires et a coefficients constants et s’mtegrent imm^diate- 
ment; ce sont celles auxquelles Lie arrive par la consideration du groupe adjoint II 
importe de remarqiier que la reduction des Equations differentielles (2) .lux Equations (4) 
par le changement de variables (3) n’est pas immediate et qu’on ne peut la faire qu’en 
tenant compte des identit^s de Jacobi. 

Considdrons de plus pr^s le cas des groupes de la 2® famille Nous pourrons alors 
choisir les op^rateurs eiementaires Xt de telle manifere qu’on en puisse distinguer de 
deux classes Ceux de la 2**® classe seront permutables k tous les op^rateurs, ce seront 
les X'\, quant k ceux de la 1^''® classe que j’appellerai les X\, ils seront caracterisds 
par la propridtd suivante aucune combinaison lin^aire des X\ ne sera permutable ^ tous 
les op4rateurs. 

Pour mettre en Evidence cette distinction, j’ecrirai quand il y aura lieu 

tv,X,=^lv\X\ + Xv'\X\, V'==lv\X\, V"^Sv'\X\, V=V'+V" 
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Les v\ seront amsi les coefficients des X\ et les v'\ ceux des X'\ Les lettres 
u'\, l\, V\, U\ U", L', L'\ etc. auront une signification analogue 


II est clair qu’on aura 


d’oti 


7'T - rr' = T'r - T"V' = 0, 


0(T)=VT-TV^ v'r-rv' 


J’mtroduis alors un symbole nouveau , soit : 


V'T' -TV' = 't\\X\ + 1\'\X '\ , 

je poseiai 

e'{T) = ^\\X \ , d" (T) = 1\'\X'\ , 


et je ddfinis a I’aide de 6' comme j’ai d^fini (f>(d) k I’aide de ^ On a alois 

e(X'\) = o, 0[e"(T)] = o, <^((9)(T")=o, 


et on trouve ais^naent 


^ {$) (T) = ^ (0) (r) = ^ (ff) (T) + 0" (2")] + 4, (0) T". 

Remarquons que les expressions 

e(T), d'{T), d'\T), 

dependent des v' et des t' mais sont ind^pendantes des y" et des t '* , et il en est 
de meme de ^{6) {T) si 0(0) est nul. 

Les k etant Imdaires par rapport aux u, je piuis ^ciire 

7 V d/t 


Les 


dU 


sont des fonctions des v Voyons combien de ces fonctions sont ind^pen- 

dantes les unes des autres Je dis d’abord que ces fonctions ne dependent que des v 
Nous civons en effet {e^ etant une substitution cpielconque du groupe) 


pV'-\-V" — pV pV ’ 


d’oi\ 


-r-v'pUpy-^v 


-V'plpV'pV" — p-V'pUpV 


ce qui montre que L ne depend que de V\ mais pas de F" 

Je dis maintenant que le nombre des fonctions ^ mdependantes les unes des 
autres est pr^cisi^ment celui des variables v’ En d’autres termes, si Ton pose 
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ridentit4 L =Li si elle a lieu quel que soit U entraine I’ldentit^ V' = V \ . Si en effet 
i = Zj, on aura quel que soit U. 

=e^, 

ce qui montre que est permu table ^1, toutes les substitutions du groupe C’est 

done une substitution qui ne depend que des X'\ de sorte que je puis ^crire 

eVe-v.^e^", 



Les sont d^fiiiis par les Equations (4 bis), qui 4tant par rappoit i\ ces vaiiables 
des Equations lin^aires a coefficients constants s’lntdgrent iinmddiateinent 

Les Equations (4 bis) nous font done connaitre les ^ et pai consd(pient les v' en 
fonctions de la variable 

Poui obtenir les v", levenons aux dquations (2), si nous posons 
l_e-e =0 + 0^ylr{0), 

elles peuvent s’dciire 

dA' = dV' + $' yjr {0"){dV'), 
dA" =dV" + 0"yfr(0') (dV) 

On a 

dA' = 'S.da'k X'k , dA" = SdoL"kX"k 

Si on annule tons les c/a' et tous lea da” sauf c/a''^, nos dquations donnent 
simplement 

v\ = const , v'\ = const (i < A;) , v"f^ = a"k + const 
Si on annule tous les da' et tous les da" sauf da'^ les dquations deviennent 
X\da'k = dV' {0'){dV'), 

0 =dV" + 0"ylr{0')(dV') 
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La premiere de ces Equations, 4quivalente aux Equations 4 bis, est susceptible comme 
nous Tavons vu d’etre ramen^e la forme d’un systbrae d’bquations linbaires a co- 
efficients constants L’lntbgration est immediate et nous donne les v' en fonctions de 
la variable a'* 

La seconde Equation est bquivalente b, un systbme d’bquations do la forme 
dv'\ + dv\F\ -H dv\F^ + . + dv\F\ = 0, 

les F dtant des fonctions donnees des v' En rempla^ant les v' par leurs valeurs en 
fonctions de ol'jc, elle prend la forme 

dv\ 4 - 4> (a'jt) doL\ = 0 

et s’lntbgre imm^diaternent par quadrature. 



X. Contact Transformations and Optics. By Professor E. 0. Lovett. 

\Rece%ved 16 September 1899.] 

“Ayant vu combien les id4es de Galois se sont peu k pen montri^es f^condes dans tant de branches de 
I’analyse, de la g^om^trie et m6me de la mdoaniqne, il est bien permis d’espdrer que leur puissance se manifestera 
dgalement en physique math4matique. Que nous repr^sentent en e£Fet les ph4nom^nes naturels, si ce n’est une 
succession de transformations infinit^simales, dent les lois de I’univers sont les invariants?” — Sopuns Lie* 

It IS the object of this note to elaborate, and m fact in n dimensions, certain 
ideas which the lamented Sophus Lie sketched for ordinary space in a short paper j* 
presented to the Leipzig Scientific Society in 1896 and which were more or less developed 
for the plane in the first volume of the geometry of contact transformations J which 
appeared with the cooperation of Scheffers in the same year. 

1. Attending to a few preliminary details, consider a family of oo^ transfoimations 
in n variables x-^, x^, ..., Xn 

Xi ^ •••! x^fit a), x<i — X^txi, . ., x^f a), •••, Xn —Xfi(xiy •••> x-n) a) .. (1) 

where the functions Xi, ..., Xn are regular analytic functions of x^, , .r„ and an 
arbitrary constant a ; suppose in particular that the family contains the identical 
transformation, that is, that for some value of a, say a = 0, the equations (1) reduce to the 
form 

Xi = Xi, X./ = a? 2 , . , Xn = Xn 

Then for a value of a, say Bt, infinitesimally different from zeio, the equations 
(1) will yield an infinitely small transfoimation. With the assumptions made relative 
to the functions A^, the transformation (1) for a = Bt has the form 

=Xi + ^i{Xiy . , Xn) Bt + , 

x^ = 4- (iC,, . , Xn) Bt + . , 

Under this infinitely small transformation (2) x^, . , receive the infinitesimal 

increments 

+ , Sa?2 = 1^98^4*. ., , Bxn = ^nBt +■ (3). 

* Le Centenaire de VLcole Noriitale, p 489 — Pans, Math.-Phys. Classe, Bd 48, 1896, pp 131 — 133 

Haohette et C*®, 1895 J Geometrie der Berii}aung8tra7itformationen,daxgGBtQllt 

+ “ IndniteBimale Beruhrungstransformationon der Op- von Sophus Lie und Georg Scheffers, Bd. i, Leipzig, 

tik,” Ber w. d. Verb d k sticks Ges d ff'tss zu Leipzig, Teubner, 1896 See in particular, pp. 97, 100 — 103 
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^dXn 


(4) 


IS adopted as its symbol, since Uf.U is the increment assigned to any function 
f(xu . , Xn) by the infinitesimal transformation. 


2. If the transformations of the continuous ensemble (1) aie so related that the 
successive application of any two of them is equivalent to a transformation belonging 
to the same family, (1) is called a continuous group of ex' transformations 

Let the family (1) be a continuous group , suppose further that the gioup contains 
the inverse transformation of every transformation in it that is, that the resolution 

of the equations (1) with regard to j^i, gives a system of the form 

Xi = Xi{Xi, . , Xny b), X 2 = Xi(Xi\ Xn\ b), Xn = Xn(Xi', ..., Hn, 6).. (5), 

where 6 is a constant depending onl> on a 

Under these conditions it is easy to see that the group contains an infinitesimal 
transformation , foi, if Ta is the tiansformation of the group corresponding to the 
parameter value a, the inverse Ta~' of Ta is also found in the group Further the 
transformation 'Ta+ta corresponding to the parameter value a + Ba, is the transformation 
of the group diffeimg infinitesimally from The product Ta+ta which, by the 

assumed group propeity, belongs to the gioup, differs then infinitesimally from the 
transfoimation 7' a , but the latter is the identical transformation , thus the group 

contains a transformation possessed of the properties attributed to an infinitesimal 

transformation in the preceding paragraph 

3 Conversely, every infinitesimal transformation is contained in a determinate 

continuous group This may be made clear m the following manner The given infini- 
tesimal transformation assigns the infinitesimal increments 

= ^1 (^1 , • • • . , Bxn = In (•'Pi . • > SOn) bt (0) 

to the vaiiables x^, , Xn, on neglecting infinitely small quantities of a higher order, 

if t be interpreted as the time, j^i, . , Xn as point-coordinates in a space of w dimen- 
sions, Bt as a time increment, and Bxi, , Bx^ as the corresponding increments of 
Xi, , Xn, then the equations (6) determine a stationary flow in space of n dimensions 
After an interval of time t the point (arj, , x„) will have assumed the new position 
(xi, . , Xn), the latter position will be obtained by integrating the simultaneous 

system 

dxi dx^ dxn 

> ^n) ) |n (^i > •> ^n) 
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with the initial conditions that xi , Xn shall reduce respectively to a?i, for 

The n integral equations may be taken in the form 


(®i I • > ~ (®i» •• > ' 

XI 2 (Xi , Xn) — U 2 (Xi , . . . , ^n)> 

> 

•••> ) = XIn—\iXi, .. , 

f/ji (aji , . . . , a;,, ) = (a;j , . . , a/^) + t > / 


.(8), 


the form of these equations shows that when resolved with respect to .x/, , x^ they 

represent a group with the parameter accordingly the given infinitesimal transfoima- 
tion IS said to generate a one-paiameter continuous group. 


4. Consider in particular the case where the preceding transformations are contact 
transformations The equations 

•••.Pn), . ,Pn\z^Z{x^, ,Xn,Z,Pu. .,Pn)1 

Pi=P,(Xi, . ,Xn,Z,pu. >,Pn), f 

(t = l,2, ,n) (9) 

are said to define a contact transformation when they give rise to a differential relation 
of the form 

t=n i=n 

dz -IptClXi =: p{Xi, Xn, z, Pi, , Pn) (dz - p^dx^) . ...(10), 

/=! i=l 

the corresponding geometric characteiization is that the property of tangency is an 
invariant property under contact transformations Point tiansfoimations are then a 
particular category of contact transformations 

The explicit formulation of this notion, contact transformation, is due to Lie , 
implicitly it IS to be found in particular form m many directions and may be traced 
to Apollonius. 

Lie has determined all infinitesimal contact transformations m a space of n + 1 
dimensions, in the following manner. 


By definition the equations 

z=^z+l;{xu ..., Xn, z, Px, ., = z, p^, . pn)ht+..,, 

Pi' = Pt+7rt(«;i, Xn, z, px, + ..., (i = 1, 2, , n) (11) 

can represent an infinitesimal contact transformation only in the case where the relation 
(10) is a consequence of these defining equations (11). 

On substituting (11) in (10) we have 
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The left-hand member of this equation is a senes of ascending integral positive 
powers of St; thus the function p must be an ascending senes in integral positive 
powers of Bt, as the term of zero degree in the left-hand series is dz — Xpida;^, p must 
therefore have the foim 


p=^l + aBt+ (13) 

Inserting this value of p and equating the coefficients of corresponding powers of 
Bt we have 

d^ — Iptd^i — = a- {dz - 'tp^dx^) (14), 

or c? (^ — Spt^t) -f- = <r (d^ - Spida;,) (15) 

This linear and homogeneous condition m dz, dx^, dp^ must be true for all values 


of these differentials, hence, writing 

= Xn, Pi, ..., Pn) (16) 

for convenience, we have 

+ TTi = fig - — <T, ^lp^~ (17) 

Eliminating a and solving (16) for f we find 

= (is). 


The infinitesimal transformation is therefore completely determined, being 

given by an arbitrary function H 


5. Let the preceding results be now applied to the infinitesimal contact transfoi- 
mation defined by the characteristic function 

^-^/l+Pl^■^pJ‘+ -h pn\ 

The formulae (18) show that the cooidinates of a surface element, by which we 
mean the ensemble of a point and a plane through it, receive the infinitesimal increments 


Bj\ 


- St, Sz = ~ - St, Sp, = 0 , 

■ Vl + Ip,^ 


Vl + 


.. (19) 


This infinitesimal transformation generates a one-parameter group of contact trans- 
formations, namely the gioup of dilatations, whose finite equations aie found by 
integrating the simultaneous system 


Vl 


dxi = ... 




dz 


dp, 

0 


dpn 


( 20 ), 


Pi * Pn '' -I 0 0 

the integration effects itself, without any difficulty, and yields the integral equations 






t 


Vl +Xp,^' 

where t is an arbitiary constant 


Vl + Ip,^ ’ 


P^ =JPt. 


(^=l. 


..( 21 ) 


33—2 
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These transformations are obviously characterized geometrically by the propeity of 
changing the surface-element (a?!, p,, pn) into the surface-element 

(a?/, Xn, p,', , Pn) in sucK a manner that the point of the second lies on the 

normal to the first and at a constant distance t from its surface. They transform the 
surface-elements of a point into those of a sphere, and change parallel surfaces into 
such. 


6. As Lie has pointed out for ordinary space the theory of wave-motion in an 
isotropic elastic medium is intimately related to the one-paiametei gioiip of dilatations of 
the space filled by the medium 

Consider a wave-motion origmating at a center of disluibance Po of an isotropic 
n + 1-dimensional elastic medium , in an interval of time the motion will have advanced 
to all points P of a sphere whose center is at 1\ and whose radius is t, say, in 
precisely the same manner as the dilatation (21) would change the surface-elements of 
the point Po into those of the last-named sphere Every point P of this sphere can 
now be regarded as the center of new elementary waves which in a second inteival 
of time, say ti, will have advanced to spheres of equal ladii about the points P as 
centers These elementary waves have an outer envelope, which by Huygens’ principle 
18 the identical wave that would have been developed from the oiiginal center Pq in 
the total time elapsed But in exactly the same manner the dilatation 


V 1 -f- 




P. =Pn 


... (i = h .. n) .(22) 


carries eveiy point P of the sphere about Po into a sphere of radius ti about P as 
center, so that the sphere of center I\ will be changed by the dilatation (22) into 

the sphere of center Po and radius + to, that is into the sphere into which the point 

Po is changed by the successive application of the dilatations (21) and (22) 

Thus the principle of Huygens finds its mathematical expression in the fact that 

all dilatations form a one-parameter continuous group 


The importance of this particular group of contact transformations is further 
exhibited by observing that reflections and refractions fioni one isotropic medium to 
another are contact transformations which leave the infinitesimal dilatation invariant , 
the reflections have the additional property of being commutative with the latter. To 
establish these facts it is only necessary to make the ordinal y illustrative constructions 
in a space of n -f 1 dimensions and apply the principle that all the surfaces of a 
complex / that touch a surface <f> have in general an envelope <I>, and hence the 
passage from ^ to is a contact transformation. 


7 Let the characteristic function be an arbitrary function of pi, ..., p^, say 

n = n(p„ ..,p„) (23), 

the infinitesimal transformation defined by H is represented by the equations 

ap»=o = (24).'' 
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By integrating the simultaneous system 

dx^ _ _ dxn _ dz _ dpi _ _ dpn __ 7. 

“ ••• “ np„: " SpTnp, -n " o " • • “ o ' ‘ 

we have the corresponding one-parameter group of contact transformations 

iTi' = + ripji, z' = z + (ZplUp^— Tl)t, Pi = pt, . ... (i=l, , n) 


. . . (25), 

(26). 


Let t have for the moment a fixed value, the corresponding contact transformation 
of the group changes the point (a;,, ..., x^, z) into a suiface whose equation in current 
coordinates {xi, ., Xn, z) is obtained by eliminating the pi from the first ?i -f 1 
equations, this elimination yields the equation 

t ’ t ’ t ’ “ ’ "t ’ t 
The form of this equation enables us to find the characteristic property of these 
transformations as the following considerations will make evident 


) = 0 (27) 




1“. In the first place it is clear that contact transfoimations in n -I- 1-dimensional 
space may be determined by a system of r equations 

<»l(^/. > Z, Xi, ..., Xn) = 0 , O>i=0, , a)r = 0 . . . . (28), 


where r may have all values fiom 1 to n-f-l, m the last case the transformations it 
existent will be point transformations, since the -f 1 relations will give the n + \ 
quantities Xi, z\ as functions of the a + I quantities Xi^ z alone 


In fact the problem of determining all finite contact tiansformations of a space 
of n -h 1 dimensions is that of resolving the total differential equation 

dz' — ^pi'dxi — p(dz — 'Zpidxi) = 0, .... (i = l, , ») (29) 

1 I 

where the z', xl, pi are functions of the 2a -I- 1 variables z, Xi, pi to be determined. 
This equation shows that there ought to exist at least one relation between the variables 
z', xl, z, Xi containing z' and z* Taking the general case of r different relations ex- 
pressed by (28), the equation (29) ought to be a consequence of 

doji = 0, dcOi = 0, . . , dcor = 0 (30) , 

that IS, it ought to be possible to find r coefficients X, X,. such that the identity 

n nr 

dz — ^pldxi — p (dz — 'Epidxi) = X\do)i 
1 1 1 


exists This demands the following equations • 

^ dcoi , 




dtOi 
dxj ’ 




(31); 


See Goursat, Leqons mr les Equations aux d€nv€es paitiellea du premier ordre, Pans, Hermann, 1891, p. 268, 
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the 2n -f 2 + r equations (30) and (31) in general determine the 2» + 2 -f r functions 
Ply 9 functions of Z, Xi, Pi 

Eliminating p we can write the following n + r + 1 equations for z', a;/, 


2 \i ^ — hp, 2 ^ = 0, 1 = 1,..., 


^ = 1 , <Oi = 0, . . . , (Or=0 

t=l oz 


.(32), 


resolving these for z', a;/, \j, the remaining functions pt, p are found by substituting 
the values of the former in the remaining equations of the system (30) and (31) 


2*^ In the second place two transformations jS and T are commutative when the 
symbolic equation 

ST=TS 

obtains Consider the contact transformation S and the point transformation T. That 
the point P IS changed into the point Pj by the transformation T is expressed by the 
symbolic equation 

(P)P=(P0 

In the same manner, that S transforms P into the surface 2 is expressed by the 
equation 

(P)5 = (2) 

Then if {P)ST={P)T8, 

we have also (P^) S = (2) T 


That IS, if S transforms the point P into the surface 2, and T changes the point 
P into the point P,, the latter is changed by S into the surface into which the 
surface 2 is changed by T 


3° In the third place let 5 be a contact transfoimation of an n + 1 -dimensional 
space commutative with all translations T of that space If S changes a definite point 
P into the surface 2, the sui faces into which all other points are changed by S may 
be determined, for there always exists a tianslation which caines the point P to any 
other arbitrary position Pj , then by the second paragraph above, the point Pj is 
changed by S into the surface 2i into which 2 is changed by the last-named trans- 
lation , hence all points are changed by S into congruent surfaces similarly situated 
Accordingly the contact transformations that are commutative with all translations of a 
space of any number of dimensions are determined by a single function of the form 

(^1 ““ y ^2 ”” y y y ^“■^)— 0. . . .... . ......... (33) , 

it IS not to our purpose to construct the explicit forms of these transformations here, 
the most general one in the plane has been given by Lie in his geometry of contact 
ti-ansformations to which reference has been made. 
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Thus the equations (27) and (33) show that all the transformations of the one-parameter 
group (26) are commutative with all translations 

8. It IS evident either from the last-named property or directly from the form of 
equations (27), that by varying t and thus operating on a point {x^, , Xn, z) with all 
the transformations of the group (20), the point is changed successively into similar 
surfaces and similarly placed The point Po is changed by the transformation whose 
parameter is into the surface 2 Operating on all the points P of 2 with the 
transformation whose parameter is these points P will be changed into congnient 
surfaces that are similar and similarly placed to 2 These latter surfaces have an outer 
envelope, a suiface 2i into which the surface 2 is changed by the second transformation 
The successive application or product of the two transformations is equivalent to the 
transformation whose parameter is + the latter transformation cariies the point Po 
directly into the new surface 2,, and this suiface must then be a similar and similarly 
placed surface to 2. 

The preceding geometrical operations and their results suggest the phenomena of 
wave-motion in an elastic u -|- 1 -dimensional medium. If such a space is filled with 
such a medium in which motions originating at a point advance in different directions 
with velocities depending only on the diiection, then a centei of disturbance P® gives 
rise to a series of waves similar and similarly placed with the common center of 
similarity Po, accordingly the above geometric operations present a pure mathematical 
interpretation of Huygens’ principle for a non-isotropic elastic medium, and this principle 
finds its equivalent in the fact that the oc’ contact transformations (26) form a group 

9 The group (26) may be generalized and specialized. 

1". Much more general wave-motions may be designed by using in a similar 
manner the most general infinitesimal contact transfoi mation defined by the characteristic 
function 

a{Xx, Xn, z, px, 

a simple geometric construction shows that the normal velocity of the wave is given 
by the expression 

2° The case applying to the optics of a double refracting crystal is given by 
the particular form 

sj ^0* + ^ cLxPxi (i = 1, • • • , (34) 

Observing that 

^Pi = ax%^-^ (35), 

we have 

2p,n^, - n = - ao»n-> (36) , 
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hence the finite equations of the group of contact transformations generated by the 
infinitesimal transformation (34) are 

Xx - + a^^p^QrH, z/ - z — Pi=pi (37), 

eliminating t by means of the first w + 1 equations, we have the ellipsoid 


{oT i XiY (^a , , (^n i _ i 

{a,ty {a,tf (anty " * 


(38), 


thus the transformations of the one-parameter group (37) change the points of space 
of any dimensions into ellipsoids of that space, any particular point is changed by all 
the transformations of the group into similar ellipsoids similarly placed and concentric 
with the point as common center 


10 Lie might have included in this order of ideas certain other contact trans- 
formations * 


Thus far the finite contact transformations studied in detail have been defined by 
a single equation connecting the coordinates of the points of the two spaces The 
following however is an interesting example giving a category of such transformations 
which are determined by two equations in the point variables 


Consider the two equations 

1 

{zz' + ]£ (z'^ + S .r/^) (z^ -f 2 ay) — 0 

1 11 

where k is a constant 


(39), 


By means of the formulae developed in § 7, 2°, the finite equations of the 
transformations can be determined, and the fact that they foim a one-parameter group 
established 


If 

XJ, A,/ . , (40) 

are the infinitesimal rotations of n + 1 -dimensional space written m the symbolic form 
(4), the expression 

<i>=y”2(x/)> (41) 

may be taken as the characteristic function of the infinitesimal contact transformation 
which generates the one-parameter group of contact transformations detei mined by the 
equations (39). 

Observing that two infinitesimal contact transformations are commutative only in 
the case when the relation 

U{Vf)-V{Uf)=0 

* “ Beitrage zur allgemeinen Tranflforrnationstheorie,” Leipziger Benchte, pp 496 — 498 


.( 42 ) 
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exists between their symbols, we can verify by this principle that the transformations 
of the above group are commutative* V with all dilatations, 2® with rotations about 
the ongm, 3" with all spiral transformations starting from the origin, 4° with all pedal 
transformations, 5® with all point and contact transformations commutative with all 
rotations about the origin, 6° with all transformations of the infinite group whose 
characteristic function is 


where 


<I>^ 


/Xi Xj "»+} 


(44), 


^ V ¥ ¥ 

I OXx OZ 




.(45) 


The first case of commutation is especially interesting because of reasons given in 
§6 The second may be shown even more simply by introducing polar coordinates 

The aequationes directrices (39) themselves exhibit certain geometiical properties 
of the transformations For example they show that eveiy point {z, , Xn) is 

changed into a circle whose points are at the same distance trom the origin as the point 
{z, iCi, . , a?n) itself Further the ladii vectores of {z, x^, ., a?,,) and (/, x-l, .., Xn) 

make an angle with each other whose cosine is k 


11 The particular transformation of the above group, namely that corresponding 

to A? = 0 and accoidmgly defined by the two equations 

ya — + X (a?/-* — x^) = 0, zz' + 2 x^Xx =0 (46), 

i 1 

was first studied as a contact transformation by Goursat, in three dimensionsf. 

If in equations (46) z, a’/, , a*,/ be regarded as constants and z, a:,, ..., a.,, as 
current coordinates, these equations define a certain circle (7 in n + 1 -dimensional space, 
the locus of {z, a?!, , Xn) That is the equations make a circle G correspond to 

every point {z', a?/, ... , Xn), and similarly, since the equations are symmetiical in both 
sets of variables, to every point {z, a;,, . , a;„) there corresponds a circle C' in the current 

coordinates (/, a;,', ... , Xn) When the point (z, a?,, . ., Xn) describes a suiface 2, the 
circles C relative to the several points of 2 form a congruence. The focal surface of 
this congruence is the surface 2' into which 2 is transformed. 2' is also the locus of 
the points (z', a*/, . , Xn) such that the corresponding circles G' are tangent to S 

The focal surface of the congruence of circles G' is a plane passing through the 
radius vector OP and the normal PN to the surface at P Thus to construct the 

point P' corresponding to P it is only necessaiy to draw, in the plane passing thiough 
OP and the normal PN, the perpendicular OP' to OP, cutting off a distance OP' equal 
to OP. 

* In the last loc cit Lie shows indirectly that the enumerated commutative properties appertain to these 
transformations in three dimensions 

f See loc cit p 267 

VoL. XVIII. 
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The geometric construction shows that we have here the long known construction 
by which the apsidal surface of a given surface is derived Accordingly the above 
contact transformation is possessed of the very impoitant property of changing ellipsoids 
into Fresnel wave surfaces. 

The finite equations of the transformation (46) expressing z\ p/ as functions 
of z, Xx, pt may be obtained without difficulty by the method of § 7 If this trans- 
formation be combined with those of the one-parameter group (37) we shall have oo* 
contact tiansformations which change the points of space of any dimensions into the 
wave surfaces of that space. 

12. This suggests the interesting problem of finding all those contact transformations 

which change every wave surface into a wave suiface, that is, those contact transfor- 

mations which leave the family of all wave sui faces invariant 

Analytically the problem may be approached either by determining the finite 
transformations or the infinitesimal transformations which leave the partial differential 
equation of the wave suiface invariant From either starting point the difficulties in 
the way of integiations to be effected are well-nigh insurmountable This ought not to 
be surprising since all contact transformations of ordinal y space changing plane into 

plane have not been determined (though Lie has found all those that change surfaces 
of constant curvature into surfaces of constant curvature in oidinary space, and lately 
the most general contact tiansformation leaving unaltered the family of developable 
surfaces of n-f 1-dimensional space has been found) 

An indirect method for finding contact transformations transforming wave surfaces 
into such may be employed by using the results of a beautiful memoir of M Maurice 
Levy, ^‘Sur les dqiuitions les plus g6n(5iales de la double refraction compatibles avec la 
surface de I’ondo de Fresnel,” Coniptes Rendm, t 105, pp 1044 — 1050 

Without making any assumption whatever relative to the nature of a luminous 

vector L6vy proposes to find its most general foim compatible with the Fresnel wave 
surface His problem narrows itself to determining the most general expressions of the 
second derivatives, with regard to the time, of the three components of the luminous 
vector as functions of the various second derivatives of these components with regard 
to the coordinates of the point of the medium which produces the light, by means of 
the condition of reproducing the equation of velocities and hence the wave surface 

The equations to be invariant in this method are more numerous, but simpler in 
form than the partial differential equation of the surface of waves 

For reference Levy’s system of equations is appended here Letting u, v, w be 
the components of the luminous vector, t the time, x, y, z the coordinates of the 
point of the medium which produces the light, a, 5, c the reciprocals of the principal 
indices of refraction, a, 7 three arbitrary constants, and X, /x, v three other arbitrary 
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constants entenng only by their mutual ratios, L4vy finds the following 4.x* solutions of 
the proposed problem : 


(A) 


(B) 


(C) 


^ 0a?* 


df 


, 0*M ll . 

dz^ 


^dxdy 


d^w 
dxdz ' 

0*u 


1 0*W • , 9 V , .. d^w X , 


dz^ 


j0*^ , 

0a,* 


,djw , 

0y* 


0*a 

dzda. 


0*u 

02^0.?/ ’ 


(D) 


/0*M 

0 *M 



0 *w 

0 ®a 


-c*) 

0 *y 

V 

(«- 

-6*) 

0 *ty 

0 «* 


+ 

C* 

0 y* 02' 

+ ^(a- 

dxdy 

+ X 

0a?02 ’ 

fd^v 

,0*y 


/3 

0 *y 

. 0*y 


-a*) 

dhu 

X 

C^- 

-c*) 

0 *a 

\^* 

0 ^* 

+ 

0 y* ^ ^ 0z* 


dydz 

-f - 

0 y0a? ’ 

0 *W 

, „ 0*w; 



dhv 

0 *a 


-6*) 

d^u 


(7- 

-a*) 

0 *y 

,0? 


+ 

a* 

w 


+ - (7 - 

020a? 

+ - 
1/ 

020 y ’ 

0 *M 

0 *M 



/dht 

0 *?A 


-a*) 

0 *y 


(7- 


0 *«; 

0 «* 

“ “ 0a,* 

+ 

a* 

w 

^ 0?) 

+£(^- 

0 a,0y 

+ x 

-a*) 

dxdz* 

0 *z; 

^0*y 


6* 

/0*y 

0 *y\ 

V , 

-6*) 

0 *ty 

X 

(a- 

-6*) 

0 *M, 

' 0"^ 

-^di/ 

+ 

w 

+ 0T*) 


0 y02 

H — 

dydx* 

0 *W 

d^w 



fdhv 



-c*) 

0 *W 

. A*- 

(/3- 


0 *y 



+ 

c* 

v^* 

. 

dyv 


020a? 

+ - 

-c*) 

020 y ’ 

0 *W 

0 *« 



/0*U 

0 *U\ 



0 *y 




0 *W 

0 «* 

0 a^* 

+ 

a* 

V0y’ 

+ 02*) 


-6*) 

0 a?0y 

+ X 

ta- 

- c*) 

0a?02 ’ 

, 0*V 

„0*y 


6 * 

/0*y 

0 *y \ 


-c*) 

0*14; 

X 


-a*) 

0 *W 

la/- 


+ 


+ aJ 


0 y02 

-1 — 

0y0.4? ’ 

0 *'M? 

dhv 


/dhv 
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I' 

dzdy 


However, these half-dozen possibilities or tentatives towards the solution of the 
problem of finding contact transformations which leave the family of wave suifaces 
invariant have so far yielded no fuither lesult than the trivial one formed by the 
repetitions of the reciprocal apsidal transformation 

13. Assuming the rectilineal piopagation of light the theory of optics becomes a 
branch of line-geometry This familiar view opens up other possibilities in the applica- 
tions of contact transformations to optics 

Confining oui selves to ordinary space for convenience of expression these applications 
may be made either by means of the contact tiansformations which change straight 
lines into such, or by means of other correspondences set up by contact transformations 
between two spaces such that straight lines are changed into the elements of some 
other four-dimensional manifoldness. 
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The simplest four-dimensional manifoldnesses in three-dimensional space are that 
of all straight lines and that of all spheres. For this reason those contact transformations 
between two three-dimensional spaces or which change a three-dimensional space into 
itself in such a manner that straight lines are changed into spheres, are the first to 
attract attention and have so far been the most fruitful. Lie constructed such a 
transformation in his memoir on complexes in the fifth volume of the Mathematische 
Annalen which has led him to a generalized form* of the theorem of Mains 

Lately this manner of changing straight lines into spheres by contact transforma- 
tions has been found not to be unique , in fact infinite groups of infinite numbers of 
such line-sphere contact transformations have been constructed. 

The above observations increase the demand for the resolution of the problem of 
determining all continuous groups in four variables But such contact transformations 
need not necessarily be contact transformations of a three-dimensional point space into 
itself, for example, if the four variables be interpreted as line- coordinates or sphere- 
coordinates, the corresponding invariant Pfaffians by no means provide that the conditions 
for contact transformations of the three-dimensional space into itself be satisfied It is 
precisely because of such a confusion that we find these notions used loosely in a 
recent memoirf on the employment of infinitesimal transformations in optics 

* “Lichtetrahlen, die m Pseudonormaiensystem bilden, PseudonormalensystemaufdiePeeudokugeldeabetreffenden 
gehen bei jeder Reflexion und Refraction in ein Pseudo- Raumes,” Leipziger Berichte, 1896, loc cit , p 133 
normalen system uber Sind bei einer aolchen Refraction t Hausdorff, “ Infinitesimale Abbildungen der Optik,” 
die beiden in Betracht kommenden Pseudokugeln (d h Leipziger Benchte, 1896, pp 79—130 
Welleuflachen) weseutlich verscbieden, so bezieht sich jedes 
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Among the groups of finite order that earliest present themselves, from some 
points of view, to the student are the groups of rotations of the regular solids An 
admirable account of these from the purely geometrical stand-point is given in the 
first chapter of Klein’s Voilesungen uher das Tcosaeder Of the six types included in 
this set of groups there are three which, though quite unlike in other respects, have 
a distinctive pioperty in common These are (i) the dihedral group of order 2n (n odd), 
(ii) the tetiahedral group of order 12, and (iii) the icosahedral group of order 60 
They are defined abstractly by the relations — 

(i) = n odd, 

(ii) A^=l B^=l, {ABy=l, 

(ill) A^=l, B^ = l, (AJ5)“ = 1 

The order of each of these groups is even, while the only opeiations of even order 
which they contain are operations of order two While they have this property in 
common they are otherwise of very distinct types 

The first has an Abelian (cyclical) self-conjugate subgroup, order n, which consists 
of the totality of its operations of odd order The second contains a self-conjugate sub- 
group of order four, this being the highest power of two which is a factor of the 
order of the group The third is a simple group containing five subgroups of order 
twelve, each of which has a self-conjugate subgroup of order four It can be repre- 
sented as a tnply-transitive substitution group of degree five 

I propose here to determine the groups of even order, which contain no operations 
of even order other than operations of order two The determination is exhaustive , and 
it will be seen that the groups in question arrange themselves in three quite different 
sets of types of which the groups (i), (ii) and (in), defined above, aie representative. 

1. Let G be a group of even order N, which contains no operations of even order 
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other than those of order two. To deal first with the simplest case that presents 
itself*, let 

N = 2m, 

where m is odd Since no operation of order two is permutable with any operation of 
odd order, G must contain m operations of order two which form a single conjugate 
set. Let these be 

^ 1 , ^2 

If ArAg were an operation of order two, 1, Ar, A,, and ArAg, would constitute a 
subgroup of G of order four. No such subgroup can exist, and therefore ArA, is an 
operation of odd order The m opeiations 

ArAi, ArA^, . , ArA,n, 

which are necessarily distinct, are therefore the m operations of odd order contained 
in G These m operations may similarly be expressed in the form 

AiAf, A^Art , A^Af , 

and since 

Ar ArAg Ar^^AgAr, 

Ar transforms every operation of G^ of odd order, into its inverse. Hence 
ArAp . AqAr = AqAp = AqAr . ArAp , 

and this shews that every pair of operations of G, of odd order, are permutable. Hence 
the m opeiations of G of odd order, including identity, constitute an Abelian group, 
and this is a self-conjugate subgroup of G Conversely, if H is any Abelian group of 
odd order m, generated by the independent operations S, T, . , and if A is an 
operation of order two such that 

ASA = S-\ ATA = T-\..., 

then A and H generate a group G of order 2m, whose only operations of even older 
are those of order two 

When r is given, s can always be taken in )ust one way so that ArAg is any 
given operation of G of odd order. Hence every operation of G of odd order can be 
represented in the form ArAg in just m distinct ways. This property will be useful in 
the sequel 

The groups thus ai rived at are obviously analogous to the group (i) above. 

2. Next let JV=2”m, 

where m is odd and n is greater than one The operations of order two contained 
in G form one or mote conjugate sets Suppose first that they fonn more than one 
such set; and let 

A, A', .., 

and B, E, 

* This first case is considered in my Theory of Groups of Finite Order, pp. 143 and 230. 
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be two distinct conjugate sets of operations of order two The operation AB must 
either be of order two or of odd order. If it were of odd order, (i, the subgroup 

generated by A and B would be a dihedral subgroup of order 2/a, and in this sub- 

group A and B would be conjugate operations Since A and B belong to distinct 
conjugate sets in G, this is impossible Hence AB is of order two, or in other words 
A and B are permutable Every operation of one of the two conjugate sets is theie- 

fore permutable with every operation of the other. The two conjugate sets therefore 

geneiate two self-conjugate subgroups (not necessarily distinct) such that every operation 
of the one is permutable with every operation of the other The order of each of 
these IS divisible by two, and therefore the order of each must be a power of two , 
as otherwise G would contain operations of order 2r (r odd) The two together will 
generate a self-conjugate subgroup H' of order 2"' If v! is less than n, there must 
be one or more conjugate sets of operations of order two not contained m H' Let 

C, C, ... 

be such a set. As before every operation of this set must be permutable with 
eveiy operation of H' Hence finally G must contain a self-conjugate subgroup H of 
Older 2” No operation of G is permutable with any opeiation of H except the 
operations of H itself, and G is theiefore a subgroup of the holomorph* of H It 
follows that G can be represented as a transitive group of degree 2’‘. Moreover, since 
G contains no operations of even older except those of order two, the substitutions 
of this transitive group must displace either all the symbols or all the symbols except 
one Hence m must be a factor of 2” — 1 , and G contains 2^* subgroups of order m 
which have no common operations except identity With the case at present under con- 
sideration may be combined that in which G has a self-conjugate subgroup of order 
2”, the 2” - 1 operations of order two belonging to which form a single conjugate set In 
this case m must be equal to 2” - 1 

We thus arrive at a second set of groups with the requited property of order 2”m, 
where m is equal to or is a factor of 2” - 1 They have a self-conjugate subgroup of 
order 2”, and 2” conjugate subgroups of order m, the latter having no common operations 
except identity. These are clearly analogous to group (ii) above. 

3 Lastly there remains to be considered the case in which the operations of G 
of order two form a single conjugate set, while G contains more than one subgroup 
of order 2” 

If H and H' are two subgroups of G of order 2”, and if I is the subgioup 
common to H and H', then since H and H' are Abelian (their operations being all 
of order two) every operation of I is permutable with every operation of the group 
generated by H and This group must have operations of odd order, since it contains 
moie than one subgroup of order 2”. Hence I must consist of the identical operation 
only, or in other words, no two subgroups of order 2'* have common operations other 


Theory of Gioups, p 228 
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than identity. It follows from an extension of Sy low’s theorem that the number of 
subgroups of order 2" contained in G must be of the form + 1. 

If K is the greatest subgroup of G which contains a subgroup H, of order 2”, 
self-conjugately , then K must be a subgroup of the nature of those considered m the 
preceding section, and its order must be where is equal to or is a factor of 

2” — 1 Also no two operations of H can be conjugate in G unless they aie conjugate 
in K*. The 2” — 1 operations of order two m K therefore form a single conjugate set, 
and hence /x. must be equal to 2" — 1 The order of G is therefore given by 

= 1 ) 2 «( 2 «- 1 ) 

That G must be a simple group is almost obvious. A self-conjugate subgroup of even 
order must contain all the 2”^ -f 1 subgroups of order 2”, since the operations of order 

two form a single set In such a subgroup the operations of order two must foim a 

single set, and therefore a subgroup of order 2” must be contained self-conjugately in 
one of order 2"(2" — 1) Hence a self-conjugate subgroup of even order necessarily 
coincides with G If on the other hand G had a self-conjugate subgroup I of odd 
order r, I would by the first section be Abelian and every opeiation of G of order 

two would transform every operation of I into its inverse This is impossible, for if A 

and B were tw'o permutable operations of order two in G which satisfy the condition, 

then AB is an operation of order two which is permutable wuth every opeiation of /, 

contrary to supposition Hence G must be simple 

If A and B are any two non-pei mutable opeiations of older two in G, AB must 
be an operation of odd order /u., and A and B generate a dihedral group of order 2/x, 
Hence G contains subgroups of the type considered in the first section Let 2mi be 
the greatest possible order of a subgioup of this type contained in G, and let ly be a sub- 
group of G of order 2mi, and Jj the Abelian subgroup of order contained in ij. Every 

subgroup K of Ji is contained self-conjugately m /j, and, for the reason just given in 

proving that G is simple, no two permutable operations of order two can transform K 

into itself. Hence must be the greatest subgioup that contains K self-conjugately, as 
otherwise 2fnj would not be the greatest possible order for the subgroups of this type 
contained in G 

Let p* be the highest power of a prime p which divides , and let A be a subgroup 

of Ji of order p* If p* is not the highest power of p which divides N, then K would be 

contained self-conjugately f in some subgroup of G of order p*+^ This has been proved 
impossible Hence rtii and A/wj are relatively prime 

Again no two subgroups conjugate to Ji can contain a common operation other than 
identity, for if they did /j would not be the greatest subgroup of its typo contained 
in G 

If /i and the subgroups conjugate to it do not exhaust all subgroups of G of order 
2p (p odd), let /a of order 2 ?W 2 odd) be chosen among the remaining subgroups of G of 


Theory of Groups, p 98 


t Ihid. p 65 
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this type 80 that is as great as possible; and let be the Abelian subgroup of of 
order Then has no operation other than identity in common with or with any 
subgroup conjugate to /i; also no two subgroups conjugate to have a common operation 
other than identity, and and N/m^ are relatively prime All these statements may be 
proved exactly as in the former case. 

If the subgroups of 0 of order 2 /a (/a odd) are still not exhausted, a subgroup /g of order 
27)13 containmg an Abelian subgroup Jg of ordei Wg may be chosen in the same way as 
before , and the process may be continued till all subgroups of G of the type in question 
are exhausted Now is one of Ar/2m, conjugate subgioups and each contains mi— 1 
operations which enter into no other subgroup conjugate to or to or Jj Hence 

the subgroups conjugate to Ji, J^, Jg, . . contain 




distinct operations other than identity If 7, actually existed, this number would be equal 
to or greater than N, which is impossible. Hence there can at most be only two sets of 
conjugate subgioups such as and 

It was shewn in section 1 that each of the m, — 1 operations of /j other than identity 
can be represented m 7iii distinct ways as the product of two operations of order two 
Similarly each of the m^— 1 opeiations other than identity of J^, if it exists, can be repiesented 
as the product ot two operations of older two in nu distinct ways Moreover these and 
the operations conjugate to them are the only ones which can be represented as the 
product of two iion-pei mutable operations of order two Now G contains 

(2«fc-fl)(2"-l) 

operations of ordei two, and any one of these is pei mutable with exactly 2” — 1 Hence 
the number of pioducts of the foim AB, where A and B are non-permutable operations 
of order two and the sequence is e.ssential, is 

(2«^' + 1) ^2” - 1) 2”Ar (2’‘ - 1 ) = Nk (2” - 1) 

On the other hand as shewn above this numbei is 


— (mi-l)+ 2 (wij- 1) 


or 


gK-l) 


according as 7g actually exists or does not 
Hence if /j does not exist 

ma = 2^(2"-l)+l, 

and at the same time mj is a factor of 

(2«^+l)(2«-l) 


VoL. XVTII 


35 
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These conditions are obviously inconsistent Hence /j does exist, and 

+ m, = 2 [A;(2” — 1)+ 1} 

It follows that, Wi and being positive numbers of which Wj is the greater, 

mi > + I — A; 

On the other hand, since no two operations of order two contained m Ji are permutable, 
while G contains only 2^k + 1 subgroups of order 2”, 

Ml < + I 

Hence there must be an integer I, less than k, such that 

Till = 2^k + 1 - 

and mj = 2’‘A; + I + Z — 2A;. 

Now mi and mj are relatively prime factors of 

(2«A;+1)(2«-I) 

Hence (2"A: + 1)* - 2A: (2”A: + I) + 2kl - < (2U + 1) (2« - 1), 

and d fortiori since I is less than k^ and 2”A;+1 is positive, 

2»*A; + 1 - 2k < 2« - 1, 

le. k^l. 

The group G can therefore only exist if k is unity, and this necessarily involves that 
I IS zero Hence 

iV'=(2«+l)2«(2«- 1), mi = 2" + l, = 

and these are the only values of N, mi, and rn^ consistent with the existence of a 
group G having the required property 

Since G is simple, it can be represented as a substitution group of degree 2^+1. 
The subgroup of degree 2”, which leaves one symbol unchanged, has a self-conjugate 
Abelian subgroup of order 2”, and 2” conjugate Abelian subgroups of order 2” — 1, 
the latter having no common substitutions except identity. 

Hence the subgroup of G which leaves one symbol unchanged is doubly-transitive 
in the remaining 2” symbols, and therefore G can be represented as a triply-transitive 
group of degree 2” -t- 1 

The Abelian subgroup of order 2” — 1 which transforms a subgroup of degree 2” 
18 shewn m an appended note to be cyclical Assuming for the present this lesult, 
the subgroups of G of order 2" (2"— I) are doubly-transitive groups of known type. 

Now G contains just 2”-l operations of order two which tiansform each operation 
of a cyclical subgroup of degree 2” — I into its inverse Since each of these leaves 
only one symbol unchanged, each must interchange the two symbols left unaltered 
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by the cyclical subgroup of order 2"--l But there are only just exactly 2*^—1 
substitutions of order two in the 2” + I symbols which satisfy these conditions Hence 
for a given value of n the group, if it exists, is unique. 


That such groups exist for all values of n is known*, 
congruences 


_ az + 3 
~ yz + B' 


(mod 2), 


In fact the system of 


where a, /9, 7, B are roots of the congruence 


(mod 2), 


such that aB- ^y^ 0, (mod 2), 

actually define such a group , and the permutations of the 2” + 1 symbols 


00, 0, X, . ,X*’’->, 


whore X is a primitive root of 

X^-» = 1, (mod 2), 

which are effected by the above system of congruences, actually represent it as a triply- 
transitive gioup of degree 2”+l 

The set of groups thus arrived at are the analogues of group (111) above. 

Finally, eveiy group of even order, which does not belong to one of the three sets 
thus determined, must contain operations of even order other than operations of order 
two 


NOTE 

Let H be an Abelian group of order 2” whose operations, except identity, are all 
of order two , and suppose if possible that H admits two permutable isomorphisms of 
prime order p one of which is not a power of the other, such that no operation of 
order two is left unchanged by any isomorphism generated by the two So far as a set 
of p* operations of H are concerned the two isomorphisms, being permutable, must have 
the form 

(AiiAia ^ip)(AziA.22 -dap) ‘ {ApiA.p2 . . App), 

and (Aji-d-ai . Ap^i^AyiAj^ . Ap^ . {^AipA^. ^pp), 

• .... 

* Moore “ On a doubly-infinite series of simple groups,” Chicago Congrest Papers (1893) , Burnside . " On 
a class of groups defined by congruences,” Ptoc L M S Vol xxv (1894) 
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being the p* operations. Moreover any cycle of an isomorphism generated by these two 
has the form 

(■d-r, « ^r+{p-\)x, 

the suffixes being reduced mod. p 

Since no operation of H except identity is left unchanged by any one of these 
isomorphisms, the product of the p operations in any one of the cycles must give the 
identical operation. 

Hence ^11^21 ^p,i = 1 > 

-^ 11^.22 -^PtP “ 

■d-iiAjs ... . A.p^p^i= 1, 

•dn -^p, 2 ~ 1 ) 

and therefore on multiplication 

or dn - 1 . 

The supposition made therefore leads to a contradiction Hence if H admits a 
group of isomorphisms of order p”*, no one of which leaves any operations of H except 
identity unchanged, this group has only a single subgroup of order p. It is therefore cyclical* 
If then p”* IS the highest power of p which divides 2 ^- 1 , the subgroup of order p^ 
in the Abelian group of order 2 ” — 1 , considered above, is cyclical Hence the Abelian 
group 18 itself cyclical 

* Theory of Groups, p 73 


* 



XIL On Green's Function for a Circular Disc, with applications to Electro- 
static Problems. By E. W. Hobson, Sc.D., F.R.S. 

\Received 7 October 1899 ] 

The mam object of the present communication is to obtain the Green’s function 
for the circular disc, and for the spherical bowl The function for these cases does not 
appear to have been given before m an explicit form, although expressions foi the 
electnc density on a conducting disc or bowl under the action of an influencing point 
have been obtained by Lord Kelvin by means of a series of inversions The method 
employed is the powerful one devised by Sommeifeld and explained fully by him in 
the paper referred to below The application of this method given in the present paper 
may serve as an example of the simplicity which the consideration of multiple spaces 
introduces into the treatment of some potential problems which have hitherto only been 
attacked by indirect and more ponderous methods. 

The System of Peri-Polar Coordinates 

1. The system of coordinates which we shall use is that known as pen-polar co- 
ordinates, and was introduced by C. Neumann* for the problem of electric distribution 
in an anchor-ring A fixed circle of radius a being taken as basis of the coordinate 
system, in order to measure the position of any point P, let a plane PAB be drawn 
through P containing the axis of the circle and intersecting the circumference of the 

PA 

circle in A and B , the coordinates of P are then taken to be p = log , 6 which 

is the angle APB, and <f> the angle made by the plane APB with a fixed plane 
through the axis Of the circle In order that all points in space may be represented 
uniquely by this system, we agree that $ shall be restricted to have values between 
— TT and TT, a discontinuity in the value of 6 arising as we pass through the circle, 
so that at points within the circumference of the circle, 6 is equal to tt, on the upper 
side of the circle, and to — tt on the lower side of the circle, the value of 0 being 
zero at all points in the plane of the circle which are outside its circumference As 


Theone der Elektncithts- und Wdrme-Vertheilung in einein Ringe. Halle, 1864 
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P moves from an infinite distance along a line above the plane of the circle up to 
any point inside the circle, and in its plane, 6 is positive and increases from 0 to tt, 
whereas as P moves from an infinite distance along a line below the plane of the 



circle up to a point within the circumference, 6 is negative, and changes from 0 to 
— TT The coordinate ^ is restricted to have values between 0 and 27r, and the co- 
ordinate p may have any value from — oo to -f oo , which correspond to the points A, B 
respectively The system of orthogonal surfaces which correspond to these coordinates 
consists of a system of spherical bowls with the fundamental circle as common rim, a 
system of anchor-rings with the circle as limiting circle, and a system of planes through 
the axis of the circle If we denote by ^ the distance CN of P from the axis of 
the circle, and by z the distance PN of P from the plane of the circle, the system 
f cos (f), f sin <f>, z will be a system of rectangular coordinates, which can of course be 
expressed in terms ot p, 6, <f> Let the lengths PA, PB be denoted by r, r' respec- 
tively, then rjr = log p , we have 

2rr' cos ■+ r'^ — 4a* = 2r/ cosh p — 4a*, 


hence 

Again, 

hence 

also since 
we have 


2a* 

cosh p — cos 0 ' 

z 2a — rr' sm 6, 

__ a sm ^ 

” cosh p — cos ’ 

r* + r * =s 2a* + 2(7P*, 

UP* = rr' cos 6 + a*, 
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whence we find 


hence 


cosh p — cos 6 ’ 

_ a* sinh® p 

^ (cosh p — cos dy ’ 


thus f, z are expressed in terms of p, 6 by means’ of the formulae 


g _ a sinh p 
^ ~ cosh p - cos ^ ' 


a sm 6 

' cosh p - cos 6' 


2. To express the reciprocal of the distance D between two points (p, $, <f>) and 
(Po> ^0, <f>o)> we substitute for z and fo> m the expression 

- = {(«- + f’ + f.' - 2ff. cos (i, - 4„)]-i, 


their values in terms of p, 6 and po, we then find 

1 _ 1 (cosh p — cos 6y (cosh po — cos 

^ a V2 jeosh a — cos {6 — ^o))^ ’ 


where cosh a denotes the expression cosh p cosh po — smh p sinh po cos (</> — (j>o). If we 
suppose the expression {cosh a — cos (^ — ^ 0 ) 1 '^ expanded in cosines of multiples of 

2 f ^ cos 

0 — do> the coefficient of co8m(^— ^ 0 ) is - / , — r — which is equal* to 

® ^ TT/o (cosh a - cos ^ ^ 

2 V 2 

Qm-i (cosh a) when Qm-j denotes the zonal harmonic of the second kind, of degree 

TT 

1 11 

m — « , thus 7 j = — (cosh p — cos (coshpo- cos 0o)^ X 2Q„i_j(co8h a)cosm(^ — ^o)> where 
2 JJ ird 

the factor 2 is omitted in the first term, for which m=0 The senes in this expres- 
sion for II D may be summed by substituting for Qw_j(co8ha) the expression 

1 r ^ g~mu 

- 7 = , (loG. cit X) 519 ), 

V 2 a (cosh u — cosh a)* v r / j 

we find 


s ” (cosh « ^ 


and thus we have the formula 

^ ^ (cosh p — cos Oy (cosh po — cos 
iJ •jra\/2 



smh u 


V co!?h u — cosh a cosh u — cos {d — do) 


du. 


Avhere a is given by 

cosh a — cosh p cosh p, — smh p smh po cos {<j) — <f>o) 


* See page 621 of my memoir "On a type of spherical harmonics of uniestricted degree, order, and argument,” 
Phil Tram. Vol CLxxxvn (1896) A. 
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Green’s Function for the Circular Disc 


3. In order to obtain Green’s function for an indefinitely thin circular disc, which 
we take to coincide with the fundamental circle of our system of coordinates, we shall 
apply the idea originated and developed by Sommerfeld*, of extending the method of 
images by considering two copies of three-dimensional space to be superimposed and 
to be related to one another in a manner analogous to the relation between the sheets 
of a Riemann’s suifacc. In our case we must suppose the passage from one space to 
the other to be made by a point which passes through the disc , the first space is 
that already considered, in which 6 lies between — tt and tt, for the second space we 
shall suppose that d lies between tt and Stt, thus as a point P starting from a point 
in the first space passes from the positive side through the disc, it passes from the 

first space into the second space, the value of 6 increasing continuously through the value 
TT, and becoming greater than tt in the second space In order that a point P starting 
from a position Poipo, ^o. ^o). sa-y the positive side of the disc, may after passing 
through the disc get back to the original position Pq, it will be necessary for it to 

pass twice through the disc , the first time of passage the point passes from the first 
space into the second space, and at the second passage it comes back into the first 
space Corresponding to the point p^, 0o, <f>(, where 0o is between — tt and tt, is the 
point (po, ^o + 27r, 0o) in the second space, whereas the point (po, + <f>o) is regaidcd 

as identical with the point (po, 0o, ^o) The section of our double space by a plane 
which cuts the nm ot the disc is a double-sheeted Riemann’s surface, with the line of 
section as the line of passage from one sheet into the other Let po, 0o, (f>o, be the 

coordinates of a point P in the first space, on the positive side of the disc, thus 

0 <0o<’rr , taking the expression for the reciprocal of the distance of a point Q (p, 0, <f)) 
from P, given in the last aiticle, wo have, since 


sinh u 


cosh u — cos {0 — 0o) 


sinh ; 


sinh , 


cosh ^ — cos ^ ~ ^o) 


■^2 


cosh ^ w + cos i {0 — 0o) 


1 

PQ 


1 r* 

2 \/ 27 ra P (cosh po — cos J 


sinh 1 1 


Vcosh M — cosh a 


cosh 9 — cos ^ {0 - 0o) 


• du 


2 \/27ra 


(cosh p — cos 0)^ (cosh po — cos 0^)^ j 


Vco3h« -'cosha i « - cos i(e- - 2^) 


•du , 


we thus see that 1/PQ is expressed as the sum of two functions, the first of which 
involves the coordinates p^, 0 q, <f>Q of P, and the second is the same function of the 

* See his paper “Ueber verzweigte Fotentiale im Raume,” Proc Land Math Soc Vol. xxvin 
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coordinates po, 6o + 27r, <j!>o of the point P' in the second space, which corresponds to P. 
If Q moves up to and ultimately coincides with P, we have cosh a = 1 , it will then 
be seen that the first function becomes infinite at the lower limit, but that the second 
one remains finite at that limit. 


Consider then the function W (poi ^o> 4>o) given by 


^ (po , ^0 » <^o) = - - 7-^ (cosh p - cos 6)^ (cosh po “ cos $ 0 )^ 
2 v27ra 


f. 


1 


sinh 2 u 


V cosh u — cosh t 


cosh 2 w — cos 2 ” ^0) 


‘du , 


the above ecjuation may be written 


i = If (po, Oo, 4>o) + W (po, Po + 27r, </»o). 

It IS clear that the function W is uniform in our double space as it is unaltered 
by increasing 0 by 47r, it will now be shewn that it is a potential function We 
may express W in the form 

W - — 2 — (cosh p - cos 0 )^ (cosh po - cos ^0)^ f ^-=--1====. |l + cos^(P - Po)l du, 

2 V 27ra J «x v cosh u — cosh a I ^ } 


which may be written in the form 

W = 2^^ (cosh p ~ cos 0)^ (cosh po - cos ^0)* jQ-i (cosh a) + 2 S i_(co8h a) cos ^ (0 - 0o) 
since the formula 


f^cobh — J 


g—<n+i)u 

(cosh u — cosh a)* 


du, 


holds for all values of n such that the real part of + i is positive (loc. cit p 519). 
Now (cosh p — cos 0)^ (cosh po — cos ^0)^ cos s{0 — 0o) Qg-i, (cosh a) is a potential form whatever 
s may be, and thus W is a potential function, and is expressible in the form 

TT = g- ^ (cosh p — cos 0)^ (cosh po — cos 0o)^ |q_j (cosh a) + 2Qo (cosh a) cos | (^ — 0o) 

+ 2Qj (cosh a) cos (^ — l9o) + | , 


the value of W {po, 0o + 27r, <po) being 

^ (cosh p — cos 0)^ (cosh po — cos 0o)^ I (cosh a) — 2Qo (cosh a) cos ^(0 — 0o) 

^TTCL ( " 

+ 2Q_j (cosh a) cos {6 — 0o)-... 

the two expressions added together give the expansion of 1/P obtained in Art 2. 


VoL. XVIIL 
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4 . To evaluate the definite integral in the expression for W, write cosh|u<=j, 
cosh i a =: <r, cos i ~ do) == r, then 


sinh 2 u 


Vcosh « - cosh ct I „ _ coa I (fl - 0.) 


du 




dx 


— or* (a? — t) 


/it t\ 

= v7>r7A2+*»’''^)- 


where the inverse circular function has its numerically least value, we thus obtain the 
expression 


W 


1 (cosh p — cos 6)^ (cosh pp cos Op)^ Ftt . _j 

Tra V 2 {cosh a - cos {0 - 0 o)}i |_2 


jcos I (^ - ^o) sech i a • , 


which may also be written in the form 


This expression W has the following properties — it is, together with its differential 
coefficients, finite and continuous for all values of p, 0, <j) in the double space, except 
at the point P in the first space, and it satisfies Laplace’s equation , when Q coincides 

with P, the inverse circular function approaches and the function becomes infinite 
as 1 /PQ , when however Q approaches the point in the second space which coi responds 
to P, the inverse circular function approaches and the function does not become 

infinite The expression ( 1 ) is then the elementary potential function which plays the 
same part in our double space as the ordinary elementary potential function 1 /PQ does 
m ordinary space 


6 In order to find a potential function which shall vanish over the surface of 
the disc, and shall thioughout the first space be everywhere finite and continuous 
except at a point P (po, Op, <^o) in the first space on the positive side of the disc 
(0<(9o<7r), we take the function W (p„. 0„ <^,)_Tf(po, 27r-^o, <t>o) which is the 
potential for the double space due to the point P and its image P'(po, ^Tr-Op, <l>o), 
which IS situated in the second space at the optical image of P in the disc This 
function 18 equal to 


(c osh p -- cos 6 )^ (cosh po — cos 

TTtt V 2 {cosh a - cos {6 - ^o)l* 

1 (cosh p — c os 0)^ (cosh p„ + cos 

7 ra \/2 {cosh a-f cos(^-lh ^o)}* 


r^r , 1 

[2 + ““ 1 

|cos^(^-^o) sech 

Ftt I 

1 1 ^ ^ , 1 ) 


P cos 2 (^ + ^0) sech ^ a| 
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which 18 the same thing as 

“ FQ [i + ^ i ~ I *1 ] " ^ [I ^ {- “« I (^ + ^•) \ “}] 

( 2 ), 

where P' is the optical image of P in the disc On putting m this expression (2), for 
U, the values $ — ir, and remembering that over the disc PQ = PQ, we verify 

at once that U vanishes on both surfaces of the disc. If Q coincides with the point 
(po> “*^01 0o) the function U remains finite 


The Green’s function Gpq which is a function that is finite and continuous throughout 
the whole of ordinary (the first) space, everywhere satisfies Laplace’s ei^uation, and is 


equal to l/PQ over both 
lequired value of Gpq is 


surfaces of the disc, is given by hence the 


[5 ” I 2 I “ 1 ] [I + i {“ 2 “}] 

~ pQ n I ^ ^ I ®} 

the numerically smallest values, as before, of the inverse circular functions being taken 
It will be observed that in intei preting these formulae (2) and (3), the second copy of 
space, having served its purpose, may be supposed to be removed 


The Distribution of ELEcrRiciTV on a Conducting Disc under the influence 
OF A Charged Point 


6. If we suppose a thin conducting disc to be placed in the position of the funda- 
mental circle of the cooidinate system, to be connected to earth, and influenced by a 
charge q at the point P (po, 0^, <po) on the positive side, the potential of the system at 
any point Q is qU where U is given by (2), and the potential of the charge on the 
disc 18 —q. Gpq We shall now throw these potentials into -a more geometrical form 


We have 


n~^ |cos I - ^0) sech | a| = tan~‘ 


cos2(^-^o) 


cosh* i a - cos* ^ - do) 


\ V2cosi(^-^o) ] 

= tan-i )- ; ■ 1- ^ — ( , 

(v cosh a — cos {6 — 6^] 

now take an auxiliary point L, of which the coordinates are po, ^ T tt, <f>o, the upper 
or lower sign being taken according as 0 is positive or negative (— tt < ^ < tt) Thus L 
and Q are always on opposite sides of the disc , using the formulae of Art. 1, we find 




— 2tt* cos 0 
cosh po + cos 0 


af-cq^= 

cosh p — cos 0 


PL _ I 1 -f- cos (^ — 0o) 1 ^ (cosh p — cos ^ 
PQ~ (cosh a — cos (^ — ^0)) (cosh po + cos 
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hence 


8in~’ 


cos ^ — ^o) sech I a| = 


± tan~^ 


/PL /a« ~CW 
VPQV 



in order to determine the sign on the right-hand side, we observe that the inverse 
sine 18 positive unless 6 lies between — (tt ~ ^o) and - tt, that is unless Q lies within the 
sphere passing through P and the rim of the disc, and is on the negative side of the 
disc, thus the sign on the right-hand side is to be taken positive unless Q lies within 
this spherical segment 


Similaily we find 

sin- 1 - cos 1 (fl + e,) sech = ¥ tan- ^ ^7“,) 


where the negative sign is to be taken unless Q is on the positive side of the disc and 
within the spheie which contains the rim and the point P'. We have thus as the 
expression for the potential of the system at any point Q {p, d, <f)) 



fl + ™tan“ 



CL^ — ay _ 


2P'Q 



tan~‘ 



(4) 


when the ambiguous signs are assigned in accordance with the above rules. 


The auxiliary point L may be found from the following construction 

Draw a spherical bowl through the rim of the disc on the opposite side to that on which 
Q lies, and equal to a similar bowl which passes through Q, draw a plane PA'F through 
P and the axis, cutting the rim in A', F, this plane intersects the bowl in a circle, on 
this circle L lies, and is found by taking it so as to satisfy the relation 

LA' • LF - PA' • PF. 
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In the case in which the influencing point is on the axis of the disc, we have = 
hence a — p, and the auxiliary point L is on the axis of the disc at the point where this 
axis 18 cut by the sphere through the rim and the point Q, on the opposite side of the 
disc to Q, the formulae for the potential then become 


^ ^ jcos i - ^o) sech ^ ^ ^ ^ cos ^ + e^) sech ^ p| J 


the sign in the first bracket is positive unless Q lies in the segment ApB, and the sign in 
the second bracket is negative unless Q lies in the segment ApB. 


7 To find, m the general case, the induced charge on the disc, it is sufficient to 
examine the limiting value of the potential at a point Q, ‘As Q moves off to an infinite 
distance from the disc in the direction of the axis. In the expression for —q Gpq given 
by (3), let 0 = 0, p = 0, then a=po. and PQ, P'Q become infinite in a ratio of equality, 
the expression for the potential of the induced electrification on the disc has therefore 
the limiting value 

therefore the whole charge on the disc is 


which IS equivalent to 


— g cos~* ^cos ^ 00 ^ech i po) > 


2 


when L is a point in the plane of the disc which lies on the bisector of the angle APB. 
This expression may be interpreted thus — 



Let PL be the bisector of the angle APB, draw the choid NLM perpendicular to 
AB , the total induced charge is 


^NPM 


-7 
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0 

When the point P is on the axis of the disc, the induced charge is - J , where 

IT 

is the angle subtended at P by a diameter of the disc. 

When P 18 in the plane of the disc, the angle NPM becomes the angle between the 
tangents from P to the circular boundary of the disc. 


8 . The surface density at any point of the disc is given by the formula 

^ 47 r 9 i/ ’ 


when dv is an element of normal and is given by 

dv— ~ 

cosh p — cos 0 * 

We thus find for the density po at the point (p, tt, <^) on the positive side of the disc, 




^.|l + ?8m-(8mie.8echla 


q 1 cosh p + 1 
477* Pg a 


cos 2^, 




cosh* |a - sin* 


this expression can be put into a more geometrical form by introducing the auxiliary 
point L (po, B—ir, of Art 6 The point L is now in the plane of the disc, and external 
to the disc, denoting this position of L by its coordinates are p^, 0, We have 


which is equal to 



on reducing the second term in the expression for p, remembering that 

a sin 00 


cosh Po — cos 0 Q ’ 


we find that it becomes 


W PCp PPoV 


and thus the expression for the density at any point Q on the positive side of the 
disc IS given by 


= _I_ PNiPQ 

2^ PQ* 27r’ • PQ>|pi,V 


— tan“^ 


IpXo V a*- 



.( 7 ), 


where PN is the perpendicular from P to the plane of the disc, and Zo is a point on AP 
produced, such that AL^ • BL^— AP BP 
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The value pi of the density at the point (p, — tt, <f>) on the negative side of the disc is 
found in a similar manner to be 


pi = - 


q m 



a^-CQ^ ' 


[pLy 


.. ( 8 ). 


Thus the densities at corresponding points on opposite faces of the disc satisfy the relation 


q PN 

P'- 


When P is on the axis of the disc, Xo is at infinity, and the formulae (7), (8) become 


po=- 

Pi = 


q PN_ q P^l PQ _ 

PCp 

J PN( PQ _ _ 

2 -’ P(^UaQ~M 



,(9) 


The expressions (7), (8), (9) agree with those obtained by another method by Lord 
Kelvin*. 


When P IS in the plane of the disc it coincides with Lo, m this case we find 
that the density on eithei side of the disc is given by 


q 1 iG P^-a^ 

P~ 2ir» PQ*V ■ 


( 10 ) 


9 If the influencing point P is on the axis at 6o, we find from (5) the following 
expressions for the potential at points on the axis — On the positive side of the disc 


On the negative side of the axis 


?Q + “ ^o) + ^ ^ positive, 

when (9 + ^„ is negative 


If we denote by the distance of P from the disc, and by z the absolute value of 
the distance from the disc of a point Q on the negative side of the disc, the potential 
at Q is given by the expression 


Z + Zq 


'jr\z-\-z, 




^ - + cot~‘ - — - ( cot~ 

a a) •jr{zo-z)\ 


See hi8 papers on “Electrostatics and Magnetism,” p 190 
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if ^0 te given as a multiple of a, say Zo=^na, the expression 


7r{z 


— . { cot~^ - - 
h na) \ a 


cot' 




•JT {na — z) 


cot“ 


might be used to tabulate the values of the potential at points on the negative side 
of the axis When z = 0, z = cc this expression is zero, and it will have a stationary 
negative value z for some value of z which may be approximately determined by plotting 
out the value of the function Corresponding to this value of z there is a point of 
equilibnum which is completely screened from the effect of the influencing point P by 
means of the disc , the lines of induction from P which pass through this point, separate 
those lines of induction which end on the disc, fiom those which go to infinity 


The Electrification induced on a Disc placed in any field of force 


10 The potential of the electricity induced on the disc, which is connected to 
earth and placed in a field of constant potential, may be deduced from the expression 
(5) by taking the point P on the axis, .and letting it move off to an mfinito distance, 

the strength q of the chaigo increasing so that the ratio remains finite, say equal 

to — A. We can easily shew that 

sm-‘ (cos 1 0 sech i p) = I - sm- , 

where Vi, are the greatest and least distances of the point {6, </>, p) from the ciiculai 

rim of the disc. Wo thus find for the potential of the electricity on the disc, the 

2A 2a 

well-known expression — sin~‘-'-|-y , which is the potential of an insulated disc elec- 
trified freely to potential A. 


11 To find the potential due to the chaige on the disc when placed in a field 
of force of potential fix, when a? is a coordinate measured from the centre of the 
disc in a fixed direction in the plane of the disc, suppose charges of strengths q and 
— q to be placed .it the two points P{po, 0, 0), P' {— p^, 0, 0) on the axis of x, the 
potential of the charge induced by these on the disc is at any point (p, 0, <f>) 


h 

IT 


PQ 


^ cos ^ ^ 

I cosh i a 


1 


. cosh 


1 


2 


where 


cosh a = cosh p cosh po — smh p sinh po cos (f>, 
cosh a' = cosh p cosh p® -f sinh p siiih po cos <f ) , 
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now let po become very small, as P, P' move away from the origin, the expression 
for the potential becomes, when higher powers of po than the first are omitted, 



-po 


+ f>0 


cosh ip i cos i 0 sinh ^ p cos ^ 


y/ cosh® 1 P — cos® i 6 

cosh® 2 p 

cosh i p 

i cos i ^ sinh i p cos </> 

cosh* i p -cos®i ^ 

cosh® i p 


now CP = = — , hence if q be made indefinitely great so that = /x, we 

find for the required potential 

2 ( ,/ 1. ,1N , ) 

- ix cos“^ (cos ^ 6 sech ^ p j — a cos ^ h , 

I Vl cosh® 2 P ^ P — 

2tt Vcosh p- cos 6 j « sinh p 

now — — = M r . .1 II X — cos d> — r > 

7*1 + ij 1 ^ cosh p — cos 0 


hence we find that the potential due to the induced electricity, in a field of force of 
potential p,x, is 


2 ( 2a 2a Vti, + r^)® — 4a®| 

- -^sin”^ ^ 

TT ( 7 i + 7’2 {U + nY ) 


( 11 ) 


12 In orclei to find an expression for the potential of the induced electricity on 
the disc, when it is placed in a given field of force, we apply the well-known theorem 
that if or IS the surface density at the element dS of the surface of a conductor when 
acted on by a unit charge placed at an external point Q, the potential function at Q 
which has values V given at every point of the conductor is JVadS, the integration 

being taken over the whole surface of the conductor Suppose F (p, <f>) to be the given 

potential function at the element p, <p whose area we denote by dS, on either side of 

the disc, the potential function at the point (po, 0o, <po) external to the disc which 

on the disc takes the values V (p, <f>) is then, using the expressions found in Art. 8, 



(1 + cosh p) cos-^o 
y/ cosh® ^ — sin® i do 




, \/l — cos $0 I 

Vcosh a-f-cos 0o{ 


V(P, <f>}dS, 


VoL. XVIIL 


37 



290 


Db HOBSON, ON GREEN’S FUNCTION FOR A CIRCULAR DISC, 


the value of the required function, E denoting the distance PQ We now introduce 
new coordinates r, rj, ^ instead of />, 6, <f>, these being given by 

a; = Jr^ + a* sin 7} cos <f>, y = Jr^ 4- a’ sin i; sin z = r cos rj , 
to express i; in terms of p, 6, we have 

ica 4- ya = (r* + a*) sin’ t} = 

CO^— 0? 

hence cos* 7^4- ^ cos’7;=s— , where OQ* = a;’ 4- 4- -8’ , hence we have 


cos’ rj = — 




2a 


2a’ 


2a’ cos 6 


j,and it IS easily found that V(6V ~ a’)’4- 4!aV = ^ 

/ 1 — cos 6 

"OS r) ^ ^ » 


Now 

hence we have 

and therefore a / — s 

cosh po — COS d<i 

Also as P 18 on the plane of the disc (r = 0), we have CP — a sin rj, hence 
from which we find 1 4- cosh p = 2 sec’ rj. Remembering that 


2a’ 


cos rjQ 


s! cosh 


— cos 00 


1 4- sin t; 

’ 1 — sin ’ 


^ ^ Vl 4-coshp Vcoshpo-c o s ^0 

P a V2 Vcosh a 4- cos 0^ 


we have 
and also 


/ 1- 

V cosh a 


1 — cos 0. 


a cos 7] cos 7)o 

4- cos 00 E ’ 


(1 4- cosh p) cos i ^0 Q /y/ 1 4- cosh p cos ^ 0o 
y/ cosh’ I a - sin’ 1 0o 


\/2 


2z 


Vcosh po — cos 00 P cos 7} a V2 cos tjo ^P cos t} cos t/q ’ 


then since dS = a^sm7}C0S7]d7]d<f>, we have for the potential function at an external 
point ro, 7}o, </>o. which has the value F(77, at the point tj, <j) of the disc, the 

expression 

Tr -S' r/" 1 T;r/ .x , a cos 77 cos 17o - /a COS 7? COS , ,, 

+ ( 12 ), 


here the coordinates of the external point at which the potential is found are the 
elliptic coordinates given by 

z-roco»7)o, a,=: Vro*4-a’8m7;oC08<^o, y = Vro’ 4-a’sin 77o8in<^o, 

the coordinate tjo alone appearing explicitly in the expression. This formula agrees with 
one obtained by Heme by a different and somewhat complicated procedure*. 


* See his Kugelfuncttonen, Vol ir. p. 132 
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The distribution of Electricity on a Conducting Bowl under the influence 

OF AN EXTERNAL ELECTRIFIED POINT 


13. In order to adapt the method of this paper to obtain corresponding results 
for the case of a spherical bowl, we must suppose the surface across which the passage 
from the first space to the second takes place, to be a spherical bowl with the funda- 
mental circle for its rim. If the angle of the bowl is jS, we must suppose that in 
the first space 6 has values from ^ — 27r, on the negative side of the bowl, up to ^ 
on the positive side, and that as we then pass through the bowl into the second 
space, 6 increases from /9 up to /9-|-27r, when the positive side of the bowl has again 
been reached If the convexity of the bowl is upwards, ^ is less than tt , if down- 
wards, ^ IS greater than tt 


The image of a point P(po> ^o> <^o) m the first space and above the bowl is the 
point P' (po, 2/9 — ^0 1 iR the second space, and below the bowl 

The expression 




/ cosh po — cos $0 1 

V cosh po — cos (2/3 — ^o) P' 


Q i sm-i jeos i (l9 + ^0 ” 2/3) sech ^ a| j 


.(13) 


corresponds to the expression m (2), it is a potential function which vanishes over 
the disc, and of which the only infinity in the first space is at P, where it becomes 
infinite as 1/PQ 


The Green’s function Gpq is therefore given by the formula 


^ 11 . 


jeos I (^ - Oo) sech a ■ 


V. 


cosh Po — cos do 
cosh Po - cos (2^ — ^ 0 ) P'Q 


^ I jeos \{e + eo- 2/3) sech i a| j (14) 


By introducing an auxiliary point L whose coordinates are po, ^ + /8, ^ 0 , this 
expression may be thrown into a geometiical form corresponding to (4), and the 
expressions obtained by Loid Kelvin for the density on either side of the disc may be 
deduced ; it is however hardly worth while to give the details of the process, as it 
is precisely similar to that which has been carried out in the case of the circular 
disc. 
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XIII. Demonstration of Green's Formula for Electric Density near the Vertex 
of a Right Cone. By H. M. Macdonald, M.A., Fellow of Clare College. 

[^Received 13 October 1899 ] 

In a footnote m his Essay on Electricity Green makes the following statement* 

“ Since this was written, I have obtained formula) serving to express, generally, the law 
of the distribution of the electric fluid near the apex 0 of a cone, which forms pait 
of a conducting surface of i evolution having the same axis From these formula) it 
results that, when the apex of the cone is directed inwards, the density of the electiic 
fluid at any point p, neai to it, is pioportional to , r being the distance Op, and 

the exponent n very nearly such as would satisfy the simple equation (4?! + 2 ) /S = Stt , 
where 2^ is the angle at the summit of the cone If 2/3 exceeds tt, this summit is 
directed outwards, and when the excess is not very considerable, n will be given as 
above but 2/3 still increasing, until it becomes 27r — 27, the angle 27 at the summit 
of the cone which is now directed outwards, being very small, n will be given by 
2 

2w log - — 1 ” The method by which he obtained these results was never published and 

the problem was not again attempted-|* till 1870 when MehleriJ: gave a solution foi the 
electrical distribution on a right cone under the influence of a point chaige, but the 
expression given by him for Green’s function is so complicated as to make it difficult 
to obtain results fiom it, and the form of the expression does not exhibit the fact that it 
18 discontinuous In the following analysis a solution for the distribution near the vertex 
of a right cone forming part of a surface of levoliition freely chaiged (Green’s case) is 
obtained , also solutions for the distributions on a right cone, and on a surface whose form 
18 the spindle formed by the revolution of a segment of a ciicle about its chord, under the 
influence of point charges on the axis Solutions for both these latter problems have also 
been given by Mehler§ The cases when the point charge is not on the axis can easily be 
deduced, but present no special interest 

The solutions here given are examples of a general method, which depends for its 
application on the fact that the writer has recently been able to detcimme the values of 
n in terms of im for which the harmonic P^(/a) vanishes 

* Green, Essay on Electricity and Magnetism, 1828; X I have been unable to obtain Mehler’s paper con- 

Mathematxcal Papers, p 67 taming the results for the cone and have had to rely on 

+ Green’s statement is quoted and applied by Max- Heine’s account of it, Theorie der Kugelfuncttonen, Vol ii 
well, Cavendish Papers, 1879, p 385, with the remark pp 217 — 250 
that no proof had ever been given § Cavendish Papers, loc cit 
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§ 1. Greenes case. 

With the usual notation, the expression Vo — Ar” P„ {fj) is a solution of Laplace’s 
equation in the neighbourhood of the vertex of the cone which is equal to Vo on the 
surface of the cone for which Pn(coaa) vanishes, where a is the semivertical angle of 
the cone. That it may be the recjuired solution Pnip) must not vanish for any value of 0 
between a and tt, for if it vanished for a value a', where a'>a, the expression would then 
be the solution for the space between the two coaxal conducting cones whose semivertical 
angles are a and a', or for some other space not entiiely bounded by the cone whose semi- 
vertical angle is a. Hence n must be such that Pn (/*) does not vanish for a value of 0 
which IS greater than a, now the A:th zero of P»(ya) considered as a function of n 
diminishes as 0 increases*, therefore n must be the least zero of P„(cosa) Therefore 
the potential in the neighbourhood of the vertex of a right cone of semivertical angle a, 
forming part of a conducting surface which is chaiged to potential Vo, is Fq — Ar’‘P„(/x), 
where n is the least zero of P,i(cos a) and A is a constant depending on the form and size 
of the surface. Hence f the density of the distribution m the neighbourhood of the vertex 
of the cone varies as where r is the distance from the vertex and n is given by 
n = Xoja where ocq is the least zero of Jo (x), when a is small, by (4/i 4 - 2) a = Stt, when a is 
2 

nearly 7r/2, and by 2?ilog- = l, when a is neaily tt and tt - a = 7 . Thus Green’s results 
are verified 


§ 2 . Mehler’s cases. 

( 1 ) The distiibution of electricity on a light cone under the influence of a charge 
on its axis. 


Let the space to be considered be the space bounded by the two concentric spheres 
7'=b, r — a and the cone 0 — a, where r, 0, </) are polar coordinates, and let theie be 
a charge q at the point r = r', ^ = 0. The conditions to be satisfied by the potential are 


and 


F = 0 , when r — a and a > ^ > 0 , 

F = 0 , when r = b and a > 0 > 0, 

F = 0, when 0 = a and a > r > b, 


d^v 2aF 1 

dr^ ^ r dr ^ r^dfi 




throughout the space 


Put r = ae~\ then the equation to be satisfied by F becomes 
' f 9F| 

- 1(1 — ^ J -f = 0 , 


^__0F 0 

0\® 0X dfi ] 


* Macdonald, “ On the zeros of the harmoiuo (fi) considered as a function of /x,” Proc. Land Math Soc 1899 
t Loc. ett 
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and, writing V = Ue^ , U has to satisfy the equation 


u 0 

d\^ 4 ■^0/i. 


<-■)£} 


+ 47ra*e p — 0, 


with the same boundary conditions as V Assume 


sm 


where \o = log ^ , this satisfies the first two boundary conditions and will be the solution 
required if Wm can be determined to satisfy the conditions 


and also 


Wm — 0, when and a>r>b, 


dWm] . 1 


0 - -§;f } - 1')^ + ij ”'"‘J ““ ~ 


/'m’TT* 1\ -m- S’Tra'* C^o mrrX ^ ^ 

)^,f - hrT- + i;P^™+ ^ <^^ = 0 - 


d,ii Vv "4 


Assuming 


W„ = 1A„„PM, 


all the conditions are satisfied if this summation extends to all the values of n which 
make P„(cosa) vanish and Anm is determined so that 


1 d / \ Swa* m7r\ 

‘+2) 


that is, if 


. (f ly . nM n 


/ Mo j ^Tra^ „ . > rmrX j. , 

J [Pn (/x)}* J pe iPn ip) sin dXdp, 


where /Xq = cos a Now 


r 5P ( \12^ ]_-py idPnip) 0P„) 


. (/ IV m’TT'l 1 -/io’3-Pn9-P« Sira’pf''' 


2/ \o’ I 2n + 1 071 dp ^-0 J fifj 0 

Making p vanish except at the point r=r\ 6 — 0, where 
5 = — 27rpa* e dXdp, 


fi r\o rtl'lfk , ^ 

pe iPn {p) sin d\dp. 
J UL^J 0 ^0 
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the expression for V becomes 


-sx 


/a , witV TrnrX o . 

(2n + 1 ) sm sin F„ (/a) 

^ Aq 


effecting the summation with respect to m, this becomes 


2 qe 2 ^ 
a ^ 




cosh 

1 (Xo — X + X') — cosh I 

+ 2 j (Xo — X — X') 

smh 1 

hi] 

lx Q _ 2\ dPn 

dn d/jL 


■p»w, 


when and 


7 = - 


2qe 


cosh (Xo — X' + \) — cosh (Xo — X — X') 


smh 




dKdl\ 

dn dfi 


^»(m) 


when X< X' Making Xo=oo the space becomes that bounded by the cone 6 — ol and 
the sphere r= a , and the potential inside an uninsulated hollow conductor of this form 
under the influence of a charge q at the point r' = ae~^' on the axis is given by 


2qe~2 . e-(«+i)(A-A')_e-(n+j){A+v) 


when X>X', and by 


F=-- 


e(n+l) (A-V) _ (A hA') 

^ wr- 




0n dfi 


when X < X', that is by 


F = - 2(7 S f (a*-) 

? Vr'’‘+‘ a-'"+V ■ ,, « 


when r >r, and by 


F= -2a 2 


.2n+i y 


0?i dfM 

Pn(H') 

(1 _ w a\ 


when r > r. To obtain the potential in Mehler’s case when the cone extends to infinity 
put a = 00 and then 
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when r > r, and 




(1 


PM 

iPndP'n’ 


dn dfjb 


when ? > r\ where the summations extend to all the positive values of n which make 
Pn (cos a) vanish When a =s irl^ 


and 


dPn^Pn^_^ 
dn dfji ’ 


when r >r, where the summation extends to all the positive odd mtegeis, that is 

Y _ ^ ^ ^ 

Vr* + /2 _ 2rr' cos $ + /* + 2?y cos 6 ’ 

which agrees as it ought to with the expression for the potential due to a charge q 
at a point distant r' from an infinite conducting plane at potential zero 


(2) To find the potential at any point due to the spindle formed by the revolution 
of a segment of a circle about its choid, when its sin face is freely charged. 

This IS immediately obtained by inversion from the above case Let be the angle 
in the segment of the circle whose revolution desciibes the spindle, ^ the angle in 

any other segment of a circle on the same choid, r; = log-\ where ri, (rj > ra) are 

^2 

the distances of a point on a segment from the extremities of the chord , then putting 
(/ = - Fq/ and observing that the cone of angle m the dielectiic inveits into the 
spindle the generating segment of which contains an angle ^o, the potential at any 
point due to the spindle when charged to potential Fo is given by 


F = F, + 2 Fo V2 (cosh y — cos S - 


(1 


g-(W+i) 17 /(.Qg 



dn dfi 




where - cos fo ^^nd the summation extends to all the positive values of n which make 
P„(cosfo) vanish The case of the sphere is that when fo = 7r/“ It may be verified 
that the density of the distribution on the spindle near one of the conical points agrees 
with that found § 1 For the density at any point on it is given by 


Fo_ 

27rr' 


{2 (cosh 1 / — cos fo)l^ ^ 


g-{n+i)-n 


sin ^0 


dn 
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and near one of the conical points this becomes 


Vo 

27r 




where r' is the length of the axis of the spindle, r the distance of the point on the 
surface from the conical point and n is the least zero of P„(cos|). Now when ^o» equal 
0P TT 

to TT — 7 , IS nearly nr, is and the values of n which occur are k + n^, where 

' an sinnTT 

2 

k IS any positive integer and 2wo log ^ = 1 * , on substitution and summation, the ex- 
pression for the density at any point becomes — . where r8>ri. 


* Loc. cit , Proc» Land, Math, Soc 1899. 
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XIV. Oyi the Effects of Dilution^ Temperature, and other circumstances, 
on the Ahsoiption S'pectra of Solutions of Didymium and Erbium Salts. 
By G. D Liveing, M.A., Professor of Chemistry. 

[Received 15 October 1899 ] 

In November 1898 I made a preliminary communication to the Society giving 
results of observations on the absorption spectra of aqueous solutions of salts of didy- 
mium and erbium in various degrees of dilution Since then most of the observations 
have been repeated with improved apparatus, whereby seveial anomalies in the photo- 
graphs have been removed, and a great many additional observations made, so that it 
will probably be best to make this communication quite independent of the preliminaiy 
one, and, at the risk of a little repetition, complete in itself so far os it goes 

Apparatus 

The obseivations were made in part directly by the eye with an oidinary spectio- 

scope, and partly by photography On the former I rely only foi the pait of the 

spectrum below the indigo, on the latter for the more refrangible pait The spectro- 
scope chiefly used foi the former had two whole prisms of 00° and two half-piisms, 
all of white flint glass, telescopes with achromatic object glasses of 12 inches focal 
length, and eye-piece of very low magnifying power. It was useless to employ highei 
dispersion or magnification, because the absorption bands, even the shaipest of them 
which is that of didymium at about \427, aie all diffuse, and higher dispersion or 
magnification renders some details invisible In comparing by eye the spectia produced 
by two solutions, one was thrown m by reflexion in the usual way, and, after making 
the comparison, the positions of the solutions were interchanged and the observation 
repeated, in order to coriect any error arising from a difference of intensity between 
the light entering directly and that coming in by reflexion. 

For photography the spectium was formed by one prism of 60° and two half- 

prisms, all of calcite, the object glasses of the telescopes were quartz lenses of 18 5 

inches focal length for the sodium yellow light. The photographic plate was of course 
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inclined to the axis of the telescope so that, as far as the doubly refracting character 
of the calcite prisms allows, the image might be in tolerably good focus across the whole 
width of the plate, two and a half inches. 

To concentrate the light, and make it, for the parts of the spectrum not subject to 
absorption, neaily uniform whatever the thickness of the absorbent stratum of liquid, 
a quartz lens of three inches focal length was fixed at that distance in front of 
the slit, and a similar lens fifteen inches further off, and three inches beyond the 
second lens was fixed a screen with a circular hole in it about one-eighth of an inch 
in diameter, and beyond that was of course the source of light. The centres of the 
hole in the screen and of the two lenses were aligned with the axis of the collimator 
The distance between the lenses was fixed so as to allow of the inteqiosition of the 
longest trough, used as a water bath for maintaining the temperature of the tubes 
containing the solutions These troughs were of brass fitted with a plate of quaitz at 
each end, and each had m it two V-shaped septa on which the tube with solution 
rested, and thereby took up at once its right position in the course of the pencil of 
light between the lenses. The tubes holding the solutions were of glas.s, fitted at the 
ends with quaitz plates These plates were held in position by outer brass plates with 
central circular perlorations, connected by thiee wires passing along the outside of the 
tube and furnished with screw nuts by which the plates could be firmly pressed against 
the ends of the tube The joint between the quartz plate and the end of the tube 
was made water-tight by a washer of thin rubber The washers all had the same 
sized circular opening which detei mined the cross section of the pencil of rays falling 
on the slit This seemingly complicated aiTangement was adopted because it was 
necessary to have joints which would not be affected by a temperature of 100°, or by 
dilute acids, oi by alcohol, and could be easily taken to pieces for cleaning the tube 
or plates 

Each tube had a bianch on its upper side which was left open for the purpose of 
filling the tube, and to allow of expansion of the liquid when it was heated Tubes 
of four lengths in geometiical progiession, namely of 38 mm, 76 mm, 1.52 5 mm, and 
305 mm , and a cell with quartz faces having an interval of G 7 mm between them, 
were used to hold the solutions , and for a few observations a cell of only 5 mm thickness 
was used 

For observations on the effects of tempciature, the trough containing the tube with 
solution was filled with water and a photograph of the spectrum taken at the tem- 
perature of the room , the trough was then heated by one or more gas lamps until 
the water boiled, the gas lamps were then loweied so as to maintain the bath 3 or 4 
degrees below the boiling point, bubbles adhering to the quartz plates swept off with 
a feather, and when the whole appeared to be in a steady condition another photograph 
was taken. Unless the solution in the tube were a very dilute one there was not much 
trouble with bubbles in the solution, but bubbles in the bath were very troublesome, 
and had to be removed because they impeded the passage of the light, and thereby 

38—2 
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affected the photograph. A similar effect is produced by convection currents of unequal 
density. These were pretty well avoided within the absorbent liquid, but could not be 
completely avoided in the water of the bath. The difference of temperature, and con- 
sequent difference of density, of the curients in the water was, however, small, and 
the thickness of water between the end of the tube and the quartz window of the 
trough also small, so that the currents were not of much consequence Attempts to 
use temperatuies below that of the room were abandoned because of the dew which 

settled on the quartz windows Wetting the quartz with glycerol was no remedy, because 
the glycerol gravitated, destroyed the plane figure of the window, and dispersed some 
of the light Veiy fan observations by e}c of the effect of heat on a solution, not 

too dilute, were made by fixing two similar test tubes containing the solution, one m 

front of the slit and the other in front of the reflecting prism, and after adjusting 
their positions until the two spectra, seen simultaneously, were identical, heating up one 
of the test tubes by placing a lamp under it For dilute solutions, requiiing a greater 
thickness to give absorption bands of sufficient intensity, two of the tubes used for the 
photographs were employed, one of them being heated up in its watei bath 

As a source of light a Welsbach incandescent gas lamp without chimney was chiefly 
used This was placed 5 or 6 inches fiom the screen so that the network of the 

mantle was quite out of focus at the slit It gave a good light up to a wave-length 

of \370, but beyond this point it would not produce a good photograph without an 

exposure too prolonged for the less lefrangible part of the spectnim For the legion 

above \3C0 a lime-light was used 

Inasmuch as the bands obseived are all moie or less diffuse, and fade away giadually 
on either hand, any vanations of the intensity of the souice of light, of the sensi- 
tiveness of the photogiaphic plates, or of the development of the image, tend to mask 
the effects of varying the composition, or the tempeiatuie, of the solutions, so that 

two photographs can be faiily compared, for the .sake of detei mining these effects, only 
when they have been taken with the same light, on the same plate, with equal times 

of exposure, and have been developed together This has been attended to throughout 

The photographs to be compaied with each other have always been taken in .succession 
on the same plate, with no other change than the necessary shift of the plate and the 
substitution of one tube of lujuid and its bath for another The photographs taken 
thus in succession do very well for comparison of the intensities and other characteis 
of the absorption bands, but cannot be depended on for the detection of a very small 
shift in the position of a band That could be done if the two spectra to be com- 
pared were in the field at the same time, one of them reflected m, but I have not 

attempted to photograph two spectra in this way, and have been content to detect 
alterations of wave-length, in the bands most easily visible, by the eye without 
photography. 
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The Solutions experimented on. 


These have been chiefly those of salts of didymium and erbium Most coloured salts 
have only very wide absorption bands which fade on either hand very gradually, so that it 
is extremely difficult, or even impossible, to recognise small changes in them On the 

other hand, didymium and erbium salts have a great many absorption bands, of various 
degrees of sharpness and of intensity, and distiibiited through a wide range of the 
spectrum No other salts seem so well adapted for my puipose However, I made a 
number of observations on uranous chloride, but found it so prone to chemical change 
when m solution that I could not with ceitamty distinguish the effects of dilution, or of 
elevation of temperature, from those due to chemical change The absorption spectra of 
salts of cobalt have already been investigated by Dr Russell, though not exactly from my 
present point of view, and they aie not as good for my puipose as the salts of the two 
metals to which I now confine myself 

Both series of salts had been puiified as fai as possible, by my assistant Mr Puivis, 
by a long senes of fractional precipitations The didymium was spectroscopically free fiom 
lanthanum, but it had not been found possible to get it, oi the erbium, so fiee from 
yttrium* No attempt was made to separate the neodymium liom the piaseodymium, and 
theie IS no method at present known for separating the vaiious metals of which ordinaiy 
erbium is supposed to be a mixture Indeed foi my puipose theie would be no 
advantage in doing so, though foi a (piaiititativc estimation of the concentiation of 
absorbent mateiial in the solutions it was impoitant to get rid of an admixture of 
unabsorbent salt In order to obtain solutions of the salts of different acids in equivalent 
concentration the metal was precipitated as oxalate, washed, diied, and ignited in air 

until it was 1 educed to oxide Weighed (piantities of this oxide were dissolved in the 

several acids, and, in the case of nitiic and hydiochloiic acids, the solutions evaporated and 

excess of acid driven off The residual salts were then dissolved in measuied quantities of 
water The most concentrated solutions of didymium miiployed contained, respectively, of 
the nitrate, fill I grams to the litre, and of the chloride the equivalent quantity, namely 
462 9 grams of anhydrous chloride f These each contain I 862 gram-molecules of the salt 


* Lanthanum and yttrium cannot be recognised by 
any absorption bands, but \vhen induction »paiks are taken 
fiom solutions of their salts, each gives a lery charactei 
istic channelled spectrum, by which it is easily recognised 
m a solution containing one per cent , or even less, of the 
salt The yttrium channellings are in the orange, the 
brightest of those of lanthanum in the citron and gieen, 
and both fade towards the red Thaldn in his paper (1874) 
on the Spectra of Yttrium and Erbium, and of Didymium 
and Lanthanum, gives the wave-lengths of the sharp, 
more refrangible edges of the yttrium chanuelhngs, one 
set beginning at X6131 and the other at X5970 5 He does 
not give those due to lanthanum. These I find to consist 


of ihite sets in the green and citron of which the brightest 
begin at X5599 and X5380 respectively, and the third at 
X5173 There is another weaker set in the oiange beginning 
at X5865, and two sets in the indigo beginning at X4419 and 
X 1370 respectively My measures were not made with any 
large dispersion and the last flguie of the measured wave- 
length may not be quite coriect, but near enough for recog- 
nition of the channellings which are easily seen with a 
small spectroscope, especially the two first mentioned 

t The (ciystalline) didymium chloride in this solution 
was dissolved in ]ust about twice its weight of water, the 
equivalent solution of nitrate had still less water 
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per litre, and as the specific gravity of the solution of chloride is 8 295, it appears to 
contain one molecule of the chloride to between 27 and 28 molecules of water 

Didymium sulphate is rather sparingly soluble in water, so that the most concen- 
trated solution of it employed contained only 58 1 1 grams of it per litre. For comparison 
with it, the strongest nitrate, or chloride, had to be diluted to 9 16 times its bulk. 

Of erbium the most concentrated solutions used contained, respectively, of the nitrate 
93.5 2 grams to the litre, of the chloiide 726 6 grams These each contain 2 67 gram- 
molecules of the salt per litre. The solution of the nitrate was a satuiated one at a 
temperature of about 15°. 

Less concentrated solutions were also prepared and used, containing, respectively, 
566 grams of nitrate of erbium, and 440 grams of the chloride to the litre, or about 
1 61 molecules in grams to the litre 

The more dilute solutions were obtained from these by taking measured quantities of 
them and diluting up to the required volume In fact the most concentrated of these 
solutions were the stock solutions, and may conveniently be described as of strength 
No 1 Half strength will mean such a solution diluted until the bulk was doubled, 
one-quartei strength will mean No I diluted until its bulk was quadiupled, and 
so on 

Other salts and solvents were employed, and will be described when the experiments 
upon them are described The solutions of nitrate and chloride above mentioned were, as 
a rule, the standards of concentration. 


The Absorption Bands observed 

The didymium absorption bands of which I have taken notice in this investigation, are 
as follows 

A band in the red at about X679. 

A weak band at about X 623. 

A rather weak band at about X 596. 

The strong group extending from about X 590 to X570, consisting of a number of 
bands overlapping one another 

A rather weak band at about X53I 

A strong group of about four, more or less overlapping, bands, extending from about 
X528 to X520. 

A less strung group of two diffuse bands with the centre about X 610. 
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A well marked triplet at about X 483, 476 and 469, of which that in the middle is 
decidedly weaker than the other two 

A broad weak band, with its centre at about \462, and extending nearly down to the 
most refiangible band of the triplet above mentioned 

A very broad band with its centre about \444 
A very weak band „ „ „ X.433. 

A strong, narrow, sharply-defined band at about X 427 
A very weak diffuse band with its centre about X.418 
A still weaker one with its centre about \415 
Another weak diffuse band at about X 406 
A very broad strong band with its centre about X,403 
A very weak diffuse band at about X 391 
A diffuse band at about X 380 
Another, wider, at about \375 
A weaker band at about X 364. 

Four, nearly equally distributed between X 358 and X 350, which m all but the 
weakest solutions run into one bioad band extending beyond the above-mentioned limits. 

A weak diffuse band at about X338 

And a broad diffuse band with its centre about X320. 

These bands appeal all to belong to didyinium, or to the metals associated under 
that name, for though they may be modified in character, and even m position, by the 
solvent and other circumstances, they all disappear in the absence of didymium, and 
they retain so much the .same geneial character under all circumstances, that it is 
reasonable to infer that they have the same primary cause. A reference to plate No 19 
(at the end of the volume) on which are reproduced photographs of the spectra of 
didymium chloiide in solution in water, in alcohol, and m alcohol charged with hydro- 
chloric acid, will make my meaning evident 

The erbium absorption bands of which I have taken notice in this investigation 
are as follows. 

A group of four bands in the red, of which the most refrangible but one is much 
the strongest and has a wave-length about \653 

A group of four, of which the more refrangible two are much stronger than the 
others, lying between X 536 and X 549 
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A weak band at about \527. 

A very strong one at about \523. 

A weaker one at about \520. 

A rather broad band, strongest on its more refrangible side and fading towards 
the less refrangible, with its strongest part at about \491. 

A strong band at about X 488 

A weaker one at about X486 

A broad but weak band with its centre about X472. 

A sharp but weak band at about X 467. 

A broad, diffuse band with centre about X 4.54, reaching almost up to a stronger, and 
narrower, band at about X 449 These two are merged into one with concentrated 
solutions 

A weak band at about X 441 

A narrow one at about X422 

A weak one at about X 418 

A bioad band, fading on its less refrangible side, and extending from about X 415 
nearly down to the band at X418 

A pan of nearly equal bands, rather strong, at about X 404 and X 407. 

A very faint but broad band extending from about X 396 to X 402. 

A well-marked, rather narrow band at about X379, 

And a weaker one almost touching it on the more refrangible side, which 
becomes merged with it, and with a still weaker diffuse band at about X 377, in solu- 
tions a little stronger 

A weak diffuse band with centre about X 367. 

A strong band at about X 365, accompanied by 

One rather less strong at about X363, which become merged together when the 
solution is rather stronger 

A band rather weaker than the last at about X 357, and 

A broad weaker band with centre at about X353, which soon merges m the former 
when the solution is a little increased in strength 

All these bands more refrangible than X 404, expand rapidly and become very 
diffuse at the edges as the solution is more concentrated, so that they may easily be 
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confounded with a diffuse continuous absorption which extends from the ultra-violet 
down the spectrum as the solution becomes more concentrated , but they are common 
to the nitrate and chloride, and may be seen with a solution of the former when with 
an equivalent solution of chloride the advancing continuous absorption has obliterated 
them The superposition of this continuous absorption, even when it is very weak and 
scarcely otherwise perceptible, strengthens and widens the bands 

Effects of Dilution 

For observing the effects of dilution equal volumes of the stock solutions were 
diluted to 2, 4, 8, 45 5, 61 or 91 times their original volumes, and the absorptions 
produced by thicknesses of these solutions proportional to their dilutions observed and 
photographed 

In the spectra of either didymium or erbium chloride, starting with solutions half 
the strongest, or less strong, in thickness of 38 mm , I can find no change with dilution, 
when accompanied by proportional increase of thickness, below \390 see plate 3, at 
the end of the volume With the strongest solution in a thickness of 38 mm a 
diffuse absorption creeps down from the most refrangible end of the spectrum, as 
may bo seen in the uppermost spectrum in each of the plates 10 and 11 Above 
A, 375, or thereabouts, it seems to cut off all the light, but the diffuse edge extends 
with the strongest didymium chloride as low as \415, making the absorption bands 
look wider and stronger by its superposition On companng with the eye the spectrum 
of a thickness of 5 mm of the strongest solution of didymium chloride, with that of 

305 mm of the same solution diluted to 61 times its volume, both spectra being in 

the field of view at the same time, I could detect no difference between them 

Again, photographing the spectium of a thickness of 6 7 mm of the strongest 

didymium chloride, and that of 305 mm of the same solution diluted to 45 5 times its 
original bulk, I can find no difference between the photographs, which take in a range 
from about X350 to X600 Plate 7 is a reproduction of these photographs This identity 
of the spectra extends to the intensities, even of the weakest bands that I can see, 
as well as to the positions of the bands, and even to the apparent extinction of the 
diffuse absorption which is produced by a greater thickness of the strongest solution at 
the ultra-violet end 

Also erbium chloride of half the strongest concentiation, in a thickness of 5 mm., 
gives a spectrum which cannot be distinguished by my eye from that given by 305 mm of 
a solution 61 times as dilute And photographs of the spectrum of the same solution, half 
the strongest, in a thickness of 6 7 mm , are identical with those of 305 mm of the same 
solution diluted to 45 5 times its bulk, below a wave-length of about X 380. Plate 9 is a 
reproduction of these photographs. The triple band at about X378 comes out more strongly 
with the stronger solution, but I am not sure whether this is not an effect due to the 
superposition of the diffuse absorption creeping down from the more refrangible end In 
the region above X355, a thickness of 152 mm. of a very dilute solution of didymium 
VoL. XVIIT. 39 
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chloride transmits a sen?ible amount of light as high as \315 (the highest part of the 
spectrum included m my photographs) but with a gradually fading intensity from about 
\348 upwards And this diffuse absorption creeps further down as the solution is stronger 
until with a solution half the strongest, in the same thickness, it reaches \360 Did>- 
mium bromide produces a similai diffuse absorption which extends lower than in the case 
of the chlonde, and didymium sulphate shews something of the same kind 

This diffuse absorption, which creeps far down the spectrum of the most con- 
centrated solutions of the chlorides of both didymium and erbium, seems to belong 
to a different category from that to which the other bands belong For not only 
is it diminished by dilution when the thickness of the stratum is proportioned to 
the dilution, but it is diminished by diminishing the thickness of the stiong solution, 
without diluting it, at a greater rate than the other bands are diminished, for some 
of the ultra-violet bands which are quite obscured by it when the liquid is 38 mm. thick 
are visible in the photographs when the same liquid is only 6 7 mm thick The obvious 
suggestion is that it is due in some way to the common element, the chlorine Most 
chlorides, however, produce no such absorption I have tried solutions of calcium, zinc, 
and aluminium chlonde, respectively, and found them, in a thickness of 305 mm , very 
nearly as transparent as water for the range of the spectrum included in my photographs, 
namely below X 355. One chloride I have found, when in a concentrated solution, to 
behave like the didymium and erbium chlorides, and that is hydiochloric acid, whether 
it be dissolved in water or in alcohol Plate 12 is a repi eduction of a photograph of 
the spectra of solutions in alcohol, and in water, of hydrochloric acid, in several thick- 
nesses, and in proportional degrees of dilution, along with one of distilled watei for 
comparison 

The increasing extent of the absorption with increasing concentration of the solu- 
tion IS manifest , and the most probable cause is some action between the molecules of 
acid during their encounters, for it seems to depend on the number of molecules of 
acid (or salt) and on their concentiation, jointly We cannot ascribe the absorption to 
the chlorine ion, because the number of chloime ions increases with dilution, but the 
close correspondence of the effects stiongly suggests a common cause in all the solutions 
which give those effects It should be observed that the percentage of chloiine in the 
concentrated solution of the acid used in these experiments bore to that in the most 
concentrated solution of didymium chlonde the latio of about 39 to 14 5 The extent, 
down the spectrum, of the absorption now in question, is increased, as might be ex- 
pected, by adding hydrochloric acid to the didymium solution, and also by raising the 
temperature as described below. In connexion with this it may be lemarked that con- 
centrated neutral solutions of didymium, and erbium, chloride lose the clean pink tint, 
by transmitted light, of their dilute solutions, and take up more of an orange hue, 
due of course to the diminution of the rays at the blue end of the spectrum. 

As above stated I have been unable to obtain a solution of didymium sulphate so 
concentrated as my strongest solution of chloride , but using the solution containing 
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58*11 grams to the litre, and diluting it to twice, four times, and eight times its bulk, 
I could find no change in the absorption spectrum produced by it when the thickness 
of the absorbent liquid was proportioned to the dilution, either when directly viewed 
or when photographed. See plate 4, which however does not include any part of the 
spectrum below the green. Nor could I detect any difference between the spectium of 
the sulphate and that of an equivalent solution of the chloride 

Didyrnmm nitrate in four dilutions, beginning with the strongest in thickness of 
38 min , and ending with one-eighth strength in thickness of 305 mm , gave spectra 
which could not be distinguished from each other, in the range photographed See plate 
11, where the spectra are those of equivalent solutions of the chloride and nitrate alter- 
nately, beginning with 38 mm of the strongest solution of chloride, next the equivalent 
nitrate, then 76 mm of the solutions of half strength, 152 mm, of one-quarter strength, 
and ending with 305 mm of the two solutions of one-eighth strength This appearance 
of identity is bi ought about, however, by the diffuseness and strength of the absorptions 
by which the details of the groups of bands are obliterated When the spectra of the 
same solutions in much less thickness are examined, it is seen that the bands of the 
strongei solutions of nitrate are more diffu.se, or wider, than the bands produced by 
equivalent solutions of the chloride The weak bands look washed out, the strong are 
wider than the coiiesponding bands of the chloride, and in the strong groups the 
component bands are merged together By increasing dilution the several bands contract 
themselves and become better defined, until, with solutions of strength, I am unable 
to see any diffeience between the bands of the nitrate, chloride, and sulphate m 

equivalent solutions In the stronger .solutions the weak bands look weaker as well 
as broader with nitrate than with chloride, the strong bands are broader but look no 
weaker, but I think that when an absorption is very strong the eye does not perceive, 
nor a photographic plate always record, a small difference of intensity There is no 
indication of an increase of intensity of the bands of the nitrate by dilution with cor- 
responding increase of thickness There are, on the other hand, indications of a shift 
of the positions of gieate.st absorption in the bands in the yellow and green, which 

remind me of the much greater shift of these bands by the use of alcohol and other 
solvents instead of w'ater 

Comparing small thicknesses (5 mm ) of solutions, the big band in the yellow expands 
with the nitrate beyond that produced by the equivalent solution of chloride, especially 
on the less refrangible side Of the four strong components of this band the least 
refrangible seems, with the nitrate, to be displaced a little towards the red, and a less 
strong diffuse band extends still further beyond the corresponding band of the chloride 
on the red side The less refrangible of the two strong groups in the green, which 

for the chloride consists of two nearly equal strong bands separated by a narrow chink 

of light, and of a fainter very diffuse absorption extending some way down towards 
the red, has for the nitiate the less refiangible strong band widened out by diffusion, 
some way beyond its limit for the chloride on the red side, and the more refrangible 
IS weaker with the nitrate. The more refrangible group in the green appears with the 

39—2 
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nitrate as a single band narrower than the two given by the chloride, and the middle 
band of the tnplet in the blue is more diffuse with the nitrate. 

The apparent shift above mentioned may be an effect of the overlapping of the 
diffuse bands, and though a real shift does not seem to me improbable, it is not in 
this case sufficiently decided to found an argument upon. 

Plate 6 reproduces the spectra of 6 7 mm. of the strongest solution of didymmm 
nitrate and of 305 mm. of the same solution diluted to 45 5 times its bulk The bands 

of the strong solution are more diffuse and look somewhat washed out, notably the 

narrow band about X,427, and the middle band of the triplet in the blue, and the 
strong group in the yellow extends further towards the red and has the appearance of 
being stronger with the strong solution than with the dilute. 

Erbium nitrate behaves quite in the same way as didymiuin nitrate in regard to 
the greater diffuseness of its bands with strong solutions, and their gradual contraction 
and growing sharpness as the solution is diluted, until they come to be identical with 
those of the chloride This is better seen in the photographs of the erbium spectra 
than in those of the didymmm see plate No 5 

In plate 8 the spectrum of 6 7 mm of solution containing 467 gmms of erbium 
nitrate to the litre is contiasted with that of 805 mm of the same solution diluted 
to 45 5 times its bulk The grcatei diffuseuess of the bands of the upper spectrum, 

which is that of the strong solution, and apparently greater intensity of the ultra-violet 

band on the left will be noticed. It may be compared with the corresponding plate No. 9 
for the chloride, m which however the lower spectrum is that of the stronger solution 
Plate 10 contrasts the spectra of equivalent solutions of erbium chloride and nitiate, in 
four degrees of dilution, the uppermost spectium being that of the strongest chloride 
The greater diffuseness of the bands of the nitrate can be seen, and the gradual 
approximation to identity in the spectra of the two solutions as they become moie 

dilute It IS the counterpart for eibium of plate 11 

The nitrates, as well as the chlorides of both metals, shew a general absorption 

creeping down from the most refrangible end of the spectrum with increased concentration 
of the solutions, but though similai in the two salt>,, that given by the nitrates is not 
identical with that of the chlorides Its edge is not so diffuse, but cuts off the spectrum 
more sharply than that of the chloride, and in the strongCvSt solutions it does not extend 
so far down the spectrum as that of the chloiide. On the other hand with the weak 

solutions of didymmm it extends lower than that of the chloride With a solution 

of didymmm nitrate of ^ strength in thickness of 152 mm. all light above \333 
seems to be absorbed, while with the chloride light gets through beyond X 315 , 
and the strongest solution of the nitrate m a thickness of 38 mm does not entirely 
cut off the light below \360, while the equivalent solution of chloride cuts it off much 
lower. 
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There are here four facts to deal with* 

1. The identity of the spectra of the different salts of the same metal in the 
dilute condition. 

2. The constancy of this spectrum in the case of chloride and sulphate in different 
dilutions so long as the thickness of absorbent is propoitional to the dilution, a constancy 
holding good in the chlorides for a great range of concentration. 

3. The modification, for I take it to be only a modification, of this spectrum in 
the case of the nitrate, by some cause which has increasing effect with increasing con- 
centration. 

4 The absorptions at the most refiangible end of the spectrum, which aic somewhat 
different for different salts of the same metal, and dimmish with increased dilution 

The first of these facts is certainly strongly suggestive of the interpretation put on 
it by Ostwald, that the spectrum common to all the salts of the same metal is due to 
the metallic ions Against this the second fact militates, for the ionization is supposed to 
inciease with dilution, and the absorptions by the ions should increase in intensity by 
dilution when the total quantity of salt, dissociated and undissociated, through which the 
light passes remains the same The third fact points to some cause, affecting the diffuse- 
ness of the bands, which is rnoie effective in concentiated solutions This cause may be 
encounters between the molecules of the salt, or of its products in solution, which would 
be more frequent in more concentrated solutions. 

Ionization should be iucre<ised by heating the solutions, and diminished by the addition 
of acid. I proceed to describe what I have obscived of the effects of heating and of 
acidification on the absorption spectra. 

Effects of Temperature on the Spectra 

The use of tempeiature which could be employed was, as described above, only from 
the tempeiature of the room, about 20°, to a few degrees below the boiling-point of the 
water bath, or to about 97° This rise of temperature produced the same kind of effect 
on all those absorption bands which are common to all the salts of the same metal, whether 
it be didymium or erbium, and that effect was to render them more diffuse, to spiead 
them out, make their limits less definite, and in the case of weak bands make them appear 
weaker The effect of heat was also the same in kind on dilute as on concentrated 
solutions. Heat also caused the broad diffuse absorption at the most lefrangible end to 
extend itself downwards in a marked degree Plates 13, 14 and 15 are reproductions of 
photographs of the spectra of three salts, in vaiious degrees of dilution, cold and hot 
It will be noticed that the absorption bands are not increased in intensity by heat, but 
from the greater diffusion they seem weaker, except the very strong bands which are so 
intense that they bear diffusion without letting enough light through to affect the plate 
The creeping down with the higher temperature of a diffuse absorption from the moat 
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refrangible end is seen in all, and with the nitrate and sulphate seems to be independent 
of the concentration, while with the chloride it is barely noticeable with any but the most 
concentrated solution In the last exposure with the sulphate the light is a little weaker 
throughout The solution was the weakest and in the longest tube, and therefore most 
likely to be troubled with bubbles on the inner faces of the terminal quartz plates which 
could not be removed. I have no doubt this general weakening of the light was due to 
this cause A geneial weakening of the light has the effect of making the absorption 
bands appear stronger. This appearance is deceptive, for the examination of a great many 
photographs, as well as direct observations of the spectra by eye, have led me to the 
conclusion that the effect of heat is to diffuse and not to strengthen the absorption bands 
which are ascribed to the metals. On the other hand it looks as if the diffuse absorption 
at the most refrangible end, which certainly creeps down lower with hot solutions, were 
strengthened as well as diffused, for in the region above that included in the plates, the 
limit of complete extinction of photographic effect is considerably lower with the hot than 
with the cold solutions 

On the whole the effects of heat on the spectrum afford no confiimation to the sup- 
position that the absorptions are due to an increase of the numbei of ions, but rathei 
suggest that they may be due to the increased energy of the motions of tianslatioii of the 
molecules, causing more frequent encounters 


Effects of Acidifying the Solutions 

The solutions compaied with a view to ascertain these effects had in every case equal 
quantities of the metallic component per litre, but while one was neutial the othei had 
twice as much of its acid component as the fiist , and they were usually compared in 
various degrees of dilution and in thicknesses proportional thereto With didymium salts, 
chloride and nitrate, the acid made very little diffeiencc in the bands, as will be seen 

by examination of plate 18, which gives the spectia of four solutions of the chloride, 

two neutral and two acid The creeping down of the absorption at the most refrangible 
end is, however, very evident in the most concentiated solution of acidihed chloride , 
and some diffusion of some of the bands of the nitrate by the addition of the 
acid IS just traceable in photographs of some of the weaker bands of the more con- 
centrated solution. The increased diffusion of the bands of the nitiate by the addition 
of nitric acid can be easily seen directly by eye, using weak solutions in no gieat 
thickness The addition of acid also pioduces a slight shift of the places of greatest 
absorption in the strong groups in the yellow and green Whether this is due only to 
the expansion, and consequent overlapping, of the several bands in these groups, or 
whether there is a real shift, I have not been able to satisfy myself; but the general 

appearance resembles the changes produced in those bands by the use of different solvents 

which are described below, and it is very likely that similar causes are at work in the 
two cases. Nothmg of this kind can be seen on the addition of hydrochloric acid to 
the chloride. 
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With erbium nitrate the addition of acid produces more marked effects see plate 17 
All the bands which are more diffuse with the neutral nitrate than with the equivalent 
chloride solution, are still more diflfuse with the acid nitrate, and the. effect regularly 
diminishes as the solution is made more dilute. There is however no indication that 
there is any weakening of the intensity of the bands by the presence of acid, but rather 
a strengthening of them. 

With the chloride, on the other hand, there seems to be no more difference 
between the absorptions of the neutral and acid solutions than there is between the 
corresponding solutions of didymmm chloride Comparing the spectra by eye, I can see 
no appreciable difference between the acid and neutral solutions of equal thickness and 
equal erbium concentration. Plate 16 gives a reproduction of photographs of the 

absorptions of two pairs of equivalent neutial and acid solutions of erbium chloride, the 

upper pair being those of the strongest solution The creeping down of the continuous 
absorption with the acid solution is visible in both pairs of spectra, but more evident 
with the stronger solution, where it sensibly affects the apparent intensity and breadth 
of the broad band at about X 451 The second pair of spectra on this plate were 
taken with solutions made by diluting those used for the first pair of spectra until their 
volumes were three times as great as before, and they were put into tubes four times as 
long as those used for the first pair There is no indication of any weakening of the 
absorptions by the addition of acid 

The absence of any diminution of intensity either of the didymium or erbium bands 

by the addition of acid, taken in conjunction with the fact that rise of temperature 

does not increase then intensity, go a long way to negative the supposition that these 
bands arc produced by the metallic ions, and the facts recorded in the preceding pages 

rather suggest that the metallic bands are the outcome of chemical interactions between 

molecules of the salt with each other and with those of the solvent, while the general 
absorption at the most refrangible end, which is evidently of a different class and 

lesembles the absorptions of glass and many othei substances which absorb the more 

rapid vibrations but are transparent to waves of less oscillation-frequency, may perhaps 
be due to encounteis of molecules without chemical change The effects on the spectium 
when different solvents are used may throw some light on this question Accordingly 
I made some experiments with didymium salts in various solvents 

Effects of Different Solvents 

Didymium chloride solution evaporated at 100° retains some water, and seems to have 
the composition of the crystalline salt Dried at a higher temperature it may be had 
anhydrous, but in that state appears to be quite insoluble in alcohol Dried at 100° 
it dissolves with tolerable facility in absolute ethyl-alcohol, and in glycerol, but will not 
dissolve in benzene The alcoholic solution deposits beautiful pink crystals on evaporation 
The absorption spectrum of this solution shews the same bands as an aqueous solution, 
but they are somewhat modified. They are more diffuse so that the weakei bands look 
as if they were washed out, and the positions of maximum absorption are all moved 
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towards the less refrangible side, and the diffuse absorption at the most refrangible end 
extends lower down the spectrum than with an aqueous solution of equal concentration 
The general relation between the spectra of the two solutions will be seen on com- 
paring photographs (1) and (2) of plate 19, of which the former is given by the aqueous, 
the latter by the alcoholic solution. The shift of the bands towards the red is visible 
in the photographs, but as the plate had to be shifted between the exposures, no reliance 
can be placed on the appearance of a shift in such photographs, when the amount of 
displacement of the bands is small. This defect is, however, met by direct eye-observations, 
with the two spectra in the field of view at the same time. In this way it is seen 
that all the bands that are visible are shifted towards the red, but are by no means 
all equally shifted. At the same time the strong groups of bands in the yellow and 
green have, by the action of the alcohol, undergone a modification of their general 

appearance which simulates the addition of some new bands, but by examining solutions 
of different concentrations I have satisfied myself that no new bands make their 

appearance, but the simulation of them is due to the widening and unequal shift of 
the bands, whereby their overlapping, and the consequent relative positions of the maxima 
of absorption, are modified The modifications are such as wo may reasonably asciibe 
to the influence of the bulky colloid molecules of the alcohol, amongst which the vibrating 
absorbent molecules move and from which they can hardly ever get free, loading them 
but loading them unequally, and on the whole degrading the rates of their vibratory 
motions 

A very remarkable, and by far the most excessive, modification of the bands that I 

have observed, is produced by passing dry hydrochloric acid into the alcoholic solution. 

The third photograph of plate 19 shews the effect The colour of the solution is changed 
by the acid from pink to bluish green, and the reason of this is obvious from the 
photograph The molecules seem so loaded as to be nearly incapable of taking up the 
more rapid vibrations coi responding to the bands in the indigo and blue, while they 
seem to absorb more strongly those of slower late in the yellow and citron. At the 
same time these are more degraded than by alcohol alone, and the group in the yellow 
so spread out that some of the components are distinctly separated Of course the acid 
makes the solvent a complicated mixture, including ethyl-chloride and water as well as 
the unaltered components 

The modifications of the spectrum by glycerol are of the same character as those 
produced by alcohol The bands are generally shifted towards the red, and are moic 
diffuse, but otherwise not much modified Plate 20 shews the spectrum of the glycerol 
solution above and below that of an aqueous solution of didymium nitrate of nearly, 
but not exactly, equal concentration Observed directly by eye it is seen that the 
band in the red at \ 079 is not sensibly affected, the group in the yellow and the 
less refrangible of the two groups m the green, are distinctly shifted towards the red, 
but otherwise not affected in character; while the more refrangible group in the green 
IS not sensibly shifted, but appears weakened by diffusion The still more refrangible 
bands are all rendered more diffuse by glycerol, and aie also degraded with the exception 
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of the middle band of the triplet in the blue, which does not appear shifted, but of 
this I am not sure for the photographs shew a trace of a washed-out band about mid- 
way between the two extreme bands of the triplet in addition to the stronger band which 
IS more refrangible With glycerol the continuous diffuse absorption also creeps down the 
spectrum as with alcohol 

In order to observe the effect of a crystallizable solvent other than water, some 
didymium acetate was prepared and dissolved in glacial acetic acid, and for comparison 
with it an aqueous solution of didymium nitrate was made of equal concentration 
Plate 20 shews the photographs of their spectra Comparing the absorptions directly by 
eye, the band in the red appeared stronger in the acetate and sensibly shifted to the 
less refrangible side, the feeble band in the orange also was shifted in the same direc- 
tion, the strong gioup in the yellow considerably extended towards the red but its more 
refrangible edge not apparently shifted, doubtless because the widening of the bands 
compensated the shift which was visible in all the other bands of the acetate though 
they otherwise had the same general appearance as those of the nitrate The shift 

and change of character produced by acetic acid was less than was produced by alcohol. 

Didymium tartrate is very insoluble in water, but the compound produced by 

potassium hydrogen tartrate acting on didymium hydroxide dissolves in a solution of 
ammonia The spectium given by this solution is contrasted with that of an aqueous 
solution (not exactly of the same concentration), of didymium chloride in plate 23 
With the exception of the group m the yellow, the less refrangible of the groups m 
the green, and the nairow band in the indigo, the bands seem all a good deal washed 
out All the bands aie shifted towards the red, and the apparent shift increases as the 
bands become more refrangible, but probably this appearance Js the effect of the greater 
dispersion of the more refrangible rays 

I had no crystals of didymium salts sufficiently large to enable me to see how 

the diminished freedom of the molecules in the solid would modify the spectrum, but 

had a rod of fused borax coloured with didymium This was made by mixing weighed 
quantities of didymium oxide and dried borax, fusing the mixture, and sucking the 
fused mass into a hot platinum tube After cooling the rough ends were cut off and 
polished, and I was thus able to compare the spectrum given by a thickness of 25 mrn 
of this glass with that of an equivalent solution of didymium chloride Photographs 
of these spectra are shewn in plate 21 They are somewhat marred by dust on 
the slit of the spectroscope, but this does not prevent a fair comparison. It will be 
seen that the modifications produced by the glass are on the whole similar m character 
to those produced by some of the liquid solvents The strong group in the yellow 
IS much expanded and the components of the gioup unequally shifted towards the red, 
the less refrangible of the groups in the green is shifted and its appearance modified 
for the same reason The more refrangible bands are much washed out and their shifts 
appear very unequal. Nevertheless they appear to be still essentially the same bands 
modified as to their rates of vibration by the diminished freedom of the molecules 
producing them. 

VoL XVlIl 
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On a review of the whole senes of observations I conclude that the characteristic 
absorptions of didymium compounds, namely those which are common to dilute aqueous 
solutions, and are only modified by concentration, by heat, and by variations of the 
solvent, are due to molecules which are identical in all cases, though their vibrations 
are modified by their relations to other molecules surrounding them The like conclusion 
holds for erbium compounds It appears to me quite incredible that the atoms of 
didymium should retain in chemical combination so much individuality and freedom as 
to take up their own peculiar vibrations unaffected by the rest of the matter combined 
with them, as must be the case if we supposed the combined didymium in the molecules 
to give the common spectrum of all the salts m dilute solution. When I speak of 
atoms of didymium in the salts, I mean of course masses equal to the atoms of 
didymium metal, but having different energy, which means different internal motions, 
probably different structure, and different capabilities of vibration. No chemical com- 
pounds shew the absorptions which their separate elements exhibit Sodium vapour, 
though monatomic, has a very strong absorbent power which is quite lost when it has 
parted with energy in combining with chlorine Nevertheless the molecule of a chloride 
breaks up, m general, into masses equal to those of the atoms of its elements more 
easily than in any other way, and there is pretty good evidence that in encountering 
a molecule of water this also is sometimes broken up, and ultimately, if not immediately, 
new molecules of hydroxide and acid are formed, as well as, by a similar process, new 
molecules of the salt In the interval between the lupture of a molecule and the 
recombination of its parts with each other, or with parts of other molecules, the parts 
have a certain freedom, and capability of vibrating, which they do not possess in com- 
bination Now if we suppose the number of such parts as have the capability of taking 
up vibrations of frequency corresponding to the characteristic absorptions of didymium 
to be directly propoitional to the concentration of the didymium salt and to the time 
of their freedom, the observed facts will be all in agreement with the hypothesis 
Increased concentration, and increased temperature, will mean more frequent encounters 
amongst the molecules, and more frequent ruptures, but at the same time more frequent 
encounters of the parts and consequent shortening of their times of freedom These 
effects will exactly compensate each other and leave the average number of absorbent 
parts of molecules constant under changes either of concentration or of temperature 
The continuous absorption of the more rapid vibrations increasing with concentration 
and rise of temperature points to an action depending only on the number of encounters 
of the molecules of the salt with one another It is not every encounter which is 
attended with disruption, and the continuous absorption may be due to molecules in 
encounter without rupture, but at all events it seems due to the condition of the 
molecules dimng encounter, but not to occur at the encounters of a molecule of salt 
with the very much less massive molecules of water Encounters of a molecule of salt 
with a molecule of acid will in all probability cause effects very similar to those of 
encounters between two molecules of salt, and this supposition is quite in agreement 
with the observed facts 

The time of complete freedom of a vibrating part of a molecule must be very 
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short, but probably shorter when the complementary part is more massive, as in the 
case of a nitrate, than it is in the case of a chloride But between complete freedom 
and complete incorporation in a chemical compound there is a considerable gradation, 
and the capacity of the part to vibrate at particular rates will have a corresponding 
gradation, and the part may moreover be frequently under the influence of molecules, 
or parts of molecules, with which it docs not combine This influence will probably be 
greater as the molecule exerting the influence is greater whether more massive, or, as 
in the case of such colloids as alcohol, more voluminous These considerations reconcile 
all the facts as to the spectra I have observed with the hypothesis I have made 

There are, however, other facts to be reconciled with that hypothesis. I mean 
the facts of ionization, of osmotic pressure and the correlative facts of the rise of boiling 
point, and fall of crystallizing point, ot solutions In regard to all these effects the 

freedom of the parts is the primary postulate, far more definitely so than in the case 
of vibrations such as my observations relate to The laws I have tried to investigate 
appear to hold good up to the point of saturation of the solutions, which is not the case 
with the laws of osmotic piessure and of change of boiling and freezing points, which 
have been established for dilute solutions Further, ionization implies a certain distri- 
bution of energy in the field, the ions are charged with electricity That is not neces- 
sary for the absorption of light, which will depend, primarily at least, on the form of 
the internal energy of the vibiating mass, that is on its structure That a redistribu- 
tion of energy occurs at eveiy lupture of a molecule seems certain, solution is attended 
with thermal effects and so is dilution, and it is only when equilibrium is reached, 

and as much change takes place in one direction as in the opposite, that the mani- 
festation of such redistribution ceases How much of the intrinsic energy of the 

molecules takes the form of heat and how much is retained m the field at the rupture 
of the molecules we do not know It is how^ever quite conceivable that the circum- 
stances under which the rupture takes place may determine whether any, or how much, 
energy is retained by the field, that is whethei any, or how many, of the ruptured 
parts become ions 

The plates, which are all i eproductions of photogiaphs, will be found at the end of the 
volume 
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XV. The Echelon Spectroscope. By Professor A. A. Michelson, Sc D. 

[Received 19 Octobei 1899 ] 

The important discovery of Zeeman of the influence of a magnetic field upon the 
radiations of an appioximately homogeneous source shows more clearly than any other 
fact the great advantage of the highest attainable dispersion and resolving power in the 
spectroscopes employed in such observations 

If we consider that in the groat majority of cases the separation of the component 
lines produced by the magnetic field is of the older of a twentieth to a fiftieth of the 
distance between the sodium lines, it will be readily admitted that if the structure of the 
components themselves is more or less complex, such structure would not be revealed by 
the most powerful spectioscopes of the ordinary type 

In the case of the grating spectroscope, besides the difficulty of obtaining sufficient 
lesolvmg power, the intensity is so feeble that only the blighter spectral lines can be 
observed, and even these must be augmented by using powerful discharges — which usually 
have the effect of masking the structure to be investigated 

Some years ago I published a paper describing a method of analysis of approximately 
homogeneous radiations which depends upon the observation of the clearness of interference 
fringes produced by these radiations A curve was drawn showing the change in clearness 
with increase in the difference of path of the two interfering pencils of light, — and it was 
shown that there is a fixed relation between such a “visibility cuive” and the distribution 
of light in the corresponding spectrum — at least in the case of symmetrical lines*. 

It IS piecisely in the examination of such minute vaiiations as are observed in the 
Zeeman effect, that the advantages of this method appear, — for the observations are entirely 
fiee from instrumental errors, there is piactically no limit to the resolving power, and 
there is plenty of light 

There is however the lather serious inconvenience that the examination of a single line 
requires a considerable time, often several minutes, and during this time the character of 
the radiations themselves may be changing. 

Besides this, nothing can be determined regarding the nature of these radiations until 

* In the case of a83rmmetrical lines another relation is necessary, and such is furnished by what may be called 
the " phase curve ” 
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the “ visibility curve ” is complete, and analyzed either by calculation or by an equivalent 
mechanical operation 

Notwithstanding these difficulties, it was possible to obtain a number of rather interest- 
ing results, such as the doubling or the tripling of the central line of Zeeman’s triplet, and 
the resolution of the lateral lines into multiple lines , also the resolution of the majority 
of the spectral lines examined, into more or less complex groups, the observation of the 
effects of temperature and pressure on the width of the lines, etc 

It IS none the less evident that the inconveniences of this process are so serious 
that a return to the spectroscopic methods would be desirable if it were possible 
(1) to increase the resolving power of our gratings (2) to concentrate all the light in 
one spectrum 

It IS well known that the resolving power of a giating is measured by the product 
mn of the number of lines by the oidei of the spectrum Attention has hitherto been 
confined almost exclusively to the first of these factois, and in the large six-mch grating 
of Prof. Rowland there are about one hundred thousand lines It is possible that the 
limit in this direction has alicady been reached, for it appears that gratings luled on 
the same engine, with but half as many lines, have almost the same resolving powei 
as the larger ones This must be due to the errors in spacing of the lines, and if 
this error could be overcome the resolving power could be augmented indefinitely 

In the hope of accomplishing something in this direction, together with Mr S. W. 
Stratton, I constructed a ruling engine in which I make use of the principle of the 
mterferonioter in order to correct the screw by means of light-waves from a homogeneous 
souice This instrument (only a small model of a laiger one now under construction) 
has already furnished lather good gratings of two inches ruled surface, and it seems 
not unieasonable to hope foi a twelve-inch grating with almost theoretically accurate 
rulings 

As regards the second factor — the order of the spcctium observed, but little use 
IS made of orders higher than the fouith, chiefly on account of the faintness of the 
light It IS tiue that occasionally a giating is lulcd which gives exceptionally bright 
spectra of the second or third order, and such gratings are as valuable as they are 
raie, for it appears that this quality of throwing an excess of light in a paiticular 
spectrum is duo to the character of the ruling diamond which cannot be determined 
except by the unsatisfactory process of trial and error 

If it were desirable to proceed otherwise — to attempt to pioduce rulings which 



Fio 1 


should throw the greater part of the incident light in a given spectrum, we should try 
to give the rulings the form shown in section in Fig. 1. 
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I am aware of the difficulties to be encountered in the attempt to put this idea 
into practical shape, and it may well be that they are in fact insurmountable — but in 
any case it seems to be well worth the attempt. 

Meanwhile the idea suggested itself of avoiding the difficulty in the following way 



Plates of glass (Fig. 2), accurately plane-paralleled and of the same thickness, were 
placed in contact, as shown in Fig 2 If the thicknesses were exactly the same, 
and were it not for variations in the thickness of the air-films between the plates, the 
retardations of the pencils reflected by the successive surfaces would be exactly the 
same, and the reflected waves would be in the same conditions as in the case of a 
reflecting grating — except that the retardation is enormously greater 

The first condition is not very difficult to fulfil, but m consequence of dust particles 
which invariably deposit on the glass surfaces, in spite of the greatest possible pre- 
cautions, it 18 practically impossible to insure a perfect contact, or even constancy in 
the distances between sui faces* 


If now instead of the retardation by reflection we make use of the retardation by 
transmission through the glass, the difficulty disappears almost completely In particular 
the air-films are compensated by equivalent thicknesses of air outside, so that it is no 
longer necessary that their thickness should be constant Besides, the accuracy of 
parallelism and of thickness of the glass plates necessary^to insure good results is now 
only one-fourth of that required in the reflection arrangement 


In Fig. 3 let ab = s, the breadth of each pencil of rays, bd = t, the thickness of each 
element of the echelon , 6, the angle of diffraction , a, the angle adb , m, the number of 
waves of length \ corresponding to the common difference of path of the successive 
elements The difference of path is m\ = fd — ac 


Now 


ac = — - cos (a + 9), 
cos a ' ^ 


* Nevertheless I have succeeded with ten such plates, phenomena such as the Zeeman effect, the broadening of 
silvered on their front surfaces, in obtaining spectra which, lines by pressure, etc — but evidently the limit has been 
though somewhat confused, were still pure enough to show nearly reached 
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or, since Q is always very small, 

ac = —— (cos a — ^ sin a) = ^ (1 — ^ tan a), 
cos a 

and hence 7n\ = {fL — \)t-k-s6 (1) 



Fio 3 


To find the angle corresponding to a given value d\, differentiate foi \ and we find 


dd 

d\ s 


dfi\ 

d\) 


Putting in this expression the approximate value of 


wchave (II). 

For the majority of optical gkvsses b vanes between 0 5 and 1 0 

The expression (II) measures the dispersion of the echelon To obtain the resolving 
power, put e = dXjX for the limit For this limiting value the angle 6 will be Xjns, 
where n is the number of elements , whence ns — the effective diameter of the observing 
telescope. Substituting these values we find 


X 

bnt 


(III) 


To obtain the angular distance between the spectra, differentiate (I) for m, we find 

^ _X 
dm ” s * 
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or putting dm = unity, 

de=- . (IV) 

S ' 


The quantity d\l\ = E corresponding to this is found by substituting this value of 
dd in (II), whence 



.(V) 


Hence the limit of resolution is the wth part of the distance between the spectra. 

This fact IS evidently a rather serious objection to this form of spectroscope Thus in 
observing the effect of increasing density on the breadth of the sodium lines, if the 
broadening be of the ordei of X/bt the two contiguous spectra (of the same line) will 

overlap As a paiticular case, let us take t — 7 mm , E — • It will be impossible 

to examine lines whose breadth is greater than the fourteenth pait of the distance 
between the B lines. It is evidently advantageous to make t as small as possible 

Now the resolving power, which may be defined by ^ , is pioportional to the product 

nt Consequently, in order to increase it as much as possible it is necessary to use 
thick plates, or to increase their number But in consequence of the losses by the 
successive reflections, experience shows that this number is limited to fiom 20 to 35 plates, 
any excess not contributing in any important degree to the efficiency 

I have constructed three echelons, the thickness ol the plates being 7 mm , 18 mm and 
30 mm. respectively, each containing the maximum number of elements — that is, 20 to 35, 
and whose theoretical resolving powers are therefore of the ordei of 210,000, 540,000 and 
900,000 respectively In other words, they can resolve lines whose distances apart are the 
two-hundredth, the five-hundredth and the nine-hundredth of the distance between the 
D lines 


Consequently the smallest of these echelons surpasses the resolving power of the best 
gratings, and what is even moie important, it concentrates all the light in a single 
spectrum 


The law of the distribution 
from the integral 


of intensities in the successive spectra is readily deduced 


A 



GO^pxdoc, 


where 



d 


I = A^ = 


sin* "rr ^ 0 

Wf' 


Hence 
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This expression vanishes for d=±\/s which is also the value of d6i, the distance 
between the spectra. 

Hence m general there are two spectra visible as indicated in Fig 4 



By slightly inclining the echelon one of the spectra is readily brought to the centre 
of the field, while the adjacent ones are at the minima, and disappear The remaining 
spectia aie practically invisible, except for very bright lines. 

As has just been indicated, the proximity of the successive spectia of one and the 
same line is a serious objection, and as this proximity depends on the thickness of the plates 
— which for mechanical reasons cannot well be reduced below 5 or 6 mm — it is desirable 
to look to other means for obviating the difficulty, among which may be mentioned the use 
of a liquid instead of air. 

In this case formula (II) becomes 


jL^i. 

d\l\ s 




s ’ 


and formula (IV) becomes 

dd \ 

dm fiiS 


Repeating the same operations as in the former case, we find 


€ = 


\ 

net' 


The limit of resolution is still the nth part of the distance between the spectra, 
but both are increased in the ratio b/c. 

Suppose for instance the liquid is water. Neglecting dispersion the factor would 
be 3 55. Hence the distance between the spectra will be increased in this proportion, 
but the limit of resolution will also be multiplied by this factor But as there is now 
a surface water-glass which reflects the light, the loss due to this reflection will be 
VoL. XVIII. 41 
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very much less, so that it will be possible to employ a greater number of elements, 
thus restoring the resolving power. At the same time the degree of accuracy necessary 
in working the plates is 3 55 times less than before 

For many radiations the absorption due to thicknesses of the order of 60 cm. of 
glass would be a very serious objection to the employment of the transmission echelon 
I have attempted therefore to carry out the original idea of a reflecting echelon, and 
it may bo of interest to indicate in a general way how it is hoped the problem may 
be solved 

Among the various processes which have suggested themselves for realising a re- 
flecting echelon, the following appear the most promising 

In the first a number of plates, 20 to 30, of equal thickness, are fastened togethei 
as in Fig. 5, and the surfaces A and B are ground and polished plane and parallel 
They are then sepaiated and placed on an inclined plane surface, as indicated in Fig 6 




Fig 6 


If there are differences in thickness of the air-films the resulting differences in the 
height of the plates will be less m the latio tana An error of \/n may be admitted 
for each plate — even in the most unfavorable case in which the errors all add , and 
consequently the admissible errors m the thickness of the air-films may be of the order 
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Xjna. For instance, for 20 plates the average error may be a whole wave-length if the 
inclination a is As there is always a more or less perfect compensation of the 

eriors, the number of plates, or the inclination, may be correspondingly greater. Accord- 
ingly it may be possible to make use of 50 elements and the plane may be inclined 
at an angle of 20° to 30°. It would be necessary m this case however to use a rather 
large objective. Possibly this may be avoided by cutting the surface A to a spherical 
curvature, thus forming a sort of concave echelon. 

The second process differs from the first only in that each plate is cut indepen- 
dently to the necessary height to give the required retardation The first approximation 
being made, the plates are placed on a plane surface as in Fig 7 (side view) and Fig 8 
(front view). 



The projections a and h are then ground and polished until the upper surfaces are 
all parallel, and the successive retardations equal. The paralleli*>m as well as the height 
IS verified by means of the interferometer 



These processes are, it is freely conceded, rather delicate, but preliminary experiments 
have shown that with patience they may be successful 


41—2 



XVI. On Minimal Surfaces. By H. W. Richmond, M.A., King’s College, 

Cambridge 

[Recmiad 10 November 1899 ] 

1 In a short paper lead before the London Mathematical Society on Feb 9 last, 
and since punted in the Proceedings of the Society, Vol, xxx. p 276, Mr T J. I’A. 
Bromwich has noted an interesting form of the tangential equation of a minimal surface, 
by which the determination of such surfaces is made to depend upon a particular type 
of solution of Laplace’s equation. The idea of thus establishing a connexion between 
ceitain of Laplace’s functions and minimal surfaces is one that presented itself to me 
several years ago, and led me then (in 1891-92) to consider at some length to what 
extent the study of these surfaces given by Darboux in Part I, Book III, of his 
Thdone g^ndrale des Surfaces might be modified by this connexion Although the 
familiar treatment of Laplace’s equation led me, (in many instances by simpler paths 
than Darboux), to a number of the chief known theorems concerning minimal surfaces, 
)et I never succeeded in reaching untrodden ground, and for this reason laid aside 
my work , but the appearance of Mr Bromwich’s paper has caused me to look through 
my notes, and to consider with some tiilness a special fiimily of algebraic minimal 
surfaces to which the method is peculiarly applicable 

So thorough a discussion of the history and properties of minimal surfaces is given 
by Darboux, in Book III of his Theorie gdn^rale des Surfaces, that it will seldom be 
necessary to refer to other souices of information: references to Darboux will be made 
simply by the letter D followed by the number of the paragraph in question , — thus 
(D § 175) In all that follows it is supposed that a system of real rectangular 
Cartesian axes is employed 

2 The tangential equation of a surface, 

^{p, I, m, n) = 0, 

(where </> is a homogeneous function of p, I, m, n, but not necessarily algebraic), ex- 
presses the condition that the plane 

lai + my-^nz = p (1), 

should be tangent to the surface Should be rational, integral and homogeneous of 
the kth degree, the surface is algebraic and of the kih class 
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The equation <p {p, I, m, n) = 0 will always be regarded as defining a dependent 
variable as a function of three independent variables I, m, n , — 

p^f{l, m,n) ( 2 ) , 


but the function yfr is of necessity homogeneous and of the first degree The coordi- 
nates of the point of contact of the plane (1) with the surface enveloped by it are 




y = 


dm ’ 


dp 

^~dn 


.(3), 


HO that £c, y, z are expressed as homogeneous functions of /, ?a, n, of degree zero, i e 
as functions of the ratios I vi n It is therefore possible to eliminate I, m, n from 
equations (3) and so to obtain a relation in x, y, z, alone, tlie equation of the surface 
in point coordinates. The condition that the surface should be minimal is established 
without difficulty, viz. 


= 0 

dL‘' dm^ dn^ 


(4) 


Hence — When p is a function of I, m, n, homogeneous and of the fist degree, 
which satisfies Laplaces equation, the envelop of the planes (1), or the locus of the point 
(3), IS a minimal surface When the condition (4) is satisfied, I shall say that p has 
a minimal value, or is a minimal function of I, m, n 

It is of importance to observe that, in what precedes, the condition 

l^ + wi* + n^ = I, 

IS not imposed provided only that p is of the first degree in I, m, n (which is 
always to be understood in future), it is absolutely immaterial whether the sum of the 
squares of these quantities be equal to unity or no When (4) is satisfied it is easy 
to establish the theorem of M. Ossian Bonnet (D §§ 202, 203), that the holograph of 
a minimal surface is a conformable map of the surface 


3 I now consider very briefly to what lesults the common manipulation of Laplace’s 
ecpiation leads Since p satisfies the equation, so also do its three partial differential 
coefficients, which, as we have seen, are the coordinates of points of the suiface, expressed 
in terms of the ratios I m n Now the solutions of Laplace’s equation which are of 
degree zero in the variables are of the form, 

F{u) + Fi{ui), 

, l + im r + n I — im r + n 

where u= = ; Ui = — = , , 

r — n I — im r — n t -f- im 

and r = -I- n^fi 

These quantities u and are thus the same as those of Darboux (cf D ^ 193, 
195) The formulae of Weierstrass (D. § 188, equation 17) are readily deduced, while 
if we take new variables v and Vi, the former a function of u and the latter of Ui, 
we reach the solution of Monge (D §§179 and 218) 
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Although the integration of Laplace’s equation presents no difficulty, it is not easy 
to say what is the best fonn of solution of the first degree in the variables which 
we should take as the value of p The formulae due to Weierstrass (D. § 188, equations 
18), may be obtained from the value 

p = r[f (u) +// (?t,)] - “ i'rn)f{n) - -f im)J\ {ih) 

but a value which is preferable for the present purpose, in that it is more naturally 
attained by integration and leads to simpler results, is 

p = r [uy; (n) + Oh)] -n[x (m) + y^ (w,)] • • • • • • (5) , 

and this is the value which will be used m the following applications. From it I derive, 
by differentiation with respect to I, m, n, the expressions 

^ = X (^0 + 1 w (1 - w') (^) + X/ (Ml) + 1 (1 - Ml*) Oh) , 


y = ^X' (m) + 1 iw (1 + M*) x" (m) - iXi (Ml) - i IWi (1 + Wi“) Xi" (Ml) , 

^ - X (m) + Mx' (a) + ' (a) ~ Xi (mi) + u,Xi M + Wi*^/' (?/,) 

It will be seen that the two forms are in agreement if 
/(m)=Mx(m), /i(Mi)=:MiXi(Mi). 


4 As an illustration of the use of these results I consider two methods of solving 
the problem of determining a minimal surface which has a given plane as a plane ol 
symmetry, and cuts that plane at right angles along a given cuive, or, as Darboux 
(§ 251) expresses it, has a given plane curve as a geodesic It is clear that if x — Xi> 
(which in the case of a real surface implies that x a real function), the suiface 
has zOx as a plane ot symmetry and cuts it orthogonally: moreover, if we fix directions 
by Euler’s two angles, $ the colatitude and ^ the longitude, (so that 

I m n.r sin ^ cos ^ sin ^ sin ^ : cos ^ 1, 


and 


= . cot i 6, Ui - cot ^ i 


the functions y ^nd xi determined by the equation 

X (^cot 2 6 ^ = xi (cot = cosec B.jpde, 

the quantity p being the length of the perpendicular from the origin on any tangent 
of the given plane curve, laid in the plane zOx, and d the inclination of that per- 
pendicular to Oz. 

5. But the following solution is of greater interest, in that it is adapted to cases 
when the given plane curve is irregular^ being composed of portions of known curves 
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or straight lines, united so as to form a closed contour Let this contour be enveloped 
by a straight line which moves round it, turning always in the same direction, let 
the plane of the contour be xOy , let jo# denote the perpendicular from 0 on the 
enveloping line, and inclination of that perpendicular to Ox 

In a complete circuit of r.he contour, the enveloping line will turn through some 
multiple of two right angles, and return to its onginal position, is therefore a 
periodic function of ^o, — the period being a multiple of tt, — and may be expanded iii 
a Fourier’s series even when p^ or its differential coefficients have discontinuities* thus 

^0 = S + h cos k(^0 

In the case of an oval curve or a closed convex polygon the period of p^ is 27r, k 
will then receive only integer values. In a cardioid the period is Stt, and 3^ will 
always be an even integer, etc , etc 

The minimal surface sought will be represented by the tangential equation 
p = S |(A; — cos 6) cot*' ^ ^ + (A: + cos 6) tan* ^ (ojt sm k<^ + cos k^) — 2^. 

For this typical term may be obtained from the general formulae (5) by making 
X (?0 = K (it* - «“*), xi (»*i) = . 

K and being constants suitably chosen, and we may deduce 

^ ^ 2 (^ — /c~') ^cot* ^ ^ — tan* ^ (a* sin k^ 4* bjg cos k ^) , 

so that, when B — z vanishes and p has the coriect value. 

Interesting special cases arise when the given plane cuive is an epicycloid or hypo- 
cycloid , for the series for po then reduces to a single term 

p,, = A cos k^y 

and the required surface is obtained by making in (5) 

X{u) = B (a* - a-*), ( «,) = B (wj* - «,-*). 

It 18 clear however that special surfaces such as this fall under the cases to which 
the methods of Darboux aie applicable, I therefore pass on to a lesult which I do 
not remember to have seen explicitly stated, (although it follows almost immediately 
from several theorems of Darboux), and to some considerations suggested by it Enough 
has been said to shew that integration of Laplace's equation leads rapidly to many of 
the chief known results concerning minimal surfaces. 

6. Since Laplace’s differential equation is linear, the sum of any two of its solutions 
IS itself a solution if then pi and p^ be two minimal functions of I, m, n, P 1 + P 2 is also 
a minimal function. Stating this theorem in geometrical language, we enunciate the note- 
worthy property — 
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If any two minimal surfaces he taken, the locus of the middle 'points of lines which 
pin the points of contact of parallel tangent planes is also a minimal surface 

But, conversely, the possibility that a given minimal value of p may be resolved into 
the sum of two or more simpler values is suggested by the theorem. I propose to carry 
through this idea in the case of rational algebraic minimal functions ; — to prove that every 
rational algebraic minimal function may be expressed as the sum of a finite number of 
such functions each belonging to certain standard types, much in the way that every 
rational fraction may bo broken into partial fractions In other words, I hope to establish 
that by taking a finite number of minimal surfaces of certain normal types, disposed in 
space with various orientations, and constructing the locus of the centre of mean position 
of the points of contact of parallel tangent planes, we may arrive at any minimal surface 
whatever, for which jp is a rational algebraic homogeneous function of I, m, n, of the 
first degree 

When j7 IS such a function, the surf.ice, whether minimal or not, will have one and 
only one tangent plane parallel to any given plane if the surface be of class ^ + 1 it will 
have the plane infinity as a A:-fold tangent plane, and must therefore be reciprocal to 
what Cayley called a Monoid surface (Comptes Rendus, t. 54, 1862, pp 55, 396, 672) A 
paraboloid is the simplest instance of the surfaces we are considering Now the analogous 
curves in plane geometiy presented themselves to Clifford’s notice in the course of that 
wonderful chain of reasoning, the ^Synthetic ProoJ of MiqueVs Theorem, {Collected Works, 
p. 38), and were named by him double, tuple, ... k'f old, parabolas. Following his example, 
1 call a surface of class k+l, which has the plane infinity as a ^-fold plane, a kfold para- 
boloid, and the family of such surfaces, (the value of k not being specified),. Multiple 
Paraboloids. 

7 The tangential equation of a A:-fold paraboloid will be written as 

p = V-U, 

U and V being rational integral homogeneous functions of I, m, n, of degree k and ^ + 1 
lespectively. If for the moment partial differentiations with regard to I, m, n, be indicated 
by suffixes 1, 2, 3, respectively, the condition (4) that the surface should be minimal gives 
us the identity 

V{Un + U^-¥U^)-U{V,,^V^ + V,,)^-2{U,V,-^U,V, + U,V,) = 2V{U,^ + Ul + U,^)-U , 
and so proves that ( + Uf) — U 

18 a rational integral function of I, m, n — a result possible only if U be the product of 
factors which are powers either of 

l^ + m^ -h n^, 

01 of linear functions such as al + bm+cn, 

in which a* + 6* + c® = 0 
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But it will appear further that P -f mP + iP cannot be a factor of U , for if in the 
above identity we substitute 

C/'= 

and take account of the fact that V and T are homogeneous functions of degiee A, + 1 
and k — 2s respectively, we find that 

( 26 « + 3 s ) VT^-1^- 

IS identically equal to an integral function of /, m, n but this is an absurdity and we are 
compelled to infer that s = 0 

8. The denominatoi U of a rational minimal value of p is thus wholly composed 
of factois, each an integral power of a linear function of I, in, n, 

al + bin + cn, 

whose coefficients a, h, c, aie such that the sum of their squaies vanishes Any one 
such factor vanishes for one and only one leal system of values of the ratios I m n , 
and, if the corresponding leal direction be taken as the 2 :-axis in a new cooidinate- 
system, is reduced to the foim 

C i vm), 

the quantity G being a complex constant. Proceeding now to the consideration of minimal 
values of p in which the denominator U is a powei of a single linear function of 
I, in, 11 , we may without loss of generality suppose the linear function thus reduced, and 
confine our attention to values of the form 

p = F — (/ + imy 

That such values actually exist is shewn by the foimulae (5), in which if we make 
X(u) = A{-u)-^, Xi(m,) = A (</,)*, 
we obtain a value of p of the kind sought, vu 

p — — A {(71 — A? )(7i + r)* + (it + At )(n — 7 )*■} — (/ -H mif 
The numerator of this fraction, when the special value 

l-2*(^- 1) 

has been assigned to A, will be denoted by p-kOG, thus 

2* (A - 1) p}cin) + {n — kr){ii + 7 )*' (ti -i- ki){i\ — r)^ = 0 

The function real and may be expanded in poweis of ii and r®, or, by 

rearrangement of the terms, in powers of t? and (A^ + tn)- moreover on account of the 
value given to A the coefficient of the highest power of n in the latter form is unity 
we might in fact write 

H (^0 = (A* + (/- + npy + , 
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7 th y m,, ... being real numerical constants The corresponding minimal value of p is of 
the form 

p = file (^) — (^ + — {1 + irtif + W — {I + 

W denoting some rational integral homogeneous function of m, n (with complex numerical 
coefficients), of degice A 

It will be seen that of integei values of ^ the value A = 1 alone fails to give a 
function /ijfc(n) It may be easily pioved, and will be assumed in what is to come, 
that no minimal value of p exists whose denominator is I -him and whose numerator 
IS a lational integral function of the second degree 


9 In order next to determine the most general rational integral function V of 
degree A;-|-l such that the suiface 

p = V — {I -h imY’ 

19 minimal, it will be convenient to wiite for a time 


/= I 4- iniy g =l — im, 


and to use /, g, n, as independent vaiiables in place of I, m, n 
of a minimal surface is now 


and IS to be satisfied by 


df dg 


= 0 , 




The differential equation 


vSubstituting and multiplying by /*, we find that 
dV 

^ — / + an integral function = 0, 

and deduce that the part of V that does not contain f must consist of a single term, 

C 

0 being a constant It follows that by subtiacting a numeiical multiple of the foie- 
gomg paiticular solution we obtain a new minimal function p^, viz 

jjj = lF-CVjfc(u)| -/*, 

in which a factor f is common to numeiatoi and denominatui, and may be removed 
By repetition of the argument and piocess we continually diminish the class of the 
surface, and finally establish the theorem — 


The most general rational minimal value of p which has {l-him)^ for its denominator is 
p al -h /3m + yn + '^Ggps(n) — {I + imy , (« = 2, 3, 4, . k), 
the quantities a, fS, y, C^, C 3 , . . 0* being complex constants. 
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10 The same method is applicable to the case when the denominator U contains 
other factors besides f for if we substitute 

in the differential equation we find on multiplying by that, if S do not contain / 
as a factor, 

must be divisible by /, and infei that the terms in V that aie independent of / must be 
equal to those in N multiplied by and a constant If h be equal to unity we must 

therefore have 

V= A a- .Sf 4- terms divisible by /. 

but substitution in the diffeiential ecpiation proves that A must vanish if on the other 
hand h be greater than unity, we may, by subtracting a propeily chosen multiple of 

obtain a new minimal function whose denominator does not contain so high a power of f 
as /^. It follows that the most general lational minimal function with denominator 

(i + tm/ N 

may be obtained by adding to a value with denominatoi N the terms 
1C, (5 = 2, 3, 4, h) 

C^f C'j, . Ch, being complex constants 

The factois of S may now be subjected to the same treatment, that is to say, 
first reduced to the fonn I + ini by a leal transfoimation of axes, and then made to 
yield a series of fractions of the types already discovered The most general minimal 
value of p which is a rational function of /, in, u, may therefore be resolved into the 
sum of a numbei of teims each separately capable of being reduced by a real trans- 
foimation of axes to one of the types already quoted 

11. The simplest value of p of the kind we are considenng is obtained when 

k = 2, VIZ 

2p {I + im)’ = 2a’ + 3a (^’ + ar), 

and leads to a suiface, 

2 (.^ -I- igY = IS ty) c + 27 {i - ly), 

of class and order thiee but, as imaginary sui faces such as this aie of minor interest, 

we may pass on to the discussion of the case when the surface is real 

In order that the suiface should be leal, each of the typical complex terms into 
which p was broken up must be accompanied by the conjugate complex term, the 

numerical constants multiplying each also being conjugate imaginaiies a rotation of the 

42—2 
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coordinate planes about the ^^-axis will bring both these numerical coefficients to the 
same real value A For real values of p the typical real component fractions are 
therefore 

A — + (^=2, 3, 4, ). 

Every leal minimal value of p which is a lational Junction of I, m, n, may be expi eased 
as the sum of a finite numbei of leal Jtactions, each separately reducible by real trans- 
Jormation of axes to one of the forms just quoted Teiins such as 

al + film + 7/1 

may also be present, but are ignored since a change of origin will remove them. 

If we again introduce Euler’s angles 6 and <^, as in § 4, the surface corresponding 
to the above value is 

p = A pk{n) \(l + imy^ -h (I — im'f] — (l^ + m^)^ , {k=2, 3, 4, ) 

= R co'^k<f> |(^ — cos ^cot ^ — (^ -f cos 0) tan I I 

and may be described as the standard minimal mulfiple paraboloid of the kth type the 

oiigin of coordinates is called its centie and the ^-axis its axis The class of every real 
multiple paraboloid that is a minimal siiiface is nece''saiily odd , thus the above standard 
surface is a 2A-foId paiaboloid and is of class 2^ + 1 The thcoiem established now admits 
of the following statement — 

By placiny a finite number oj standaid surjaces {defined above) with their centres co- 
incidiny but with vainous 01 lentations, and takiny the locus oJ the centie of mean position 
of the points of contact of paiallel tangent planes, we can obtain every minimal sin face 
which IS a multiple paraboloid 

Corresponding to any selected real direction, a multiple paiaboloid has, as was pointed 
out, one and only one tangent plane, there is theiefore no ambiguity in the foregoing 
consti action certain of the planes may however be at an infinite distance If the surface 
be minimal, the number of infinitely distant tangent planes must be finite, then diiections 
being normal to the axes of the standard surfaces from which the given suiface may be 
deiived Given a minimal multiple paraboloid, the diiections of the axes of the component 
surfaces aie thus plain geometiically 



XVII. On Quartic Surfaces which admit of Integrals of the first kind of 
Total Differentials. By Arthur Berry, M.A , Fellow of King’s College, 
Cambridge. 


[Rec(>ived 15 November 1899 ] 
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1 Introduction 

2 Analysis of the fundamental difteiential eiination, 

3 Integiation of the difteiential equation, leading to fi\e possible suifaces 
^ 4 Tabulai statement of icsults 

S Biiational tiansfoiination of the suifaces into cones 
5; 6 Numeiual genus of suifaces which admit of intogials of the hiNt kind 
^ 7 Geoinctiunl chaiacteii sties of the fi\o suifaces 

§ 1 Introduction 

The theoiy of the Abelian intogials associated with an algebraic plane curve can 
be geneialiscd in two distinct wavs when wc pass fioni a pl.iTU' curve to a surface in 
thicc climcnsions, that is when wc aie dealing with an algebiaic ‘function of two indepen- 
dent vaiiables Given an algebiaie eijuatiori, f {t , ij, z) = 0, between three non-hoinogeneous 

vaiiables, we ina^ study eitlui double integials of the type y z) d.idy, wheie 

R is lational, or single integials of total diffeientials of the type ^{Pdx + Qdy), where 

P, Q aie lational tunctunis ot j, ?/, z, which satisfy in viitiu* * * § of /’=0 the condition of 

intcgi ability 

ap ^ a(^ 

dy da 

Such integials of total diftcrentials were mtioduced into mathematical science by 
Picard about fifteen yeais ago*, and have been the subject of several memoirs by 
him*f‘. They have also been studied to some extent by Poincai4|, Nocthcr§, Cayley || and 
others The most impoitant results hitheito obtained are given in the “ Thdorie des 

* Compteg Retidiig, t 99 (1 Dec 1884) diucke.” Moth. Ann t 29 (1887) 

t The most important appeared m laoniiUe, sei iv 11 Note sur le m^moire de M Picaid “ Sur les int^grales 

t 1 (1885), and ser iv t 5 (1889) There ha\e also been de diff^ientielles totales algdbnques de premu're 08 p(!>ce,” 
a senes of notes in the Compfes Rejuhts linll dci Stiemeg Math ser n t x (1880) Coll Math 

X Comptes Rendua, t 99 (29 Dec 1884) Papers, t xn no 852 

§ “Ueber die totalen algebraischen Difterentialaus- 
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Fonctions Alg^biK^ues de deux variables mdc^pendantes ” recently (1897) published by 
Picard and Siinart, a book to which it will in general be convenient to refer. 

Integrals of total diffeientials, like oidinaiy Abelian integrals, fall into three classes, 
of which the first consists of integrals which arc always finite But wheieas the 
number of lineaily independent integials of the first kind associated with a plane cuive 
IS at once expiessible by a simple foimula in terms of the singulaiities of the curve, 
and such integrals always exist if the cuive has less than its maximum number of 
singulaiities, the corresponding pioblem foi integials of total differentials is far less 
simple and has only been solved foi special classes of surfaces On a cone, an integial 
of a total differential is ecpnvalent to an Abelian integral on a plane section of the 
cone, so that no new pioblem arises Moreovei, accoidirig to Cayley*, any ruled suiface 
may be birationally transfoimed into a cone, the genus (deficiency) of a section of which 
IS equal to that of a geneial plane section of the original suiface, hence the number of 
integrals of the first kind on a luled surface can at once be determined, but I am not 
aware that theie is any known process whereby the transformation can in geneial be 
effected oi the integials actually constiucted Foi othei classes of surfaces the most 
important results so far obtained arc negative in chaiacter, thus it is evident that no 
integrals of the first kind can exist on a lational (unicursal) surface, and the same 
proposition has been established -f for sui faces without any singular points or smgulai lines 

The deteimination of sui faces oi classes of surfaces which admit integrals of the 
first kind of total difieientials appeals therefore to be a pioblem of some interest 

Since quadiics and cubic surfaces (other than non-singular cones) are rational, they 
can possess no integials of the first kind Two non-comcal quaitics possessing such 
integrals were discovered by Poincard+, and stated to be the only possible ones 
Poincare’s results have been adopted by Picard, who has given a proof in outline^ 

The object of this paper is to establish the existence of certain othei quartic 
surfaces which have the pioperty in question, but have apparently been ovei looked by 
the two eminent mathematicians just named The method which I have adopted appears 
to shew also that the list given is complete 


§ 2 Analysis of the Fundamenial Differential Equation. 


It has been shewn by Picaidji that if a suiface of order «, of which the equation 
in homogeneous point cooidinates is /(a, y, w) = 0, admits of an integral of the first 
kind, then / satisfies the partial differential equation 


ox oy oz dw 


( 1 ), 


* “ On the deficiency of ceitam surfaces,” Math. Ann. J Comptes Rendus, t 99 (29 Dec 1884) 

t in. (1871) Coll Math Pape)s,t viii no 524 § Picard et Stmarl, pp. 136, 136. 

t Picard et Simait, pp 113, 119, 120 || Ib , Chapter V 
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where 0^, 6^, 0^, 6^ are quantics of oidei /j. - 3, which satisfy the e(|uation 

^ 

dx oy dz dw 


These equations being satisfied, the differential 


i dx, dy, dz 

' y, z 


df 

div 


( 2 ) 


satisfies the condition of integi ability, and its integral is finite eveiywheie with the 
possible exception of certain singulai points and lines 

When /?=4 the quantics 0 are lineai and the e<|uation (1) becomes a familiar 
paitial dififeiential equation 


If we wiite 

0^ = a^x + b,y + CiZ + d,w, (i = 1, '2, 3, 4), 

then, m accoidance with the usual (denientaiy theoiy, the integiation of the equation 
(1) depends upon the roots of the algebiaic equation 

Asia,-!!, bj, Cj, dj i = 0 (3) 

“ s, Cj) di j 

5j, c.,— s, di I 

04, 64, C4, 1/4 — 6 , 

If the loots of this eijuation aie all distinct we can .it once obtain three inde- 
pendent integials of the auxiliaiy system 

dx _dy _dz _dw 

and deduce the gcnei.il integial ol the paiti.al differential equation But if two 01 

more loots of A = 0 aie equ.il the integiation of tho s\stem (4) is less simple, and one 
01 more of the integials is in geneial logaiithinic, though these integrals may again 

become algebraic il the coefficients ot the t/’s satisfy certain furthei conditions Although 
the complete discussion of these cases by quite element.iiy methods presents no serious 
difficulty it is lathei long and tedious, and the work can be coiisideiably abbreviated 
by 1 educing the equations (4) to a standaid loim b} means of the method which was 

given by Weiersti.iss as an application of his theoiy ot bilmeai lornis* This method, 
stated in a toim applicable to our paiticiilai pioblem, depends on the resolution of the 
deteiminant A into “elementary f.ictois” (Element.irtheilei) If s — a occurs j[>-tuply as 

a factor of A, pj-tuply as a facLu ot e.ich first minoi ot A, p^-tuply as a factoi of each 

* “Bemerkungen zur Integration ernes Systems hueaier Diftirentialgleichungen mit constanten Coeflacienten,” 
Mathematische U erke, ii pp 75 — 6 
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second minor, and so on, and if p—pi = a, pi—pi—a, and /3, yS' ,7, y are the 

numbeis corresponding similaily to the othei factors, s — b, s — c,... of A, then 

(s - a)*, (s - a)* . , (s - by, (s --by . , 
are defined as the elementary factors of A 

These factois aie shewn by Weierstrass to be invaiiant for linear transformation of 
the vaiiables, and the system of differential equations 

. di/ A dz dtv . 


IS shewn to be leducible by linear transfoi mation of the dependent vaiiables to a 
standard foim, in which there are as man) distinct sets of equations as there aie 
elementary divisors of A, the set corresponding to an elementaiy divisor (x — a)^ being of 
the form 

dxx dx^ djLp ... 

^ = + ( 5 ) 


Applying this theory to our equation we see that the possible ways in which A 
can be resolved into elementary factois are as follows 


(I) All the roots of A = 0 equal • (1) 

(u) 

( 111 ) 

(IV) 

(V) 

(II) Three roots of A = 0 equal (1) 

(ii) 

( 111 ) 

(III) Two pairs of roots of A = 0 equal 


(IV) One pair of roots of A = 0 equal 


(.V - ay, 

{s — ay, {s — a), 

{s — ay, (s — a)-, 

{s — ay, (s — a), {s - a), 

{s - a), (s - a), {s - a), {s - a) 

(s — af, {s — b), 

{s - ay, (s — a), (s — 6), 

{s - a), {s - a), {s — a), (s - b) 

(I) (5 - a)", {s - by, 

(II) {s-ay, (s-b), (s-’b), 

(ill) {s-a), (s-a), (s-b), (s-b). 

(I) (s - ay, {s - b), {s - c), 

(II) {s-a), (s-a), (s-6), (s-c) 


(V) All the roots of A = 0 distinct (s - a), {s — b), {s — c), (s — d). 


Also the equation (2) shews that the sum ot the roots of A = 0 vanishes, so that 
we must have m 

Case I a==0, 

Case II 6 = — 3a ^ 0, and we may evidently take a = 1, 6 » — 3, 
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Case III. 6 = -a^0, and we may take a = l, 6 = -l, 

Case IV 6 + c = - 2a, 

Case V. a + 6 + c + d = 0. 

It follows at once that the Case I. (v) is impossible. 

For the purposes of our problem we do not want the general integi'al of the 
equation (1), but only such integrals as are homogeneous quartics, we may also leave 
cones out of account, and we must reject solutions giving degenerate (reducible) quartic 
suifaces, we find also that in one or two other cases we arrive at sui faces which are 
obviously rational and must therefore be rejected. 


§ 3. Integration of the Differential Equation, leading to five possible surfaces 

We have in all (after rejecting I (v)) thirteen cases to consider, which will now 
be dealt with seriatim In each case the transformed variables will still be denoted 
by a?, y, z, w, and the auxiliary equations will be expressed in the usual Lagrangean 
form, the variable t used by Weierstrass being omitted 

I (i) The auxiliary equations are . 

dx __ dy _dz __ dio 
0 ”* .r y z * 

three integrals of which are 

X = const , y^ — tzx — const , y* + 3a?*w — ^xyz = const , 

so that the general integral of the equation (1) is 

f=(l>(x, y^ — 2zx, y^ Sx-w — dxyz), 

where <j> is an arbitrary function. 

The only quartic of this form is a sum of terms 

X*, X" (y“ — 2zx), (y“ — 2zxy, x (y® + Sx^w — Sxyz), 

so that w occurs Imeaily or not at all, and the surface is theieforo a cone or rational 

I. (ii) The auxiliary equations are . 

dx _^dy _dz _ dw 
0 0 y z ’ 

thiee integrals of which are 

a; = const, y = const, 2 - — 2yi<;= const, 

so that 

f^<f>{x, y, z^-2yw) 

VoL. XVIII 43 
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The general quartic of this type is 

(^» - ^ywy + 2 - 2yw) 2 /)“ + (a;, y)* = 0 (6), 

where (ar, y)” denotes an arbitrary quantic of order n 

I. (ill) The auxiliary equations are 

dx _dy _dz _ dw 
0 "" a? 0 ~ z * 

leading to a? = const , z = const., yz — xw~ const., and 

f = (ft {x, z, yz — xw) 

The general quartiQ of this type is 

{yz - xmy + 2 {yz — xw) {x, zf-\-{x,zy = ^ (7). 

I. (iv). The auxiliary equations are 

dx _dy _ dz dw 

"(f y 

leading to the cone 

f=<j>{x, 2 , w) = 0. 

II. (i). The auxiliary equations aie . 

dx_ dy __ dz __ dw 

of which one integral only, viz. x^w — const , is algebraic, the other two being logarithmic. 
Thus the only possible form of / is <f){x^w), leading to a set ot planes 

II. (ii). The auxiliary equations aio 

dx _ dy _dz _ dw 
X x + y z — 3w ’ 

three integrals of which aie 

y/a: — log a; = const , z\x = const , 9?w — const , 

so that the only algebraic form ol f is <f>{zjx, x^w), and the quartic is the degenerate 
surface 

{z, xY w = 0. 

II. (ill). The auxiliary equations are 

dx __dy _dz _ dw 
X y z ~'Sw’ 

three integrals of which are* 

yjx = const , zjx — const , x^v = const . 
which lead as before to a degenerate surface 

{x, y, zYw — 0 
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III. (i) The auxiliary equations are * 

dx _ dy _ dz _ dw 
X x-\-y~ — z z — w* 

three integrals of which are 

yjx — log aj = const., w/z + log z = const , zx = const., 

80 that the only possible quartic is the degenerate surface 

z^x^^O 

III. (ii). The auxiliary equations are 

dx dy _ dz __ dw 
X x + y — z —w’ 

three integrals of which aie 

yjx — log X — const., zx = const , zjw = const , 
leading to f=^{zx, z/w), which gives a cone 

III (ill) The auxiliary equations are 

dx _dy _ dz _ dw 
X y — z — w* 

leading to 

yjx = const , xz = const , xw = const , 

whence f=<l){xz, xw, y/x), so that the quartic is quadiatic in x, y and in z, w, viz 
of the form 

(n, y\z, ?e) = 0 . (8) 

IV. (i) The auxiliaiy equations are 

dx _ dy _ dz _ dw 
ax vT + ay bz cw ’ 

where 2rt + 6 + c = 0 

If a 0, three integrals are 

ayjx — log ic = const,, z^jx^ = const., vf-laf = const., 

of which the fiist is essentially logarithmic, so that we have / = (f>{z^lx*, vf/af), leading 
to a cone 

If (1=0, so that c = — b^0, thiee integrals aie 

X = const , X log z — by — const , zw = const , 
so that f = <f> {zw, x), leading again to a cone. 


43—2 
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IV (li). The auxiliary equations are 

dx __dy _dz _dw 
aco ay~ hz~~ cw* 

where 2a + 6 + c = 0. 

We may distinguish at once three sub-cases which may arise, viz. 

(a) a = 0, 6 = — c 
(/9) 6 = 0, c = -2a:^0. 

(7) 6^fe0, c^O 

In SUB-CASE (a), three integrals are 

X ~ const , y = const , zw = const , 
so that f=<\>{x, y, zw), and the quartic is 

z'^v)'^ zw{x, yy ■^■{x, yY = (9) 

In SUB-CASE (/8), three integrals are 

z — const , yjx = const , a^v) = const , 
so that f=<l>(x^w, yjx, z). 

The only possible quartic terms are , 

zw{x, yY, z*, 

so that the surface degenerates 

In SUB-CASE (7) it is a little simpler to work directly with the corresponding 
partial differential equation 

and to consider the possible terms m / 

Since the differential operator only alteia the coefficient of any term, each term of 
/ must separately satisfy the differential equation 

We verify at once that the terms z*, -tv*, {x, y)* cannot exist. 

It a term of the type (x, yY z exists, then 3a 4- 6 = 0, whence a = c, contrary to 

hypothesis, similarly no term of the t^pe {x, yYw can exist Similarly no terms of the 
types {x, yY z^, (x, yYw"^ can exist, as their existence would involve 6 = c. 

Any term of the type {x, yY zw satisfies the equation. 

If a term of the type {x, y) s? exists, then a + 36 = 0, whence c = 56, so that the 

equation is 

- 3 (a/* yfy) + zft 4- hwfy, = 0, 
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of which the general integral is 

f=<f> cc^zw, yjx), 

leading to 

a* (a?, y) + zw (x, yf = 0, 

a degenerate surface. 

Similar reasoning shews that no term of the type (x, y)w^ can exist 

If a term {x, y) z^w, or (x, y) zw^ exists, then a — hov a = c, contrary to hypothesis , 
and if a term z^w or zvj^ exists, then also a = b or a = c 

Thus the only possible terms are of the type (x, yY zw and the surface consequently 
degenerates 


V Since no two of a, b, c, d aie equal, one of them at most can vanish. We may 
therefore distinguish two sub-cases 

(a) d = 0, (t 4- 6 4- c = 0, 

(/3) 6^0, c^O, 

Sub-case (a) Proceeding as in IV (ii) (7) we see that the terms x*, y*, z* cannot 
exist in /, but a term w* may exist. 

If a term x^y exists, then 6 = — 3a, c — 2a, so that the differential equation 

reduces to 

” 3y/y + 2zfg = 0, 

whence f=<p{x^y, zjx^, w), 

so that the only possible terms are a^y, xyzw, w*. The qiiartic is therefore rational, 
since y only occurs linearly, if at all 

If a term a^if exists, then a -I- 6 = 0, and therefore c = 0, contrary to hypo- 

thesis 

For the same reasons no terms of the types (y, zY, {z, x)*, {x, y)* can exist. 

If a tei m x^yz exists, then 2a -I- 6 4 c = 0, whence a = 0, contrary to hypo- 

thesis. 

Thus no term of the type {x, y, z)* can exist, so that / contains w as a factor 
and is degenerate 

Sub-case (/3) Under the conditions assumed it is evident that no terms such 
as itr*, or (f?yz can exist, and there cannot be more than one term belonging to a 
group of the type {x, y)* 

Let the term x^y exist, then 6 = — 3a, c 4 d = 2a, and no other term involving 
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a? can exist. If exists also, then a + c = 0, rf = 3a. The differential equation 
18 now 

^/* “ ^yfy - ^fz + = 0, 

whence f~^ia}y, zH), xz), 

so that the most general form of the surface is 

z^w, x^z^, xyzwy =0 (10) 

Let the terms a^y, xz* co-exist, then 6 = — 3ff, a = — Sc, d = — 7c, and the 
differential equation is 

- 3x/^ + 9y/y + zf, - = 0, 

whence /= <^> (^3/. 

and the only possible quaitic terms aie c^y, xz^, xyzw, so that the surface degenerates 

If the terms aj*y, xyzw co-cxist, then we get the siirfiice (10) again The cases 
thus considered and those obtained by a meic interchange of variables exhaust all 
possibilities, if a term such as cc^y exists 

If no term cubic m any one variable exists, then the possible terms to be 
considered are of the two types xyzw If only one or no teim of the formei 

type exists the surface degenerates , if terms such as x^y^, aV co-exist, then b = c , 
if x‘‘y^, zHu- co-exist we revert to the case of (10) 

We have thus considered all possible cases 

§ 4 Tabular Statement of Results 

The preceding analysis shews that it we exclude conical and degenerate sui faces, 
there are hve and only hvc types of quartic sui faces, given by equations (6), (7), (8), 
(9) and (10), which satisfy Picaids differential equation, and are not 'pi'ima facie lational 
surfaces Surfaces which can be obtained fiom one anothei by linear tiansformation of 
the cooidmates aie of course not counted as distinct 

After making some slight changes of notation with a view to greatei uniformity, 
aiTanging the surfaces in the order (9), ( 8 ), (7), (0), (10), and adding foi convenience the 
corresponding values of 0 ^, O 3 , ^ 4 , we get the following table 
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Surface 


e. 

9^ 


Reference letter 

4- 2xy (z, wf -H (z, w)* = 0 

X 

-y 

0 

0 

A 

z^ (x, yy + zw (x, yy + (a?, y)^ — 0 

X 

y 

- z 

— w 

B 

{xw — yzf -f- 2 {acw — yz) {z, wY -f {z, w)* — 0 

z 

w 

0 

0 

C 

(2xw - y^Y+ 2 {2xw - y%z, w)®-!- {z, wY = 0 

y 

w 

0 

0 

D 

aa^y^ -f hz^w^ -f cxyzw -f doew^ -i- eyz^ = 0 

nx 

- '^y 

1 

1 

' —w 

E 


Of these surfaces (A), (B) are the two which Poincar^ discoveied*, the existence 
of mtegials of the first kind on the other three sui faces was pointed out by the author 
in a note published in the Gomptes Rendus for 2 Sept 1899 

§ 5 Birational Transformations of the Surfaces into Cones 

Coriesponding to each of these surfaces we can at once constiuct a total differential 
by the formula already given (§ 1), and since the ^'s aie unique, there cannot be on 
each surface more than one such differential, the integral of which remains finite But 
it has not been proved that such an integral does actually remain finite everywhere 
This could be done by examining it'i behaviour at each singularity of the surface. But 
it IS of interest to shew that each surface can be birationally transformed into a non- 
singular cubic cone, and as such a cone admits necesvsarily of an integral of the first 
kind, we are thus incidentally assured of the fmiteness of oui mtegials The trans- 
foimations which effect this object are as follows 

(A) We wiite the equation in the form 

wyY = [{z, w)^ 

and choose as a new variable w one of the factois of the iight-hand side, so that the 
lattei becomes w{z, wf 

The quadric transformation 

X . y z w =a?V-(/, w'f yz' y'lo'j 

X y' z w' — xy -I- {z, w)' yw zw w* j 


Loc ctt. 
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then leads to 

wy ... (A') 

(B) Choosing as a new variable y one of the factors of {x, y)^, we can write the 
equation * 

(a?, y)i + zw (a?, y)^ + w'^y (x, y)^ = 0 

The quadiic transformation 


then leads to 


X y > z w — X z y z ‘ yw ziv 

x' y’ . z' w* = xz yz yw ziv 


y' (*'. y'V -I- yV + (*'. y')' = o., 


(B') 


(C) The coordinates can evidently be chosen so that the point x==y — z = 0 lies on 
the surface, z is then a factor of {z, w)*, which may accoidingly be wiitten z(z, wf 

The quadric transformation 

X : y . z . w = z' {x' -{■ y') : y'w' . z*w' w'^ 
af ' y' z' w' — xw — yz yz z^ zw 

then leads to 

x*^z* -f 2a?' {z\ wy + (/, wy = 0 . . . . (O') 


(D) Changing the variables as m (C) and employing the quadric tiaiisfoimation 
X y z w~\ (x'z + y'^) y'w' z'w' w'^ 
x' y' z' w' — 2a?w — y^ yz z"^ zw j 

we get odH' + 2a?' (/, wy + (/, w'y = 0 . (D') 


(E) The cubo-quartic transformation 

X y z w = y'^z^ x'w'^ a!y'z'w' x' y'w' 

X y z' w' = z^w xw- xyz xyw 
converts the surface into 

ay'z^ + hj'^y' 4- ci'y'z + d%'y'- + ex'^z =0 (E') 

The five surfaces (A') — (E') are cubic cones, which aic in geneial iion-siiigulai, so that 
each possesses an integral of the first kind The biiational tiansforination of such an 
integral converts it into an integial of the first kind on the coi responding quaitic surface 

Moreover, if the coefficients which occur in the equations aie left aibitiai}, the 
five cones are perfectly geneial cubic cones, though they occupy special positions i da- 
tively to the coordinate planes Hence we see that a quaitic of any of the live types 
can be birationally transformed — if necessary via a cubic cone — into a quaitic belonging 
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to any one of the other types. But in order that two such quartics with given co- 
efficients should be transformable into one another it would of course be necessary that 
there should be a relation between their coefficients equivalent to the condition that 
the corresponding cubics should have their absolute invaiiants equal 

It should be noted moreover that we have supposed our quaitic surfaces to be 
the most geneial of their respective types For special relations between the coefficients 
one of the quartics might become a cone — a case that we have excluded — or the cor- 
responding cubic cone might become rational or degenerate, in which cases no integrals 
of the first kind could exist 

§ 6 Numerical Genus of Surfaces which admii of Integrals of the first kind 

It appeals fiom the pieceding analysis that the only quartic surfaces which admit 
of integrals of the first kind arc cones or birational transfoi mations of cones, conse- 
quently the (nuineiical) genus* is in each case negative, the numbcis being —3 for 
a non-singular quaitic cone, —2 foi a (juartic cone with one double line, and otherwise — I. 

In the couise of an investigation dealing with quintic sui faces I have met with 
seveial sui faces which admit of integrals of the hrst kind, and these surfaces likewise 
have negative genus On the othei hand Humbert in his well-known memoir on hyper- 
elliptic suifacesf has given some octavic sui faces which admit of mtegials of the first 
kind but aie of positive genus. Whethei such integrals can exist on any surface of 
01 del 5, 0, 01 7 with positive genus appears to be at present unknown 


§ 7 Geometrical Characteristics of the five Surfaces. 

The sui face (A) occuis in Rummer’s well-known paper on quartic surfaces which 
contain families of conics | The surface touches itself at each of the points, y = z — w~0, 
jiz=z — ^u-0, any plane section thiough these points consists therefore of a plane quartic 
cuive touching itself twice, that is of a pair of conics having double contact. The 
two points belong to a class of singular points of surfaces which seem to have been 
little studied , such a point may be defined as a uniplanar double point, which is further 
a (luadruple point on the section by the tangent plane, and is consequently a tacnode 
on a geneial section thiough the point Rummer speaks of a “ Selbstberuhrungspunct ” , 
tacnode or taciiodal point seems a convenient English name§. It can easily be seen 
that a tacnode diminishes the older of the recipiocal sui face by 12, so that for this 
puipose it IS equivalent to <<ix ordinary double points As Picard and Simart point out, 

* Genre num^rique, deficiency Cf Cayley’s paper t Liouville, s^r i\ t 9 (1893) 

“On the deficiency of certain smfaces,” quoted before, J Cielle, t 04(1804) 

Ptcaid et Simait, ch viii § iv , Castelnuovo & Emiquea *5 According to Picard and Eimart this is the name 

“ Sur quelques r6cents r^sultats dans la throne des surfaces gi\en by ‘les g^ora^tres anglais,’ but I have not been able 
algibnques, ’’ Matft Ann t xlmii (1897) to find any such authority for it 

VoL. XVIII 
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the surface can be transformed by linear substitution (a;' = a? + ly, y'=x — %y) into the 
general quartic surface of revolution. 

The birational transformation employed in § 5 establishes a one-one correspondence 
between points on the conics and points on the generators of the cubic cone. 

The surface (B) is the well-known quartic scroll with two non-intersecting double 
lines, which is Cayley’s first* and Cremona’s eleventhf species of quartic scroll 

The surface (C) is Cayley’s fourth and Cremona’s twelfth species of quartic scroll, 
and 18 the limiting form assumed by the preceding surface, when the two double lines 
coincide without cutting one another, thus giving use to the higher singularity some- 
times called a tacnodal linej 

The generators of the surfaces (B) and (C) correspond to the generators of the 
cones into which the surfaces can be transformed 

The surface (D) has a double point at y = z — w=0, which is for some purposes 
at least equivalent to two tacnodes, as defined above, and the surface can be regarded 
as a limiting form of the surface (A) when the two tacnodes coincide A section by 
a plane through 2 = w = 0 breaks up into two conics which have contact of the third 
order at the singular point This singularity can be defined — in a form applicable to 
a surface of any order — as a uniplanar double point such that a section by an aibitiary 
plane through some fixed tangent line at the point has two branches meeting one 
another in foui points at the singular point This property implies that in the case of a 
quartic the section breaks up into two comes As fai as 1 am aware neithei this 
singularity nor the surface has hitherto received any attention 

As before the conics correspond to the geneiators of the cubic cone 

It may be observed that though the sui faces (C) and (D) can be regarded, from 
a geometrical point of view, as limiting cases of Poincard’s surfaces (A) and (B), they are 
not analytically special cases of them, that is, the equations (C) and (D) cannot be 
deiued from (A) and (B) by giving special values to the coefficients. 

The remaining suiface (E) does not appear to have been studied hitherto It has two 
precisely similar uniplanar points of a rather complicated character, which can be stated 
in a form applicable to a surface of any order somewhat as follows The section by 
the plane tangent at the point has a triple point, there, as always happens with a 
uniplanar or biplanar point , but m addition the three branches at the triple point 
coincide in direction, and if we call their common tangent the singular tangent line, 
this line meets the surface not merely in 4 but in 5 coincident points thus in the 
quartic case this tangent line lies wholly on the surface. At an ordinary uniplanar point 
a section by a plane through a singular tangent line has a tacnode (equivalent to two 

* “A Second Memoir on Skew Surfaces, otherwise t “Sulle superficie gobbe di quarto grade,’’ Mem di 

Scrolls,” Phil Trans , t 154 (1860) Coll Math, Papeis, Bologna, ser n t viii (1868) 
t V, no. 340 J Salmon’s Oeometry of Three Dimensions, § 656 
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ordinary double points), but in this case the singularity of the section is of a higher order, 
one of the branches having an inflexion, so that the singularity is equivalent to three 
ordinary double points. In the quartic case the section is a cubic and a tangent to it at 
an inflexion 

When the surface is birationally transformed into the cone (E') the generators of 
the cone correspond to a family of twisted cubics on the quartic For to the generator 

X = \y\ y' = /a/ (where X, are connected by a cubic equation), corresponds in the 
X, y, z, w space the variable part of the curve of intersection of the quadrics = Xxiv, 
= fiyz , but these have in common the fixed straight line z=:w = 0, so that their 
lesidual curve of intersection is a twisted cubic 
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XVIII. An Electromagnetic Illustration of the Theory of Selective Absorption 
of Light by a Gas. By Professor Horace Lamb, M.A., F.KS. 

[Received 13 December 1899 ] 


The calculations of this paper, so fai as they aic new, weie undertaken with a 
view of obtaining a dehnite mathematical illustiation of the theoiy of selective «ibsoip- 
tion of light by a gas The cm lent theories ot selective absorption apply mainly to 
the case of molecules in close order, and it has not been found possible to represent 
the dissipation of radiant energy except vaguely by means of a frictional coefficient 
It seems therefore worth while to study in detail some case where the dissipation can 
be exactly accounted for , and to considei in the hrst instance the impact of a system 
of plane waves on an isolated molecule 

If we assume that the molecule has a spherical boundary, then, whether we adopt 
the electric or the elastic theory ot light, the lequisite mathematical machineiy is all 
ready to hand It is necessary, however, foi our present purpose to devise a molecule 
which shall have a free period ot vibiation, whether mechanical oi electrical, of the 
propel ordei of magnitude The mechanical analogy was in the fiist instance pursued, 
the aether being represented by an incompiessiblc elastic medium This enables us to 
illustrate many special points of interest, but for the purpose of a sustained compaiison 
with optical phenomena the elastic-solid theory pioved in the end to be unsuited from 
the present point of view, as well as on other well-known grounds 

As regards the electiic theory, the scattering of waves by an insulating sphere has 
been treated by various writers*, vvith however the tacit assumption that the dielectric 
constant (K) of the sphere is not very great In the piescnt paper attention is specially 
directed to the case wheie K is a very large nuinbei On this supposition free 
oscillations (of two types) are possible, whose wave-lengths (in the surrounding medium) 
are large compared with the periphery of the sphere, and whose rates of decay (owing 
to dissipation of energy in the form of divergent waves) are comparatively slow And 
when extraneous waves whose period is coincident, or nearly coincident, with that of 
a free oscillation encounter the spheic, the scatteied waves attain an abnoimal intensity, 
and the original wave-system is correspondingly weakened 

* Lord Rajleigh, Phil Mag , Feb , 1881, and April, 1899, Prof Love, Fioc Land, Math Soc , t \xx , p 808, 
G W Walker, Quart Journ Math , June, 1899. 



Prof. LAMB, AN ELECTROMAGNETIC ILLUSTRATION, etc 


349 


The conception of a spherical molecule with an enormous specific inductive capacity 
IS adopted here for purposes of illustration only , and is not put forward as a definite 
physical hypothesis In older to comply with cuirent numerical estimates of molecular 
magnitudes, it is necessary to assume that for the substance of the sphere K has 
some such value as 10^ This assumption may be somewhat startling , but it is not 
necessarily inconsistent with a very moderate value of the specific inductive capacity 
of a dense medium composed of such molecules arranged in faiily close order And 
it may conceivably represent, in a general way, the properties of a molecule, regarded 
as containing a cluster of positive and negative ‘ electrons ’ In any case the authoi 
may peihaps be allowed to state his conviction, that difficulties (such as they are) of 
the kind here indicated will prove to be by no means confined to the present theory 


The main result of the investigation may be briefly stated Foi cveiy fiee period 
of vibration (with a wave-length sufficiently large in comparison with the diameter of 
a molecule), there is a corresponding peiiod (almost exactly, but not (juite, coincident 
with it) of maximum dissipation for the incident waves When the incident waves 
have precisely this lattei pciiod, the late at which eneig}- is earned outwards by the 
scattered waves is, in terms of the energy-flux in the pi unary waves, 


2n + 1 
27r 




. ( 1 ), 


where X is the wave-length, and n is the ordei of the sphcncal-harmonic component 
of the incident waves which is effective In the particular case of a = l, this is equal 
to 477X® Hence in the case of exact synchronism, each molecule of a gas would, if 
it acted independently, divcit per unit time neaily half as much energy as m the 
primary waves crosses a scpiaie whose side is equal to the wave-length Since under 
ordinaiy atmospheiic conditions a cube whose side is equal to the wave-length of sodium- 
light Avould contain something like 5 x 10® molecules, it is evident that a gaseous 
medium of the constitution heie postulated would be piactically impenetrable to radia- 
tions of the paiticular wave-length 

It IS found, moreover, on examination that the legion of abnoimal absoiption in 
the spectrum is very narrowly defined, and that an exceedingly minute change in the 
wave-length enormously reduces the scattering 

It may be remarked that the law expiesscd by the formula (1) is of a very general 
character, and is independent of the special natuie of the conditions to be satisfied 
at the surface of the sphere It piesents itself in the elastic-solid theory, and again 
in the much simpler acoustical problem wheie theie is synch louism between plane waves 
of sound and <i vibrating sphere on which they impinge 

It has unfortunately not seemed possible to lendei this paper fairly intelligible 
without the preliminaiy recital of a number of foimula3 which have done duty before, 
notably in Prof Love’s paper The analysis has however been varied and extended in 
points of detail, with a view to the requirements of the present topic In paiticular, 
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the general expression for the dissipation of energy by secondary waves, which is 
obtained in § 5, is found to take a very simple form, and may have other applications. 

Some notations which aie of constant use in the sequel may be set down for 
reference We write 


”sin ^ 

r " 


1 3 


1 _ I 

(2n + 1) I 


2(2n+3) 2 4- (271 + 3) (2n -f 5) 


^ m _ 1 -i> |l - 

1 2(1 -2n) 2.4(1- 2n)(3-2n) 

These may be taken as the two standard solutions of the differential equation 

d^F 2(n-¥l)dF 


di;^ 


dK 


+ i^ = 0 


. .( 2 ), 

(3). 


the solution (^) being that which is finite for ^ = 0. In the representation of waves 
divergent from the oiigin we require the combination 


The functions ^n(0, ‘^n(0« /n(0 satisfy foimulse of leduction of the types 


tn(n— (6), 

(0 + (2n + 1) (0 = (0 (7), 

from which (4) can be verified 
We have also the formula 

(8)t 


I The equations to be satisfied in a medium whose electric and magnetic per- 
meabilities are K and fi may be written, as in Prof Love’s paper. 


A'^_d 7 _d /9 K ^ _da _dy K ^ _d^ _ da 
'' dy dz ' c ~ dz dx’ c ^ ~ dx dy ' 


..(9), 

(10), 


c dy dz c 

_t^^^dZ_dY _f^Q^dX_dZ 

c dy dz * c dz dx ’ dx dy 

where (X, F, Z) is the electric force, (a, /S, 7) the magnetic force, and c denotes the 
wave-velocity in the aether. Assuming a time-factor we find 

(V»-hA^)X = 0, (Y3 + /t=^)F = 0, (V^+/i»)Z = () 


with 

where 


dJ^ ^dY ^dZ _ 

dx ^ dy dz~ 


0 ... 


! Hydiodynavnctt §§ 267, 806. 


= Kfxa^/c^ 

t See Lord Rayleigh’s Sound, § 327 


.... (11). 
. ...( 12 ), 
(13) 
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When values of X, F, Z satisfying these equations have been found, the corre- 
sponding values of a, 7 are given by (10). Or, we may reverse the procedure, 
determining the general values of a, 7 by means of equations similar to ( 11 ) and 

( 12 ) and thence the values of X, F, Z by means of (9) 

The solutions of ( 11 ) and ( 12 ) subject to the condition of finiteness at the ongin 
are of two types. In the first place we may have 

X={hryjrn (A?) + («+ l)'^„(Ar)| nhryjrn (hr) ccr^~^Tn, 

Y — {hr-slrn (hr) + (n + 1) (hr) yr"’~^Tn, • (14), 

ay 

Z — [hi yp'n (hr) + (/t + 1) (Ar)} ^ r^Tn — nhry^n 

where Tn is a spherical surface-harmonic of order n* These make 



It follows that 

xX ->t yY zZ — n{n-{- \) {hi ) r^Tn (16), 

xa + yl3+zy=0 ... ... (17), 

also that 

yZ-zY= [hrfn {hr) + (71 + 1 ) (/j 7 -)) {y &c , &c . (18), 

yy — z^ — r^'^u {hr) r’^Tn — nxr , &c , &c (19) 

In the solutions of the second type we have 


a — [hryfrn {hr) + {n -h 1 ) yfr,^ {hi)} - nhiyjrn (hr) xi”'~^Un, 

^ = [hryiin (hr) 4- (n 4- 1) {hr)] ~ r^^Un - nhryirn {hr) yr'^^’^Un, I (20), 

7 = [hrylTn {hr) -H (71 + 1 ) y|rJ^ (/ir)} ^ “ nhr'yjr^ {hr) zr^^~^Un 

* These are equivalent to the forms given in Hydro- foimuhe lelating to spherical solid harmonics, such as 

dynamics, § 305 (6), divided by 2n + l The proof of the _ 2 , 1+1 

equivalence requires the use of (6) and (7), together with ^^’‘“2H + i \dx ^ di r**+V ’ 
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wheie Un is a sui face-harmonic. From these we deduce 



Henoo ObOL + -}- 2:7 = w (n + 1 ) yjrn (hr) ( 22 ), 

xX^-yY^zZ^a (23), 

also yy — z/3 = [In yjrn' (hr) -f- (a + I ) (ht )] (v ^ 

&c, &c . ( 2 .')) 

It IS known that the most general solution of our ecjuations, consistent with 
finitoness at the oiigin, can bo built up from the preceding types, by giving n the values 
1. 2, 3, 

2 Let us now suppose that a sphere of ladius o, having the origin as centre, whose 
electric and magnetic coefhcients aie K and y,, is surrounded by an unlimited medium 
(the aether) tor which A’'=l and y=\ The distuibance in this medium may be legardcd 
as made up of two parts We have, first, the extianeous distuibance due to sources 
at a distance , this is supposed to be given. Secondly, we have the waves scatteied out- 
waids by the sphere 

The geiicial expression tor the extraneous disturbance is conditioned by the fact that 
if the medium weie uninterrupted the electric and magnetic foices at the origin would 
be finite It is therefore made up of solutions of the type already given, piuvided we put 
K=\, / 4 = I, and replace h by L, whcie 

/c = o-/c . . . . . (26) 

As usual, 27^/^ is the wave-length of plane waves of the period 27r/<r 

In the coi responding expressions foi the divergent waves, we must further leplace 
yjrnihr) by y,^(^?), wheie is the function defined by (.5) This is necessary m order that 
the formulai may lepiesent waves propagated outwaids, the complete exponential factor 
being then 

It IS necessary to have some notation to distinguish the surface-harmonics used to 
represent different paits of the disturbance Those harmonics which occur in the expression 
for the imposed exti.ineous distuibance will be denoted by Tn, Un, simply, those relating 
to the scattered waves by Tn, Un , and those relating to the inside of the sphere by 
Un" 
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We have next to consider the conditions to be satisfied at the surface r = a It 
appears at once from (16) and (22) that the solenoidal conditions of electric and magnetic 


induction require that 

Tn +fn (ka) = Kylr„{ha) (27), 

^Irn (ka) Un 4- fn (kct) Un = {ha) Un^ ... . . (28) 


Again, it lb easily seen that the continuity of the tangential components of electric 
and magnetic foice implies the continuity of the vectois 

{yZ-zY, zX-xZ, xY-yX) 

and {y<^ — z^, zoi—x'y, x^ — ya), lespectively 

Hence from (18), (19), and (24), (25), we have, in addition 

[kaylru (ka) + (»+!) (A,u)j T’,, + {kafn (ka) + (n + 1) fnika)] Tk 

— [ha-y^n {ha) + {n -{-1) ’^n{ha)]l\^'' , (29), 

and [kay^n (ka) + (a + 1 ) {ka)\ Un 4- [kafn {ka ) 4- (a 4- 1) /« {ka)] Un 

= [hayjrn {ha) + {n + l)yfrn{ha)] Un' . (30) 

Hence 

Tn _ Xylrn {ha) {k<t) + {n 4- 1) y^n (L /)| — [haylrn {ha) + {u + 1) (/m)] yjrn {ka) 

Tn ~ X-fn {ha ) [kajn {ka) ■\-{u 1 ) /„ {kiij] - [hayjrn {ha) + (h 4- 1) {ha)] {ka) 


Un _ {ha) {A-ax/r,/ {ka) 4- {u 4- 1) y^tn {ka)] — \hay\rn {ha) 4- (>i 4- 1) -y^n {ha)] yjrn {ka) 

Un {ha ) \kafn {ka ) + (« + 1) {ka)] — Ihayjrn (ha) + (n H- 1 ) {ha)] fn {ka) 

. ...(32) 


We shall suppose that the wave-length of the distuibance m the aether is laige 
compared with the ciicuinfeience of the spheie, so that ka is a small quantity If w'e 
were fuithei to assume th.it K and aie not gieatly different from unity, so that ha 
is also small, we should obt.iin at once appioximate expiessions etjuivalent to those given 
by Prof Love, viz 


,_(,, + 1)(A"-1) {ka)-^^^ 

nK 4- (a 4-1) {13 (2a - 1)}“ (2a + 1) 


. . .(33), 


Uf 


(a + IK^ - 1) (An)^»+> __ 

a;t4-(a 4-l) {1.3 (2a - 1))^ (2n -|- 1) ” 


(34) 


It IS our present object, howevei, to examine the case where K is laige Foi 
simplicity we shall suppose that /a = 1, so that K = h-fk\ It will be found that the first 
factors on the right hand of (33) and (34) must be replaced by 

{n 4- 1) (-/i' - 1) irn {ha) - . . . 

{?iK 4- a4- l)>/r„(/ia)4- 


VOL. XVIII. 


...( 35 ), 

45 
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and 


hay^n (ha) + ... 

(Aa)+ ... 


.(36), 


respectively, where the terms omitted are of the order A;V compared with those retained. 
It appears that there will be nothing abnormal in the amplitude of the scattered 
waves, except when ha is nearly equal either to a root of ylrn(ha) = 0, or to a root of 
(ha) = 0, in which cases the preceding approximations cease to be valid. 


3 If the extraneous disturbance consists of a system of plane waves, then, assuming 
that the direction of piopagation is that of a;-negative, and that the electric vibration 
13 parallel to y, we may write, symbolically, 

X = 0, Z = 0 .(37), 

a = 0, /9 = 0, fy = — e’*® •• •••••• • (38) 


If this be resolved into a series of disturbances of the types (14) and (20) we 
must have, by (13) and (19), 



Sn (w + 1 ) i^P) P'’ • . • 

.. (39), 


(a -f 1) yjrn (ki') r” Un = — 

(40). 

Now if we put 

x = r cos 0, y — r sin 0 cos w, r sin 0 sin &> . 

(41). 

we have 

ikye*^^ = «(2r + 1) (tA;r)” yfr^ (kr) sin 0 cos w Pn (cos 0) 

. . (42)*, 

where Pn (cos 0) is 

the oidinary zonal harmonic We infer, by comparison 

with (39), 

that 

Pn = (^^’)”“^ ^ cos 0 ) Pn (cOS 0) 

?i (h 1) 

.(43) 

Similarly, we find 

Un = — \ V {ik)^~^ Sin 0 sin to Pn (cos 0) 

?i(n + 1) 

.(44) 

In particular 

r, = ^ sm ^ cos 0 ) = ^ ^ 

2 2 y 

. . (45), 


TT ^ a 3 

c/i = - 2 sm ^ bin (w = - 2 - 

..(46) 


* Proved most easily by differentiating with respect to coa 0 the known identity 
‘^08 * = 2 (2n + 1) (i ^r)» (Ir) P„ (cos 0) . 
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If we substitute the above values of Tn and Un m the formute (31) and (32) we 
obtain the expressions foi the scattered waves 

4. We have now to examine the form which the scatteied waves assume at a great 
distance from the origin When Lr is large we have 

= ■ 

Hence, in the first type of solution, analogous to (14), we have 






We notice that X, Y, Z aie ultimately of the older 1/?, whilst the radial electric 
force {xX + yY + zZ)ji is zeio to the present cider of approximation It is really of 
the order 1 /r^ The radial magnetic force (aa -\-y^ + zy)lr is accurately zero. If the 
contour-lines of the harmonic T,,' be tiaced on a spheie of laige radius r, for equal 
infinitesimal increments of Tn\ the (alternating) magnetic force is everywhere in the 
diiection of these coiitouis, and its amplitude is inversely proportional to the distance 
between consecutive contours The electiic foice is everywhere orthogonal to the contours, 
and its amplitude is in a constant ratio to that of the magnetic force* 

For instance, in the case )i=l, if Ti be of the type (45), the lines of electiic 
and magnetic force have the contigui ation of meridians and parallels of latitude, the 
polai axis being represented by the axis of y 

In the second t)pe, analogous to (20), we have 


Cf P}OC Lond Mitth. Soc , t xiii , p 194 
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X = - 

F=- 


— 1 

! d 

d\ 

r>^Un\ 

l^n+l 


jn-i 

f d 

d\ 

1 r*^Un\ 

J^n^n+i 

dx ^ dz) 


/ d 

d\ 


f^nrn+i 

\ dy ^ dx) 


. .(51), 


with a similar interpretation The contour-lines of JJn are the lines of electric force, 
and the lines of magnetic force are orthogonal to them 


5 The calculation of the energy carried outwards by the scattered waves leads to 
some very simple results By Poyntmg’s theorem*, the rate at which the energy in 
any given space is increasing is equal to the integral 

{l(yr-^Z) + m(aZ-yX)+n(ffX-ar)}dS ....(52), 

taken over the boundary of the space, I, m, n denoting the direction- cosines of the 
normal drawn inwards from the sui face-element (IS The ambiguities which are known 
to attend a partial use of this theorem will disappe«ir if the space in question bo that 
included between a sphere of radius r, in the region of the scattered waves, and a 
concentric sphere of radius so great that we may imagine it not to have been as yet 
reached by the waves The late of propagation of energy outwaids is therefore given 
by the integral 

\a{;iZ-zY) + $(zX-xZ)+y(xY-yX)} dS .(5.3), 

taken over the sphere of radius ?' 


Before applying this result, the values of a, j3, 7 and X, Y, Z must of course be 
expressed in leal form To take first a solution of the first type, since as given 
by (31), will in general be complex, let us write 


r^%; = ^n + i<f>n (54) 

Restoring the time-factor m (48) and (49), .ind taking real paits, we find 

* ~ ~ ^ “* 

and 

yZ - zY = ~ + e) — sm (at — kr -1- e)), &c , &c., (56), 

where e may be 0, or + ^tt, or tt, according to the value of n Hence the mean 
value of the expression (53), per unit time, is found to be 


1/1 


jj dz 




dx 




dx) 


-t- 


d6, 

1/ 



dx 



(x'Lp- 

\ dy 


d<f>nyl 

dxjf 


dS 


(57), 


* Phtl Trans, 1884, p 343 
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which may also be written 



The expression under the integral signs in (58) is equal to the sum of the squares 
of the tangential components of the vectors 

(d<t>nldor, d^njdy, d^njdz) and {d^njdx, d<t>nldi/, d<f>nldz) 

Now if Sn be a surface-harmonic of order ??, we h.ive 

Hence (58) may be written 

+ or + . .. (60), 

wheie \Tn\ denotes the modulus of T,,', and d'cz is an elementary solid angle, viz 

dS = 1 ^d-uT. 

In a similar manner, a solution of the second type gives the result 

” ^ ^ If ^ni-dw (61 ) 

It appeal’s, fuithci, on examination, that the parts of the expiession (53) which 
aiise fiom combinations of the two types, or from combinations of the same type with 
different values of n, will disajipear in virtue of the conjugate pioperty of surface-harmonics 
of diffeicnt orders -f- 


Hence, if S be a sign of summation with lespcct to n, the general expression for 
the late at which energy is dissipated by the scatteied waves is 


c_ ^ n(n+l) f f 
Htt ^ Jj 


\T;\^-h\u,;nd^ 


(62) 


for 


In the case of plane incident waves the harmonics are tesseral, of rank 1 
shortness, 

Z:^BnTn, U,: = GnUn 


Writing, 

...(63), 


* Proved easily by partial integration, making use of 
the differential equation 


1 d 
sin 0 do 


1 d^S„ 
sins^ 


+ n(M + l)S„^0. 


t The integrals which arise from combinations of the 
two types are of the form 



(u 


IJidx 

V dz - 

^ i 


This involves products of surface harmonics of orders 
Mi-1 and n, and will therefore vanish unless m = n + l 
But writing it lu the foim 



we see that it also vanishes unless n = ?)H-l Hence it 
vanishes iii any case 



358 Prof LAMB, AN ELECTROMAGNETIC ILLUSTRATION OF THE THEORY 

where the values of and are as given by (31), (32), and JJn have the forms given 
in (43), (44), then since 

J j (sin 0 cos (oPn {cos0)Y d«r = w (?i. + 1 ). 2 ^^ f (64)*, 

the expression (62) i educes to 

^'pS(2n + l)(li}„|»+iC,.|“l (65) 

The proper standard of comparison here is the energy which is propagated pei unit time 
across unit area in the primary waves represented symbolically by (37) On the scale 
of our formulae this is c/Stt Hence, if I denote the ratio which the energy scattered per 
unit time bears to the energy-flux in the piimary waves, we have 

9_ 

/ = ^S(2« + l)tiB,.P+|C,.'>j (66) 


For example, in the case to which the foi inula) (33), (34), lefcr, the constants K and 
for the sphere being not gieatly different from unity, we have 


and thence 


H 2A'-1 
^■ = 3 A' +-2* “ ’ 

~ 2/1-1 
' 3/^ + 2 

kW 

r 8 .f/ff-l 


■ (kay 


(67) , 

(68) t 


6. We may proceed to examine more particularly the case where A is a large 
number, whilst fi is (foi simplicity) put =* 1 The types of pee vibration which can exist 
in the absence of extraneous disturbance are found by making — 0, Un — 0 in (31) 
and (32) In the fiist type we have 

{ha) + { n + 1) i/r,, {ha) _ .. Aa/,/ {ka) + {n + l)/;^^rt) 

t„(/n0 ppka) 

where, it is to be lemembered, k/h = l/K^ We aie specially concerned to find the 
solutions of this equation foi which ka is small On this hypothesis we have 

(/ta).f + (ha) _ 

fniha) 

neaily. This is satisfied approximately by ha~z, where ^ is a root of 


and more exactly by 


fn (^) = 0 
''““(‘-n/f)" 


(71), 


(72) 


* Ferrers, Sphencal Harmonica, 1877, p 86 

t This agrees with a result given by Lord Rayleigh, Phil Mag , April, 1899, p 379 
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In the case ri = 1, the equation (71) takes the form i&nz — z^ whence 

z/7r = 14303, 2 4590, 3 4709, (73)*. 

Conespondmg to any one of these roots we have a simple-harmonic electric oscillation of 
frequency 

^ - -Y 

27r TT 2K^a 

and wave-length 

\ = 2lOa--... . (75) 

TT 

To calculate the rate of decay of the oscillations, which is relatively very slow, we should 
have to proceed to a higher degree of approximation. 

In the second type, we have, from (32), with /a=1. 




h {h a) k afn {ka) 

^n{ha) ~ fn{ka) 

(76), 

or 


ylrn-i{ha) _ 

fn{ha) /n{ka) 

(77) 

This 

IS satisfied approximately 

by ha — z, where ^ is a root of 




T 

o 

(78), 

,and 

more accurately by 





(79). 


When 71 = 1, (78) takes the form sin 5^ = 0, whence 


zjTT^l, 2, 3, . .(80) 


7 When in the problem of § 2 the extraneous disturbance has a period coincident, 
or nearly coincident, with that of a free vibration, the appioximate foimulae (33) and 
(34) will no longer apply If in the accuiate formula (31) we make the substitution 

fn {ka) ~ (La) — i-^n (ka) (81), 

we find that it takes the foirn 


Tn G (ha) — ly {ha) 

where g{ha) stands for the expiession m the numerator f of (31), and G(ha) is derived 
from g (ha) by the substitution of {ka) for yjrn {ka) The modulus of the expression 

* The lines of electric force in the sphere are for the in Electneity and Maynetism, p 317 
most part closed curves m planes through the axis of the + Which ma'v be regaided as a function of ha since the 

harmonic 1\ Their forms are given in Phil Trans , Pt a latio of k to h is faxed 
1883, p 632, and in J J. Thomson’s Recent Reseat dies 
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on the right hand of (82) never exceeds unity, but it becomes equal to unity, and the 
intensity ot the scatteied waves is therefore a maximum, when 

G{ha) = 0 (83), 

(ha) + (n + 1) yjrn (,ha) _ (ka) + 


(A a) 


^ (84) 


fn{ha) 

When K is large, the lowei roots of this, consideied as an equation in ha, are easily 
seen to be leal and to be very appioximately equal to the leal paits of the loots of (71). 
When the period of the incident waves is .such that (83) is satisfied exactly, we have 

= (85) 


If the incident waves be plane, the dissipation-ratio (68) takes the form 

( 86 ) 


j. 2 (2)1 + 1 ) TT _ 2n + 1 ^ 2 
- -p 27r 


If we compare this with (68), we hnd that in the ca«e = 1 the effect of synchronism 
IS to increase the dissipation iii the ratio 

The \\ave-length of maximum scatteiing is of course very sharply defined If we 


put 

ha = (I + e)^^ 

where 2 is a root of (84), and e is a small fraction, I find 


• (8T), 




approximately, whence 


5; 

Tn '' 


1 + 


a*(l 3 (•2a-I)j’‘ 


iKe 


(89) 


For example, in the case = I the dissipation sinks to one-half of the maximum when 
the wave-length deviates fiom the ciitical value b^ the fraction (fcayjK of itself 

The second type can be treated in a similai mannei Writing (32), with fx — l, in the 

form 

Un G(ha) — ig{ha) 

the equation G(ha) = () which determines the wave-lengths of maximum dissipation may 
be wiitten 


(90), 
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The lower roots (in ha) which satisfy this are very nearly the same as in the case 
of (78). When (91) is satisfied exactly we have 

Un=--tUn (92), 

leading to the same formula (86), as before, foi the dissipation-ratio when the incident 
waves are plane 


Also, if we write 


lia = {l +e)z 

where z is a loot of (91), I find 

apjiroximdtely Hence 


Ke 




The definition is now less shaip than in the case of (89), in the ratio 


. ..(93), 

.. (94), 


(95). 


8 It remains to examine what sort of magnitudes must be attributed to the 
quantities a and K in ordei that oiu results may be compaiable with ordinary optical 
leldtions 

Since ka (= 27ra/\) must in any case be small, and since ha must in the case of 
synchionism satisfy (71) oi (78) approximately, and must therefore be at least comparable 
with TT, it follows that if our molecules are to produce selective absorption within the 
range of the visible spectium, the dielectiic constant K{—h'^lk^) must be a very large 
numbei 


Again, it appears fiom two distinct lines of argument* that in a gas composed 
of spheiical dielectric molecules the index of lefraction {/ii) for rays which are not 
specially absoibed is given b} the foimula 

W’ 

4 

where p=A’ . . . (97), 


N denoting the numbei of molecules in unit volume 
takes the simpler foim 

1 3 


On our present hypothesis this 
(98) 


* Maxwell, Electricity, § 314, Lord Kajleigh, Phil Mag, Dec 1892, and Apnl 1899 
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Hence if /ij = 1*0003, we have ^ = 2 x 10“^ This determines the product Na\ for 
a gas such as oxygen or nitrogen under ordinary atmospheric conditions, but not N or a 
separately If in accoi dance with current mechanical estimates ive take Y— 2x10’®, 
we find a = 1 3 X 10“® cm Hence if X = 6 x 10“" cm., we find 

= 1 4 X 10-», 

so that, if ha = tt, we must have 

K = hyk^ = 5 X 10« 


In a dense medium composed of the same molecules the formula (98) is replaced by 


/.V-1 


. (99)*, 


where the accents lefer to the altered circumstances Comparing, we have 


/tV+2 



- 1 ) 


... ( 100 ) 


The fact that the refractive indices of various substances in the liquid and in the 
gaseous state have been found to accord fairly well with this formula shews that the 
observed moderate values of IC (= for dense media, taken in the bulk, are not 
incompatible with an enormous value of K for the individual molecules, 

The foimula (86) for the dis&ipation-ratio in the case of exact synchionism is 
independent of any special numerical estimates It can moieovei be arrived at on 
widely different hypotheses as to the natuie of a molecule and of the surrounding 

medium. Its unqualified application to an assemblage of molecules arranged at ordinary 
intervals may be doubtful since with dissipation of such magnitude it may be necessary 
to take account of repeated reflections between the molecules. It is clear however that 
a gaseous medium of the constitution here imagined would be absolutely impenetrable 
to radiations of the critical wave-length 

As regards the falling off of the absorption in the neighbouihood of the maximum, 
the formula (95) in the case ii = I would (on the mimeiical data given above) make 
the absorption sink to one-half of the maximum when the wave-length varies only 
by 00,000,000,028 of its value. The formula (89) would give a still more rapid 

declension The range of absorption in a gaseous assemblage must however be far wider 

than these results would indicate So fiir as it is legitimate to assume that the 

molecules act independently, the law of enfeeblernent of light traversing such a medium is 

(lOl)t. 

* This 18 Lorentz’ result Lord Rayleigh’s mventigations shew that it will hold approximately even if p' be 
not a very small fraction 
t Lord Rayleigh, I c. 
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We may inquire what value of the dissipation-ratio I would make the intensity diminish 
in the ratio 1/e in the distance of a wave-length If we wiite 

( 102 ), 


SO that Ini denotes the maximum value of the dissipation-ratio for n = 1, the requisite 
value IS given by 

.... (103) 

On our pievious iiumeiical assumptions this is about 4 x 10“^ The corresponding value 
of e in (95) is about 4 x 10“^ This is comparable with, although distinctly less than, 
the virtual vaiiation of wave-length which takes place, on Doppler’s pimciple, in a gas 
with moving molecules, and which is held to be sufficient to explain the actual bieadths 
of the Fiaunhofci lines Having regard to the veiy much sharper definition which we 
meet with m the vibiations of the first tjpe, and to the increase of sharpness (in each 
type) with the index n of the mode considered, it would appear that theie is no 
piimd facie difficult) in accounting, on oui present hypothesis, foi absoiption-lines of such 
breadths as (jccui in the actual spectrum 
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XIX The Propagation of Waves of Elastic Displacement along a Helical 
Wire. By A E. H. Love, M.A., F.R S , Sedleian Professor of Natural 
Philosophy in the University of Oxford 


4 Decembei 1899 ] 


1. It is known that the modes of vibiation of an elastic wiie or rod which in 

the natural state is devoid of twist and has its elastic central line in the form of a 
plane cuive fall into two classes in the fiist class the displacement is in the plane 

of the wiie and there is no twist , in the second class the displacement is at iight- 
angles to the plane of the wire and is accompanied by twist In particular for a 

naturally circular wire forming a complete circle when the section of the wire is circular 

and the material isotropic there are two modes of vibration with n wave-lengths to 
the circumference, these belong to the first and second of the above classes i espectively, 
and their frequencies (p/27r) are given by the equations 

j _ 1 AV — 1)^ 

, , 1 AV — 1)- 

Pi =7 1 . — ; — , 

^ 4 p^a* \ +r) + 

where a is the radius of the circle formed by the wiie, c the ladius ot the section, the 
mass per unit of length, E the Youngs modulus and rj the Poisson’s ratio of the material 
These results may be interpreted as giving the velocities with which two types of waves 
travel round the circle 

So far little or nothing appeals to be known about the modes of vibration of wires ot 
which the central line in the natural state forms a curve of double curvature, except that 
the vibrations do not obviously fall into two classes related to the osculating plane in the 
same way as the two classes for a plane curve are related to the plane of the curve 
The equation connecting the fiequcncy with the wave-length when waves of elastic dis- 
placement are propagated along the wiie has not been obtained, and although this 
equation would obviously be quadratic when rotatory inertia is neglected, and so would 
give two velocities of propagation for waves of a given length, it is by no means obvious 
what would be the distinguishing marks of the two kinds of waves with the same wave- 
length. 
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It seemed to me that it would be not without interest to seek to answer the 
questions thus proposed in the case of a wire which in the natural state has its elastic 
central line in the form of a helix As regaids the fiee vibrations of a terminated portion 
of such a wire with free ends, or fixed ends, oi under the action of given forces at 
the terminals, it would be possible to form the equation for the frequency, but the 
equation appears to be so complicated as to be quite iininterpretable , and in fact in 
the simpler problem presented by a circular wire with ends, which has been treated 
in some detail by Lamb*, it appears that to interpret the lesults the total curvature 

must be taken to be slight, and the lesults which can then be obtained are such as 

might be reached by suitable approximate methods In the case of a helical wire the 
most important of all the pioblems of vibration is that of a spiral spring supporting 
a weight which oscillates up and down , and this can be treated adequately by means 
of an approximate theory in which the wire is taken to have at any time the form 
of the helix corresponding to its axial length and to the position of the load. The 
problem of the propagation of waves along an infinite helical wire remains. I have 
found that in general for a given wave-length two types of waves are propagated with 
different velocities , in both types all the kinds of displacement (tangential, normal and 

torsional) aie involved, and there is no lational relation between the different displacements 

which serves to distinguish the types of the two waves, but these types are finally 
and completely separated by a circumstance of phase in the different components of 
the displacement 

2 The helix which is the natural form of the elastic central line of the wiic 
may be thought of as traced on a circular cylindei, and then any particle on this line 
uiideigoes a displacement which may be lesolved into components it, v, w along the 
pimcipal normal, the binoirnal and the tangent to the helix. The principal normal 
coincides with the ladiiis of the cylmdci, and the displacement ii is leckoned positive 

when it IS inwards along this noimal, the displacement lu is leckoned positive when 
it is in the sense in which the aic is measuiod, and then the positive sense of the 
displacement v is detei mined by the convention that the 
positive directions of u, v, lu are a right-handed systmn 
foi a right-handed helix. Fuithei theie is an angulai 
displacement by rotation of the sections, of amount 
about the tangent to the helix, and ^ is reekoned positive 
when and w form a iight-handed lotation and trans- 

latory displacement Now it is found that in general the 
two waves of given length that can be piopagated are 
distinguished according as the displacements v and tu are 
in the same phase oi in opposite phases at all points of 
the helix If 1/p and I jo- are the measures of curvature 
and tortuosity of the helix, and 27r/ia is the wave-length, then in the (pucker wave v 

and w aie everywhere in the same phase, and in the slower wave they are in opposite 

phases, provided > l/p^ - l/<r^ but if <l/p^ - l/a- this relation is reversed 

* Proc Loud Math. Soc , xix. 1888 
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The fact that there are two waves with different velocities suggests an analogy 
with the optical theory of rotatory polarization, ami leads to the question whether m 
any sense the two waves can be regarded as right-handed and left-handed The most 
obvious possibility of this kind would be that ^ and w should be always m the same 
phase for one wave and m oppobito phases for the other , it is found however that 
this IS not the case , another possibility would be that the component displacements 
parallel to the avis and to the circulai section of the cylinder on which the helix is 

traced should be everywhere directed like a right-handed system of axial and circulai 
translatory displacements foi one wave and like a coiresponding left-handed system foi 

the other , this also is found not to be the case It appears that up to the degree 

of approximation which is usually included in the theory of elastic wiies theie is no 
rotatoiy effect involved 

In three paiticuLu cases it is found that the equation for the ftequency of waves of 
given length breaks up into two sepaiate (‘quations This happens (a) when 
(b) when = l/p- — l/a*, (c) when the helix is veiy flat or 1/a can be neglected In 

case (a) one of the modes of deformation is ecpuvalcnt to a ngid body displacement 
the helix at right angles to its «ixis, and the coiresponding speed of couise vanishes , 
in case (c) the types coiiespond to the two already known for a ciicle, m case (b) the two 
types are distinguished by the vanishing of the floxiual couples in and petpendiculai 
to the osculating plane , this case occuis only if the angle of the helix is less than ^tt 

3 The wire is taken to be of uniform ciiciilai section (ladius c), and of homo- 
geneous isotropic mateiidl, and in the natuial state the line of centres of its sections 
forms a circular helix of cuivatuie 1/p and tortuosity l/<r The displ.icement of a point 
on the central line is specified by components u, v, lu along the piincipal noimal, the 
binormal and the tangent in the senses alieady defined, but it is necessaiy to fix the 
meaning of the angular displacement For this purpose we suppose a fiame of thiee 
(ooithogonal lines to move along the helix so that the three lines alw^ays coincide 
with the principal normal, the binormal, and the tangent, if the origin of the frame 
moves with unit velocity the hues of the frame will rotate with an angular velocity 
which has components l/p about the binormal and l/c about the tangent We can 
construct a corresponding frame for the strained wire by taking as origin the displaced 
position of a point on the strained elastic central line, as one line of reference the 
tangent to the strained elastic central line through the point, and as one plane of 
reference the plane through this line which contains the tangent to that line of particles 
which in the natural state coincided with the principal normal , when the displacement 
is everywhere very small the lines of this fiame veiy ncaily coincide with those of the 
flame attached to the unstrained wire, and the plane of reference just defined makes 
a very small angle with the osculating plane of the helix at the corresponding point, this 
angle IS The “ twist ” of the wire is expressed by 

a 08 p \d8 a) 

where ds is the element of arc of the helix 
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4. The action of the part of the wire for which s is greater upon the part for 
which s IS less, across any section, can be reduced to a resultant force at the centie 
of the section and a couple. The force may be resolved into components iVj along the 
principal normal, along the binomial, and T along the tangent, in the senses in which 
u, V, w are reckoned positive The couple may be resolved into two flexural couples Gi, Gj, 
and a torsional couple H about the same three lines The couples are expressible in teinis 
of the displacements by the equations 


Gi — A 

G,^A 


H = G 


p dff\d(> <T/ a- yds a p’j 
OS [os <T pj a yds (7/J 




. . ..( 1 ). 


in which A, = lE7rc*, is the flexural ngidity, and C, = + rj), is the torsional 

iigidity 


Further, the displacements ti, w are connected by the i elation of mextensibility of 
the wire 


dw __ a 
ds p 


.( 2 ) 


When lotatory inertia is neglected the stress-couples are connected with the stiess- 
lesultants and with each other by the three equations of moments 


dG, 

ds 

dGi 

ds 


G, 


p 

+ ^ + ivr. = (),s 


ds p 


= 0 ) 


• . (3) 


The equations ol small 


in which po IS the density 
cross-section. 


motion 

are 

the 

three equations of 

lesolution 

0iy\ 


T 

d’ti 



ds 

<r 

+ " 
P 

= p.a.^, 

1 





d‘V 

L... 

. ...(4), 

06 


+ - 



dT 



d^w 



ds 

P 


J 



of the 

material 

of the wire and &>, 

— TTC^, is the aiea of the 


5 We shall now suppose that simple harmonic waves are piopagated along the wire, 
and take as expressions for the displacements 

u=z~ rtip W sin {ms — pt), v = Fcos {nis — pt), lu = W cos {ms — pt),) 

[.... (.5), 

^ = BC0S {711S — pt) J 
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in which u and tv have been adjusted so as to satisfy the equation (2) of mextensibility. 
Further, we shall take the forms of Gi, G^y H to be 

Gi — Agx cos {ms — pt), Gi=s. Ag^ sin {tm — 

> ( 6 ), 

H = Agi sin {ms — pt) | 

in which Gi and H have been adjusted so that the third of the equations of moments (3) 
is satisfied identically We then find by (1) 

+ + (7). 




of which the first and third give 






<r V p-) 


and the second is 


= +lf (w*- \+ \) 
mp per \ p* (T-J 


If Yfii — 1: does not vanish wo can solve tor V and TV and obtain 


- ?)' = - ^ c-i-O i ^ i 

The first two of the equations of moments (3) now give us 


Wi = - A + mg^ cos {ms - j^t), | 

iN^’a = — >d ^ sm {ms -pt) J 


We eliminate T from the equations of motion (4) and obtain 
d^Nx Nx IdN, ,,, 


dj, Nx 

ds (T 

or, on substituting for Nx and 


= — PoOtp'V cos {tiis —pt), 




= poW;?* (1 + 7?i*p*) TV, 
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6. We may now substitute for and in terms of V and W and obtain by 
elimination of V and W the equation for p* 


- 71 1 + ri) [(^ + i 

+ ^ (* + c^)l] + • 

If m*— i — does not vanish this equation can be written 


{1 — (1 + iCo)x] {1 — (1 H- /Cl) a?} (1 - /Cl — /Ca)* — 8/Cja; (2 + /Cp — /Ci) = 0 (14), 


by putting 


/Co = A / Cni^p^, /Cl = 1 / m’p®, /Cj = 1 / m^tr' 
a? = A~*(l — /Cj — /Cj)"* potap^mr* 


(15) 


Since A /C = 1 + »/, where t} is the Poisson’s ratio of the material, 

>^o - = '7^1, 

and this is always positive , so that, if for in the left-hand member of the above 
equation (14) we substitute the values oo , l/(l-f/c,), 1/(1 -f /Cy), 0, the expression has 

the signs -| h, and thus one of the two values of x exceeds 1/(1 -I- /cj) and the 

other IS less than l/(l-i-/Co), both values being positive It follows that there are two 
possible velocities for waves of given length, the speed ot one exceeding 


PA 1/p*— l/ff*)®1^ 

j_Pu<u 1 4- ni^p^ J 


and that of the other being less than 


poO 1 + 1/ 


-1/P* -1/ <7*)*Y 

1/ -I- /n*p* ’ 


these two expressions become the speeds of the correspondipg waves round a circular 
ling by wilting ii for mp and omitting l/cr 

The left-hand member of the equation (14) for x breaks up into factors rational 
m /Co, /Cl, Ki if 

[(2 -p /Co + /Cl) (1 — /Cl — /Cj)* + 8 /C 3 (2 + /Co — /Ci)p — 4 (1 -P /Co) (1 -P /Cl) (1 — /Cl — /Cs)^ 

IS the square of a rational function of /Cy, /Ci, This is the case when 2 + /Co — /Ci = 0, 
or when 1 — /Ci — /c^ = 0, or when K 2 = 0, or when 1 — /Cj -P /Cj = 0, for in the last case the 
expression becomes 

16(1- /Cl)* [(1 - /c,) (/c„ - /Cl) - 2 (/Co + /c,)]* 

Of these cases the first cannot happen since /Co>/Ci, and the third is the limiting 
case in which the helix becomes a circle , the two remaining cases will be discussed 
later. 
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7. With the view of determining the character of the motion corresponding to 
one value of p’ we observe that by the second of (12) combined with the first of (10) 

V 

where x is given by (15), and it has been assumed that ni*— 1/p* — l/o-* does not vanish. 
Hence we find 

/I 1 \ 2m 




and therefore 


2+rf,-i 




2 + f^-lV4-.l/fm“-4-- 


(, 1 W / , 1 I \) im' 


It follows that in the wave for which »(! +/<o)<l we must have 

,1 F/ 1 1\ _ 


1 W f 1 1 \ 


Again, by combining the first of (12) with the second of (10) we find 

^ [(^ “ ^ ^ (1 + *.) (1 + ^ 11 - » (1 + *.)1 = 0 (19). 


and therefore 


x{\ +Ki) = 




1 -»(1 + *.) = -^ (2 + (^ - l ) 

“ ~ tw 3 ^ - ^’)} 1* + s - 0 mVJ/ -?y 

It follows that in the wave for which a? (1 + /c,) > 1 we must have 

+ S + (21). 


The two inequalities (18) and (21) are not mutually exclusive for all values of 
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F/F, but in the present case V and W are not independent. The equation connectmg 
them IS obtained by eliminating x from (17) and (20) in the form 


(ko - tci) ( 


AjC— In Um* 


or 2 f F 


- TF^* (1 + my)) 

-TTKri. 

Ipa 




\_p<r ^ 2my + A/C - 1 ^ 


= 0 ( 22 ), 


which gives two values for V/W, having a negative product, .and thus showing that 
in the two waves the values of V/W have opposite signs We now substitute for VjW 
the values 








placing these values in order of decreasing algebraic magnitude For shortness we write 




and then according as (m®— 1/p* + l/<r®) ^ 0 There are three cases depending on 

the signs of m®— 1/p® and of m® — l/p®+ l/or® In any case when we substitute F/F = a, 
the left-hand member of (22) becomes 






and when we substitute F/F = yS the left-hand member of (22) becomes 


_ »«V(mV±£/P) / _ 1 _ 1 V//'„j. _ 1 + i'l . 


Now in the slower wave we have 

l-a-p<0. 

which shows that if m® — l/p®-f l/<r® is positive 

0>F/F>a. 

and if m® — l/p®-l- l/o-® is negative 

«> F/r>o 

In the quicker wave we have 

. „ /F 


(m®-l/p®-t-l/<r®)(-^-/9)>0 
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Thus when m* — l//o*4- l/<r* and - 1/p* are both positive we have 

p/ir>/9. 

when m* — l/p*-t*l/<T* is positive and m*— 1/p* is negative 

r/W>y9>0. 

when m® — 1/p* + 1/cr* and /m* — 1 /p* are both negative 

0>/3>F/F. 

When w* — 1/p* and m* — 1/p* + l/o-* are both positive we obtain after substitution 
m the left-hand member of (22) the signs shown in the table 

VjW — oo O^a— 00 

+ - - + + 

When ra* — 1/p* is negative and m* — 1/p* + l/<r* is positive we obtain 

F/W = oo/90a — 00 

+ - - + + 

When wi* — 1/p* and — l/p*-l- l/<r* are both negative we obtain 

V/W = <X) a 0 ^ —X 

- - + + - 


By comparison of these results we see that when ?a*— 1/p* -I- l/cr* is positive V/W 
18 positive in the quicker wave and negative in the slower one, but when w* — l/p®-h l/or* 
18 negative the reverse is the case When VfW is positive the displacements v and w are 
in the same phase at all points of the helix, and when VjW is negative these displace- 
ments are everywhere in opposite phases 

8. If the helix of angle a is wound on a cylindei of radius a the displacement 
parallel to the axis is a sec a (w/a- + v{p), and the displacement parallel to the circulai 
section IS asec a (w/p — v/cr), and the wave is in a certain sense right-handed or left- 
handed according as 

(Wlp-Vlcr)-{WI<T+Vlp) 

is positive or negative We write ^ for this, and then the values of ^ in the two waves 
satisfy the equation 




and the two waves will be respectively right-handed and lett-handed if the roots have 
opposite signs To show that this is not always the case it is sufficient to take m 
very great and substitute for f in the left hand member the values 



the signs are 


— X , 



OF ELASTIC DISPLACEMENT ALONG A HELICAL WIRE 


373 


showing that both values of ( are negative, and both waves are left-handed in this 
sense when m is sufficiently great. 

A similar method may be applied to show that there are values of m for which 
both values of fi/vf have the same sign, and thus the waves are not respectively right- 
handed and left-handed in regard to and w 


9. We have already noted that in three special cases the equation (13) for can be 
solved rationally in teims of m, p, a 

Taking m* = l/p’ -l- l/or® = cos* a, it is convenient to put ms^B, and then B is the 
angle turned through by the radius of the helix about the axis of the cylinder in 
passing along the curve from the point from which the arc is measured to the point 
at which the arc is s 


In this case equations (12) become 

{gi ~ (1 + my) W, 


p^a)p[ 


- V, 


/I \ 2 / 

and equations (8) and (9) become 

.(I'.rt), 


A \ 2 




9^ 


2m* { 

that mg^ + gj<r= ^ h 


cr* + 


(A 


and thus either V+Wp/a = 0 and p = 0, or else 




F = W - (I -f my), 
P 


and 




The second kind of motion is an example of the quicker wave, and the speed p 
IS given by 

, ^ 8A {pl+ (tO* (A+ C) <7* + 2Cp* 1 
^ PoCO P^<T* {A -f C’) cr* + Op* (2cr* -f p*) * 

In the displacement for which p = 0 the equation K4-Wp/o- = 0 shows that there 
18 no displacement parallel to the axis of the helix, we also have 

W cos a — F sm a = IT (cos a -p sin a tan a) = W sec a, 
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and thus the displacement along the tangent to the circular section of the cylinder is 

W sec a cos ^ , 

the displacement along the radius vector outwards is — a sec* a a“^ cos a W sin ms, or 

W sec a sin 6, 

and thus the displacement is W sec a at right angles to the plane from which 6 is 
measured. The helix is displaced bodily, and there is no deformation. 


10 Again, taking m*® 1/p* — l/<r*, where a* is supposed > p* or a < ^tt, we find that 
equations (16) and (19) show that either 

„ ^c\ ^ ( m*~l/p*-l/ o-*)* 1 -m y 

^ Poca I + AJCm^p^ l4-w*p*’ 

or o, = 0, p* = (m* - 1/p* - 1 /(7*)* — . 

^ PoO)^ ‘ ' m*p* 

The motion for which pa = 0 is an example of the slower wave, the speed p of this wave 
IS given by 

^ PoO) a* (2<r* -- p*) {(1 + A/C) <r* — p*j ’ 

and the flexural couple (?, in the osculating plane and the displacement v along the 
binormal both vanish at all points of the helix. 


The motion for which gi = 0 is an example of the quicker wave, the speed p of 
this wave is given by 




P' 

poO) cr* — p^’ 


and the flexural couple 0^ about the principal normal, the torsional couple H, and the 
displacements ti and w along the piincipal normal and the tangent all vanish at all 
points of the helix. 



XX. On the Construction of a Model showing the 27 lines on a Cubic 
Surface, By H. M. Taylor, M.A., F.R.S. 

\^Reeetved 27 January 1900] 

The general equation of a cubic surface contains 19 constants 9 conditions are 
required to make it pass through a given plane section 6 more are required to make 
it pass through a second 3 more to make it pass through a third It follows that 
a cubic surface would be determined by three plane sections and one point on the 
surldce 

Any data which deteimirie the suiface necessarily determine the straight lines on 
the surface It is known that twenty-seven stiaight lines he on the general suiface of the 
third degree, and that these ho by threes in forty-five planes, the triple tangent planes to 
4o X 32 22 

the surface There are — x 3 three triple tangent planes, no two of which 

pass through the same line* 

There would be no loss of geneiahty in the form of the cubic surface caused by 
choosing arbitrarily one of the 5280 sets of three tuple tangent planes instead of three 
ordinary plane sections among these 5280 sets there are 240 sfets such that a second set 
passes through the same nine lines 

If ABC, A'RC', A"B"C" be the triangles formed by the three planes of such a set, 
the letters may be arranged in such a manner that 

BGB'C'B"C'\ GAC'A'G"A'\ ABA'B'A"B" 

are planes 

In this paper and in the model, of which a representation is given (Plates XXIV , 
XXV.), each of the twenty-seven lines on the surface is denoted by one of the numbers 

1, 2, 3, ... . , 27 

in agreement with a notation adopted in a former paper* In accordance with this 
notation, the lines in these three planes are denoted by Arabic numbeis as follows — 

BG, 1 EC’, 6 B”C”, 15 

CA, 2 C’A’, 4 C”A”, 12 

AB, 3 A'E, 5 A”E', 7 

For convenience of reference a complete list of all the triple tangent planes of the 
surface, showing those in which each line appears, is given in the following table — 
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Table allowing the triple tangent planes which pass through each line on the surface. 


1, 

2, 

3 

1, 

6, 

15 

1. 

9, 

11 

1, 

16, 

19 

1, 

17, 

18 

2, 

1, 

3 

2, 

4, 

12 

2, 

8, 

14 

2, 

20, 

23 

2, 

21, 

22 

3, 

1, 

2 

3, 

5, 

7 

3, 

10, 

13 

3, 

24, 

27 

3, 

25, 

26 

4, 

2^ 

12 

4, 

5, 

6 

4, 

9, 

13 

4, 

16, 

27 

4, 

17, 

26 

5, 

3, 

7 

5, 

4, 

6 

5, 

11, 

14 

5, 

18, 

21 

5, 

19, 

20 

6, 

1, 

15 

6, 

4, 

5 

6, 

8, 

10 

6, 

22, 

25 

6, 

23, 

24 

7, 

3, 

5 

7, 

8, 

9 

7, 

12, 

15 

7, 

16, 

23 

7, 

17, 

22 

8, 

2 

14 

8, 

6, 

10 

8, 

7, 

9 

8, 

18, 

27 

8, 

19, 

26 

9, 

1, 

11 

9, 

4, 

13 

9, 

7, 

8 

9, 

20, 

25 

9, 

21, 

24 

10, 

3, 

13 

10, 

6, 

8 

10, 

11, 

12 

10, 

16, 

21 

10, 

17, 

20 

H, 

1, 

9 

11, 

5, 

14 

11, 

10, 

12 

11, 

22, 

27 

11, 

23, 

26 

12, 

2 

4 

12, 

7, 

15 

12, 

10, 

11 

12, 

18, 

25 

12, 

19, 

24 

13, 

3, 

10 

13, 

4, 

9 

13, 

14, 

15 

13, 

18, 

23 

13, 

19, 

22 

14, 

2, 

8 

u. 

5, 

11 

14, 

13, 

15 

14, 

16, 

25 

14, 

17, 

24 

15, 

1, 

6 

15, 

7, 

12 

15, 

13, 

14 

15, 

20, 

27 

15, 

21, 

26 

16, 

1, 

19 

16, 

4, 

27 

16, 

7, 

23 

16, 

10, 

21 

16, 

14, 

25 

17, 

1, 

18 

17, 

4, 

26 

17, 

7, 

22 

17, 

10, 

20 

17, 

14, 

24 

18, 

1, 

17 

18, 

5, 

21 

18, 

8, 

27 

18, 

12, 

25 

18, 

13, 

23 

19, 

1, 

16 

19, 

3, 

20 

19, 

8, 

26 

19, 

12, 

24 

19, 

13, 

22 

20, 

2 

23 

20, 

5, 

19 

20, 

9, 

25 

20, 

10, 

17 

20, 

15, 

27 

21, 

2, 

22 

21, 

5, 

18 

21, 

9, 

24 

21, 

10, 

16 

21, 

15, 

26 

22, 

2, 

21 

22 

ww. 

6, 

25 

22, 

7, 

17 

22 

11, 

27 

22, 

13, 

19 

23, 

2 

20 

23, 

6, 

24 

23, 

7, 

16 

23, 

11, 

26 

23, 

13, 

18 

24, 

3, 

27 

24, 

6, 

23 

24, 

9, 

21 

24, 

12, 

19 

24, 

14, 

17 

25, 

3, 

26 

25, 

6, 

22 

25, 

9, 

20 

25, 

12, 

18 

25, 

14, 

16 

26, 

3, 

25 

26, 

4, 

17 

26, 

8, 

19 

26, 

11, 

23 

26, 

15, 

21 

27, 

3, 

24 

27, 

4, 

16 

27, 

8, 

18 

27, 

11, 

22 

27, 

15, 

20 
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In the model the six lines, forming the sides of the triangles ABC, A'ffC, are 
drawn on the surface of two brass plates which are carefully hinged together in such 
a manner that the straight line XYZ, which passes through the intersections of the 
pairs 

BC, B'C, GA, O' A', AB, A'B', 

is in the line of the hinges Each of the lemaining twenty-one straight lines is repre- 
sented by a stretched string On each plate the point at which any straight hue cuts 

the plate is marked by the Arabic numbei which denotes the line In the explanation, 
where it is necessary to distinguish between the points where any line, say 9, cuts the two 
plates, the point where it cuts a side of the triangle ABC, in the left-hand figure, will 
be denoted by 9^, and the point where it cuts a side of the tiiangle A' B'C', m the 
right-hand figure, will be denoted by 9,. 

It will be observed that the lines 7^12^15^, 7,.12rl5r, in which the sides of the 
triangle formed by the lines 7, 12, 15 cut the sides of the tiiangles ABC, A'B'C', meet 
on the line XYZ. 

We have now chosen three plane sections of the cubic surface, and we have one more 
condition at our disposal This is exhausted by the choice of the point 8j, that is, the 
point where the line 8, which cuts the thiee non-intersecting straight lines 2, 6, 7, cuts 
the line 2 This deteimines the line 8, and theiefoie the point 8^ 

As the lines 7, 8, 9 are complanar the straight line 7^8; cuts BC in 9/ and cuts 

the line XYZ in a point such that the stiaight line ]oining it to the point 7r gives the 

points 8r, 9r 

In a similar way 

4; and 9; give 13^ 

10 / 

Ir » 9, „ 11, 

2r M 8, „ 14, 

Since 10, 11, 12, and 13, 14, 15 foim tnangles, 

10/ and 12/ give 11/ Hr and 12^ give 10^ 

13/ „ 15/ „ 14/ 14, „ 15r „ ISr 

Lines 1 to 15 are now tletei mined 

The remaining lines 16 to 27 form a double six 

Any triple tangent plane which passes through one of these twelve lines passes 
through two of them, and also through one of the lines 1 to 15 We must, therefore, adopt 
a different method to find one of the lines 16 to 27 

One of them must be found by some quadiatic method, and then all the rest can 
be found as before The line 17 was found b^ a method of trial and eiroi from the facts 
that 17/ lies on BC and 17, on C'A', and that the pans of lines 7/17/, 7^17^ and 14/17/, 
VoL. XVIII 48 
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1447 ,. meet on the line XYZ All the other points were then obtained by drawing 
straight lines in the following order, in which the suffixes are omitted because the 
description applies equally both to the left-hand and to the right-hand figures 


7, 

17 

give 

22 

10, 

17 


20 

9, 

20 


25 

12, 

25 


18 

13, 

18 


23 

13, 

22 


19 

12, 

19 


24 

9, 

24 

» 

21 

15, 

21 


26 

15, 

20 

n 

27 

10, 

21 

)> 

16 


All the lines on the surface are now fully determined 

The diagrams repiesent not only the lines used m finding the points, but each 
diagram gives the 32 straight lines which repiesent the intei sections with the plane of the 
tiiangle of each of the 32 triple tangent planes that do not pass through a side of the 
triangle From these 32 straight lines a selection of 8 lines can be made to pass 
through all the 24 points in the diagram This selection of S lines can be made m 
40 ways The following numbers give such a '^et of eight stiaight lines for the left- 
hand figure (triangle ABC) — 

6, 4, 5, 15, 12, 7, 9, 20, 25, 11, 23, 20, 10, 21, 10. 19, 22, 13, 

17, 14, 24, 18, 8, 27 

It may be noticed that in the left-hand figure the points 4 15 he by threes on 
eight straight lines, two of the lines passing through each point 

From these eight lines two sets of four can be chosen passing thioiigh all the twelve 
points 

We cannot draw a pair of conics through the twelve points. 

Of the remaining twelve points, 16. .27, no thiee he on a stiaight line, but eight 
conics can be drawn, each passmg through six points, and theie aie foiii pans of conics 
passing through all the twelve points. 

There are also 48 conics, each of which passes through 0 points in the diagram, and 
12 of which pass thiough each of the 24 points, and from these 48 conics a selection of 
4 can be made so as to pass through all the 24 points, such a selection can be made in 
168 ways The following numbers give one such set of four conics for the left-hand figure — 
17, 4, 5, 18, 12, 7, 6, 20, 25, 15, 23, 26, 9, 21, 10, 11, 22, 13, 

16, 14, 24, 19, 8, 27. 



SHOWING THE 27 LINES ON A CUBIC SURFACE 


379 


Let us consider the section of the surface made by a plane passing through one of 
the lines , for instance, the line 1 We shall find five pairs of points, 2, 3 , 6, 15 , 9, 11 , 
16, 19 , 17, 18, on this line and the other sixteen points will he on a conic In this 
case there are 40 straight lines, each of which passes through three of the points 
Through each point on the conic 5 of the lines pass, and through each point on the 
line 4 lines pass 

Next, let us considei a section of the surface not passing through a line 

It will be a cubic curve and the points on it where the 27 lines cut the plane 
he by threes on 45 stiaight lines, five stiaight lines passing through each point From 
these 45 straight lines a selection of 9 can be made, to pass through all the points This 
selection can be made in 200 ways There are, also, 360 conics, each of which passes 
through SIX of the points, 80 conics passing through each point. From these 360 conics 
a selection of four can be made to pass through all the points except three lying on a 
stiaight line This selection can be made in 168 ways for each particular set of three 
points, that is in 7560 ways altogethei 


48—2 



XXL On the Dynamics of a System of Electrons or Ions . and on the Influence 
of a Magnetic Field on Optical Phenomena. By J. Larmor, M.A., F.R.S., 
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The Dynamics of a System of interacting Electrons or Ions 


1. In the usual electroclynamic units the kinetic and potential energies of a region 
of aether are given by 

r = (87r)-'j(a* + /3» + 7«)dT, 


W =s 2'7rc‘j (/'* + + A®) dr. 


wherein 8t represents an element of volume, (a, /S, y) is the magnetic force which 
specifies the kinetic disturbance, and (f y, h) is the aetheieal ‘displacement’ which 
is of the nature of elastic strain These two vector quantities cannot of course be 
independent of each other the constitutive relation between them is, with the present 
units. 


dy d/3 da dy d/3 da\ _ . ^ / i\ 

dy dz ’ dz dx ' dx dy) ^ dt 


or say 


curl (a, 7)=47r^^(/, 


y> f')> 


which restricts (/, g, h) to be a stream vector satisfying the equation of continuity : 
it also confirms the view that (a, /3, y) is of the nature ot a time-fluxion or velocity 
It IS assumed that (a, /3, y) is itself a stream vector, which must be the case if 
electric waves are of wholly tiansverse type On substituting in these expressions 
V> ^)> l^be independent variable or coordinate of position, of which (a, y) is the 
velocity, so that (a, y3, y) = djdt (^, rj, ^), the dynamical equations of the free aether can 
be directly deduced from the Action formula 

sJ(T-W)dt = 0. 

It IS well known that they aie identical with MacCullagh’s equations for the optical 
aether, and represent vibratory disturbance propagated by transverse waves. 
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It will now be postulated that the origin of all such aetheieal disturbances consists 
in the motion of electrons, an electron being defined as a singular point or nucleus 
of converging intrinsic strain in the aether, such for example as the regions of intrinsic 
strain in unannealcd glass whose existence is revealed by polarized light, but differing 
in that the electron will be taken to be freely mobile throughout the medium For 
all existing problems it suffices to consider the nucleus of the electron as occupying so 
small a space that it may be taken to be a point, having an electric charge e 
associated with it whose value is the divergence of (/, ff, h), that is, the aggregate 

normal displacement J {If -f- rtig + nh) dS through any surface S enclosing the electron over 

any surface not enclosing electrons this integral of course vanishes, by the stream 
character of the vector involved in it Faraday’s laws of electrolysis give a substantial 
basis for the view that the value of e is numerically the same for all electrons, but may 
be positive or negative. 

As our mam dynamical problem is not the propagation of disturbances in the 
aether, but is the interactions of the electrons which oiigmate these disturbances, it will 
be necessary to express the kinetic and potential energies of the aether as far as 
possible in terms of the motions and positions of the electron^ The reduction of T 
may be effected by introducing the auxiliary vaiiable (F, (r, H) defined by 

curl {F, G, if) = (a, /3, 7) 


Thus 




= (Stt)"^ j {(yG' - ^H) I + (aH - yF) m + {^F - aG) n I dS 


/ w 1 f I ^ S.' ^ ^ ^ ’’ 


F, G, 

a, / 3 , 71 




Now it follows from the definition of {F, G, H) that 


dx\dx dy dz J \dy dzj 


= — 47r 


<!f 

dt ’ 


with two similar equations. Solutions of these equations can be at once obtained by 
taking dFjdx + dG/dy -I- dHjdz to be null this makes F, G, H the potentials of volume 
distributions throughout the medium of densities f y, h, together with contributions as 
yet undetermined from the singular points or elections The most general possible 
solution adds to this one a part {Fq, Gq, Ho) which is the gradient of an arbitrary 
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function of position x affect the value of (a, 7 ) through 

■which {F, G, H) has been introduced into the problem, so that the definite particular 
solution IS all that is required 

Now the motions of the electrons involve discontinuities, or rather singularities, in 
this scheme of functions. One mode of dealing with them would involve cutting each 
electron out of the region of our analysis by a surface closely surrounding it But a 
more practicable method can be adopted. The movement of an electron e from A to an 
adjacent point B is equivalent to the removal of a nucleus of outward radial displace- 
ment from A and the establishment of an equal one at 5 • in other words it involves 
a transfer of displacement in the medium by flow out of the point B into the point 
A now this transfer can be equally produced, on account of the stream character of 
the displacement, by a constrained transfer of an equal amount e of displacement 
directly from A to B. Hence as regards the dynamics of the surrounding aether, the 
motion of such a singular point or electron is equivalent to a constrained flow of 
aethereal displacement along its path. The advantage of thus replacing it will be great 
on other grounds instead of an uncompleted flow starting from B and ending at A, 
there will now be a continuous stream from B through the surrounding aether to A 
and back again along the direct line from A to J? in other words the displacement 
will be strictly a stream vector, and in passing on later to the theory of a distnbiition 
of electrons consideied as a volume density of electricity, the strictly circuital character 
of the electric displacement, when thus supplemented by the flow of the electrons, will 
be a featuie of the analysis 

For greater precision, let us avoid foi the moment the limiting idea of a point- 
singularity at which the functions become infinite. An electron will now appear as an 
extremely small volume in the aether possessing a proportionately great density p of 
electric charge. Its motion will at each instant be repiesented by an electric flux of 
intensity p(.i, y, z) distributed throughout this volume, which when added to the aethereal 
displacement now produces a continuous circuital aggregate For present purposes for 
which the electron is treated as a point and the translatory velocities of its parts are 
very great compared with their rotational velocities, this continuous flow may be condensed 
into an aggregate flux of intensity e{x, y, z)y concentrated at the point (a?, y, z) 

At each point in the free aether, outside such nuclei of electrons, the original 
specification of magnetic force, namely that its curl is equal to ^irdldt of the aethereal 
displacement, remains strictly valid It has been seen that the effect of the motion 
of any specified electron, as regards the surrounding aether, is identical with the effect 
of an impressed change in the stream of aethereal displacement at the place where it is 
situated thus the interactions between this electron and the aether will be correctly 
determined by treating its motion as such an impressed change of displacement. This 
transformation however considers the nucleus as an aggregate it will not be available 
as regards the interactions between different parts of the nucleus • thus in the energy 
function constructed by means of it, all terms involving interaction between the electron 
as a whole and the aether which transmits the influence of other electrons will be 
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involved, but the intrinsic or constitutive energy of the electron itself, that is the 
total mutual energy of the constituent parts of the electron exclusive of the energy involved 
in its motion as a whole through the aether, will not be included this latter pait is in 

fact supposed (on ample grounds) to be unchangeable as regards all the phenomena now 

under discussion, the nuclei of the electrons being taken to occupy a volume extremely 
small in comparison with that of the surrounding aether* 

This principle leads to an expression for the force acting on each individual moving 
election, which is what is wanted for our present purpose But the equations of oidinaiy 

electrodynamic theory belong to a dense distribution of ions treated by continuous 

analysis, and we have there to employ the averaged equations that will obtain for an 
effective element of volume of the aether containing a number of electrons that practically 
IS indefinitely great. 

We derive then the equations of the aether considered as containing electrons from 
those of the uniform aether itself by adding to the changing aethereal displacement 
(/> electrons of type e{x, y, z) wherever electrons occur In the 

transformed expiession for T we can, as already explained, treat the part of the surface 
integral belonging to the suiface cutting an electron out of the region of integration 
(as well as any energy inside that surface) as intiinsic energy of the electron, of un- 
changing amount*!", which is not concerned in the phenomena because it does not involve 
the state of any other electron The contribution fiom the surface integral over the 
infinite sphere we can take to be zero if we assume that all the disturbances of 
electrons are in a finite region the truth of this physical axiom can of couise be directly 
vei ified 

Wo have therefore geneially 

T=~j(Fu+Ov + Hw)dT, 

whei ein 

(F, Gy H) — J(u, V, w)r~UiT 

and in these expiessions the total electric current (it, v, w) will consist of a continuous 
part (/, g, h) which is not electric flow at all, and a discrete electric flux or true current 
of amount e (x, y, z) for any electron e When the electrons are considered as forming 
a volume density of electrification, this latter will be considered as continuous true electric 
flow constituted as an aggregate of all the different types of conduction current, convection 
current, polarization current, etc that can be recognized m the phenomena, each being 
connected by an expeiimental constitutive relation with the electric foice which originates 
it The orbital motions of the electrons in the molecule cannot howevei be thus included 
in an electric flux, but must be averaged separately as magnetization Neither the 
true current nor the aethereal displacement current taken sepaiately need satisfy the 

* For a treatment on somewhat different lines cf. F)iH, Trans. 1897 A, or ‘Aether and Matter,’ Ch vi, Camb 
Univ Press, 1900 

t It may be formally verified, after the manner of the formula for T in § 2, that this amount tends to a 
definite limit as the surface surrounds the electron more and more closely. 
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condition of being a stream, but their sum, the total current of Maxwell, always satisfies 
this condition 

2 The present problem being that of the interactions of individual electrons 
transmitted through the aetliei, it will be necessary to retain these electrons as distinct 
entities The value of (F G, H) at any point is therefore of type 

' r at r 

in which r represents the distance of the point from the element of volume in the 
integral and from the electron lespectively Thus 

T = i Jj (/ 1/2 + + Kh^) r,r' dr, dr, 

+ 'lex J /arij-* dr, + leg dr^ + Xez dr^ 

+ XXeie, (ajXa -hg,g, + z,z,) 

in which each pair of electrons occurs only once in the double summation 
Also Tr — 2770 ® (/® + + A®) dr. 

In omitting the intrinsic energy of an electron and only taking into account the 
energy terms ansing from the interaction of its electric flux with the other electric fluxes 
in the field, we have howevei neglected a definite amount of kinetic energy arising 
from the motion of the stiain-configuration constituting the electron and proportional to 
the square of its velocity this will be the translational kinetic energy 

To= + + 

or we may write 

To = i m (a® + y® + ^®), 

where m is thus the coefficient of ineitia or ‘mass’ of the electron, which may either 
be wholly of electric origin 01 may contain elements arising from other sources 

This transformation has introduced the positions of the electrons and the aethei- 
strain (/, g, h) as independent variables It is necessary, for the dynamical analysis, 
thus to take the aether-strain as the independent variable, instead of the coordinate 
of which (a, / 3 , 7) is the velocity, which at fiist sight appears simpler. For part of 
this strain is the intrinsic strain around the electrons, and the deformations of the 
medium by which it may be considered to have been primordially produced must have 
involved the discontinuous piocesses required to fix the strain in the medium, as other- 
wise it could not be permanent or intrinsic. If the lattei coordinates were adopted 
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the complete specification of the deformation of the medium must include these processes 
of primary creation of the electrons, and the medium would ha\e to be dissected in 
order to reveal the discontinuities, after the rnanuei of a Riemaun surface in function- 
theory* 

3 We have now to apply dynamical principles to the specification of the energies 
of the medium thus obtaine<l The question arises as to what aie dynamical principles 
It may reasonably be said that an answer for the dynamics of known systems constituted 
of ordinary matter is superfluous, as the Liiws of Motion formulated by Newton practically 
cover the case Waiving for the present the question whcthei the foundations of that 
subject are so simple as may appear, the present case is one not of ordinary matter 
but of a medium unknown to direct observation and its disturbance is expressed in 
teims of vectors as to the kinematic nature of which we have heie abstained from 
making any hypothesis 

Now the dynamics of material systems was systematized by Lagrange in 1760 into 
equations which amount to the single vaiiational foimula 

sjer- W)r/t=:0, 

in which the vaiiation is to be taken subject to constant time of passage from the 
initial to the final configuration, and subject to whatever relations, involved in the con- 
stitution of the system, there may be connecting the vaiiables when these are not mutually 
independent, — the only lestiiction being that these latter relations aie really constitutive, 
and so do not involve the actual velocities of the motion altliough they may involve 
the time This equation is known to include the whole of .the dynamics of material 
systems in the most geneial and condensed manner that possible It will now be 
introduced as a that the cognate equation is the complete expression of the 

dynamics of the w/t?'«-mateiial systems here undei (onsideiation Even in the case of 
ordinary dynamics it can be held that there is no final resting-place in the effort towards 
exact formulation of dynamical phenomena, short of this Action piinciple in our present 
more general sphere of operations the veiy meaning of a dynamical principle must be 
that it IS a deduction from the Action principle This attitude will not be uncongenial 
to the school of physicists which lecognizes in dynamical science only the shortest and 
most compact specification of the actual course of events 

We have then to apply the Piinciple of Action to the piesent case In the first place 
the coordinates iri teims of which T and IF are expiessed are not all independent, for 
when the distribution of {f,g,h) is given that of the electrons is involved The connexion 
between them is completely specified by the relation 

* More concretely, the relation cinl (a, p,y) = 4ir (/, g, h) kind whobe velocity is (o, /3, y), that are lequired to intro- 
mvolves J (//+ mg + nh) dS = 0 now J {If + mg + vh) dS is not dace the existing intiinsio strain must involve discontinuous 
zero but is equal to Se hence the displacements, of the processes Cf ‘ Aether and Matter,’ Appendix E 

VoL. XVIII 49 
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provided this is supposed to hold for every domain of integration, great or small, it will 
follow that the elections are the poles of a circuital or stream vector (/, g, h). If then 
we write 

the variational equation will by Lagrange’s method assume the form 

8 ((r+r.- w+n)(it=o 


in which 'F is a function of position, initially undetermined but finally to be determined 
so as to satisfy the above condition restricting the independence of the coordinates 

We have to vaiy this ecjuation with respect to the displacement (/, g, h) belonging to 
each element of the aether, siippose<l on our theory to bo effectively at rest, and with 
respect to the position (o', y, z) of each electron All these variations being now treated 
as independent, the coefficient of each of them must vanish, at all points of the aether and 
for all electrons involved in it 


We now proceed to the vaiiation Beaiing m mind that so far as regards aetheieal 
displacement 

i jF/dr involves J JJ/i/sri 3 ~^dTjdT^, that is StjSt,;, 

because each pair of elements appear together twice m the double integral of a product, 
but only once in a double summation, we obtain as the terms involving / in the complete 
variation 

sjdt jp/dr - Idtj/S/dT+Jdtj^ dr, 

leading, through the usual integration by parts, to 

llrS/rfrj -JdtjFS/dr-iTrc^JdtJ/S/dr + lldtJJ^/di/dil - Jdtj^S/dT 


The coefficient of S/ must vanish in the volume integial, giving 


47r0'y = - 


dF_d^ 

dt dx 


( 1 ) 


Similar expressions hold for g and h Again, the terms in the variation involving the 
electron e at {x, y, z) are 

8 ^dte (xF + yG + zH) + ^mSjdt (a* 4- y® + i®) — 8 J dte'^, 


yielding as regards variation of the position of this electron 

jdte (FSx + GSy + Htz 4- xhF 4- y 8(? 4- zhH ) + m Jdt (xSx 4- y8y + zSz) ~Jdt eS'^ 

in which Bx means the change of the velocity of the electron, so that we have on integration 
by parts 


BG, 


e I Fhx 4- Ghy 4* Hhz\^ - Jdte -r 

4- m j x8x 4- y8y +zSz I — m 


d£ 
dy 

V SBz) — Jdte Bx 4- 


„ jj \ , I'dF^ , 1 5 


1 


dy 


By 
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where DFJdt must represent the rate of change of F at the electron as it moves, 
namely 

DF_^ ^ 

dt dt ^ ^ dx^^ dy^ dz' 

The vanishing of the coefficient of hx for each element of volume gives 


c = e 


DF dF dO dH 


dt 

^e[r^y-^z- 


dx 

dF 


dx 


dx 


d^\ 

dt dx) 

Sirnilai expressions hold good for my and mz 


d^\ 
dx J 


. ( 11 ) 


The form of W shows that 4 > 7 ra^ is the coefficient of aethereal elasticity coriesponding 
to the type of displacement {/, g, h) the right-hand sides of equations (i) aie therefore the 
expressions for the components of the forcive (P', Q\ R) inducing aethereal displacement 
thus this force, which will be called the aethereal foice, is given by equations of type 

p,^__dF_d'^ 

dt dx 


The form of equation (ii) shows that the right-hand side is the component ot the 
force e(P, Q, R) inducing movement of an election e this force reckoned per unit electric 
charge is called the electric force (P, Q, R) and is given by 


or, m terms of ph}^sical quantities only, by 


dx ’ 


P = yy— + 4 >'Tr(Pf 


We do not now go into the case of a magnetically polaiized material system, for 
which tn certain connexions* (u, b, c) replaces (a, /S, 7) m this formula 


These expressions for the aethereal force and the electric force, together with a 
complete specification of the electric current and the experimentally determined constitutive 
relations of the medium, foim the foundation of the whole of electrical theory 


Motion in an Impressed Magnetic Field 

When the electrons or 10ns constituting a molecule desciibe their orbital motions 
in a uniform magnetic field (ao, 7o)> its influence is represented by an addition to the 
vector potential (P, G, H) of the term 

(joy-^oz, ^^-cioy) 

* Cf loc cit ante 


49--2 
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Thus To + 2"= I Sm + 3 /» + (Fx + Gy -i- Hz) + (Ff+ Gg + Hh) dr 


X y z 

ul 

f 9 

X y z 


X y z 

®0 ^0 7o 


Oo ^0 7o 


dr 


As the aether is stagnant, so that the position of the element of volume Sr is 
fixed, these new terms will not modify the formula for the aethereal force (P\ Q, R) 
unless the impressed magnetic field vanes with the time but they will modify the 
electric forces acting on the ions by the addition of the term 


(7oy - «o2 - - aoy) 


The System referred to a Rotating Frame. 


It is pait of the Action principle, of which the validity is at the foundation of 
this analysis, that its formal expression is not affected by constitutive iclations involving 
the time explicitly, provided they do not involve the velocities of the actual motion 
Let then the system be leferred to axes of coordinates rotating with angular velocity 
{(Ox, (Oy, 0 )^) measured with reference to their instantaneous positions, these quantities being 
either constant or assigned functions of the time For the velocity, instead of {x, y, z) 
there must now be substituted, in the formula for T—W, 

(x - y(Og 4- Z(Oy, y — z<Ox + xcoz, z — xtOy + yonx), 
and for (/, h) there must be substituted 

{f — g( 02 -\- h(Oy, g — h(Ox-\rf(Ot, li—fcoy + gcox), 

while (x, y, z) remain unchanged Referred to these moving axes the kinetic energy, 
which was, so far as it involves the ion ei{xi, y,, Zi), given by 

To 4- T = ^ nil (jji® 4- yi* + ij*) 4- Oi (F iXi 4- G^yi 4- H^Zy) 4- , 


where (Fj, Gi, Hi) is the value of the vector potential at the point {xi, y^, 
now additional terms which on neglecting the square of the angular velocity are 


1 

yi 

Zi 

4- ei 

Xi 

3/1 

Zx 

j 

yi 

^1 


F, 

G, 

Hi 

(Ox 

(Oy 



(Ox 

(Oy 

(t>z 


+ Bi {xiB'Fi 4- yi^'Gi 4- ZiB'Hi), 


wheiein 


\ ^2 J n2 / 


2 - <0zg 2) ^ f <» Jh - 

J ^13 


Zi), has 


The exact dynamical equations referred to moving axes may now be directly 
obtained by application of the Action piinciple 
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As regards the electron the first of these terms is the same as that due to 
an impressed magnetic field given by 

(“O. PO, yo)=- - (Oy, (Og). 


The others give rise to terms in the electnc forces which are small compared with 
the internal electrodynarnic forces of the system itself when the angular velocity is 
small and in our applications these latter will be themselves negligible compared 
with the electrostatic forces 


Mutual Forces of Electrons 

When a system of electrons or ions is moving in any manner, with velocities of 
an order lower than that of radiation, the surrounding aethei -strain may be taken as 
at each instant in an equilibrium conformation thus the positional forces between the 
electrons are simply their mutual electrostatic atti actions. As legards kinetic effects, the 
disturbance in the aether can be considered as determine<l by the motion of the electrons 
at the time considered, so that the kinetic eneigy can be expressed entirely in terms of 
the motions of the electrons, and the motional foiccs between two of them are derived in 
the Lagrangian manner from the teim in this total kinetic energy 
W jj-' (^^*1^2 -f -k -k 

where d8■^, dsj aie elements of their paths described with velocities Vi, Vg The Weberian 
theory of moving electric particles involves on the other hand a kinetic energy term 
{drujdty in the field of the electrodynamics of ordinary cm rents it however 
yields equivalent results as regaids mechanical foice, and the electromotive force induced 
round a circuit, though not ^is regards the electnc force at u point 

The Zeem\n Effect 

4 On the hypothesis that a molocule is constituted of a syvstem of revolving ions, 
a magnetic field H impiessed in a direction {I, m, ii) adds to the force acting on an 
ion of effective mass m and charge e, situated at the point {x, y, z), the teim 
ell {ny — viz, Iz — nx, ml — ly), 

so that its dynamical ecpiations are modified by change of x, y, z into 
X — K (ny — viz), y ~ k(Iz~ lu ), z — k (vix — ly), 
where k — eHjm, e being in electiomagnetic units 

If the ratio ejvi is the same for all the ions concerned in the motion, so is k, 
and this alteration ot the dynamical equations of the molecule will be, to the first 
order of k, the same as would arise ftoin a rotation of the axes of coordinates to 
which the system is rcfeired, with angular velocity aiound the axis of the impressed 
magnetic field Hence the .ilteiation pioduced in the orbital motions is simply equi- 
valent to a rotation, equal and opposite to this, imposed on the whole system Each 
line in the spectrum would thus split up into two linos consisting of radiations circulaily 
polarized around the direction of the magnetic field, and with difference of frequencies 
constant all along the spectrum, namely together with a thud line polarized so that 
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its electric vibration is along the same axis while the frequency is unaltered In fact 
each Fourier vibration of an ion, which previously consisted of a component disturbance 
of the type of an elliptic harmonic motion, is no longer of harmonic type when the 
precessional rotation is imposed on it — this precession being imposed additively on 
the different constituents of the total motion* but it can be resolved into a rectilinear 
vibiation parallel to the axis, and two circular ones aiound it, each of which maintains 
its harmonic type after the rotation is impressed and thus corresponds to a spectral line, 
and which are differently modified as stated These thiee spectral lines would be expected 
to be of about equal intensities* 

It IS however essential to this simple state of affaiis that the charges belonging 
to all the ions that are in orbital motion under their mutual influences should be of 
the same sign, as otherwise elm could not be the same for all It is also essential 
that the ions of opposite sign, or the other centics of attraction under which the orbits 
are described, should be carried round as well as the mbits with this small angular 
velocity in so far as they are not synimetiical with regard to its axis 

If wo admit the hypothesis that the effective masses of these positive ions, or other 
bodies to which the negative ions are attracted, are Luge conipaied with those of the 
negative ions themselves, this state of superposed uniform rotation of the whole system 
may still be expected to practically ensue fioni the imposition of the magnetic field 
For under the action of the mutual constitutive forces iii the molecule, the orbital 
motions of the larger masses will take place with smaller velocities As the additional 
forces introduced by the magnetic field are propoitional to the velocities, they will thus 
also be srnallci for the positive ions Let us then suppose these larger masses to be 
constrained to the above exact uniform rotation, with angular velocity w', along with 
the negative ions, and find the older of magnitude of the forces that must be impressed 
on them in Older to maintain this constiaint The motion of the negative ions will, 

as has been seen, be entirely free, the fuices due to the magnetic field exactly sufficing 

to induce the additional rotational motion As regards a positive ion of effective mass 
m, the radial and transveisal forces, in the plane perpendicular to the axis of the 

magnetic field, that are recpiired to maintain the motion will be altered from 

m (r — rio'^) and y (^'w) 

to w (r — r (<u + w')“) and ^ ^ )1 

Thus, a being small compared with w, the new forces reipiired will be 
— 2mra>a>' and — (?*■&>') , 

whereas the force arising from the magnetic field acting on an ion moving with velocity 
V IS 2mv<o' at right angles to its path. These two systems of forces are for each ion 
of the same order of magnitude thus the forces required to maintain the imposed 


For more detailed statement, cf. PhtI Mag , Dec 1897 
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uniform rotation in the case of the massive positive ions are small compared with the 
magnetic part of the forces acting on the negative ions If these maintaining forces 
are absent, the system can still be regarded as a molecule m its undisturbed motional 
configuration rotating with uniform angular velocity, but subject to disturbing forces equal 
and opposite to those required to thus maintain it Now this undisturbed motional con- 
figuration IS a stable one thus the effect of these slight disturbing forces is to modify it, 
but to an extent much smaller than the uniform rotation induced by the magnetic field 

Our proposition is thus extended to a molecule consisting of an intei acting system, 
constituted of equal negative ions together with much more massive positive ions, and also 
if so demanded of other massive sources of atti action It would however be wrong to 
consider each negative election as desciibing an independent elliptic orbit of its own, 
unaffected by the mutual atti actions ex<ute<l between it and the other moving negative 
electrons for the attractions betw'een ions constitute the main pait, if not the whole, of 
the foices of chemical affinity But without leipnnng any knowledge of the constitution of 
the moleciilai orbital system, the Zeeman tiiplication of the lines, with equal intervals 
of frequencies foi each line, will hold good wherever the conditions heie stated obtain 


It appears from the obsoivations that the difference of frequencies of the components 
magnetically separated is not constant for all lines of the spectrum so that this simple 
state of affairs does not hold in the molecule The difference of frequencies seems however 
to be sensibly constant for those lines of any element which belong to the same series, as 
well as for those lines of homologous elements which belong to corresponding senes*, a result 
which cannot fail to be fundamental as regaids the dynamical structure of molecules, and 
which supports the suggestion that in a general way the lines of the same series arise 
from the motions of the same ion or ionic gioup in the molecule, executed under similar 
conditions The directions of the (ircular polanzations of the constituent lines were showm 
by Zeeman to be in general such as would coriespond in this kind of way to the motions 
of a system of negative ions in a steady field of force 


It remains to be considered whethei we are light in thus taking the stresses 
transmitted between the elections, through the aether, as those aiising from the con- 
figuration of the electrons alone, and in neglecting altogether the motional forces between 
them The former assumption is equivalent to taking the strain in the surrounding 
aethei to be at e.ich instant in an equilibrium state this will be legitimate, because 
an aethereal distuibance will travel over about 10* diameters of the molecule in one 
of the periods concerned,- -the eiior is in fact of order 10“®. The motional forces between 
two electrons are of type, as legaids one of them, 


(I A 

\dt dxi 


^ + ZiZi 



To obtain a notion of orders of magnitude, let us consider the special case of two electrons 
-j-e, — e describing ciicular mbits round each other with radius r Then mv^l^r = o^e^lr^, 


Preston, Phil Mag , Feb. 1899 
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while Zeeman’s measurements give thus so that, taking r to be 

10"®, esslO""-*’, we obtain i; = 10 *c’, thus the orbital period comes out just of the order 
of the periods of ordinary light, which is an independent indication that the general 
trend of this way of representing the phenomena is legitimate With these orders of 
magnitude, the terms in the motional forces between two electrons are of orders eie^xlv, 
eiC^x-jr- as compared with their statical attraction of ordei c^exe.ijr'^ and the forces arising 
from the impressed magnetic field H of older exH , the ratios are thus of the order 
of 10~® to 1 to 3 !()"*// Thus when H exceeds 10®, the forces ot the impressed magnetic 
field are more important than the motional forces between the ions , and in all cases 
the effects arising from these two causes are so small that they can be taken as 
independent and simply additive 

The Zeeman Efi-ect of Gyrostatic Type 

5 Sensible damping of the vibrations of the molecule owing to radiation cannot 
actually come into account, because the shaipness and fixity of position of the spectral lines 
show that the vibrations subsist for a large number of periods without sensible change of 
type In fact it has been seen above that the motion of the sjstem of electrons, on the 
most general hypothesis, is determined by the principle of Action in the form 

8 j(r- w)dt=o 

where T - (i- + y- + x y z 

T y z 

I I m 11 

thus it comes under the same class as the motion of a dynamical system involving latent 
constant cyclic momenta, the Lagrangian fuiKtion foi such a system, as modified through 
the elimination of the velocities coiiesponding to these momenta by Routh, Kelvin, and 
von Helmholtz, being of this t>pe The influence of the impicssed magnetic field is thus 
of the same character as that of gyrostatic (piality imposed on a free system • and the 
problem comes und(‘r the geneial dynamical theory of the vibiations of cyclic systems* In 
the special case above considered of massive positive ions, we can thus assert that the 
motion lelative to the moving axes is the same as the .ictual motion of the system with 
its period altered through slight gyrostatic attachments to these positive ions It is more- 
over known from the general theory of cyclic systems that each free period is either wholly 
real or else a pure imaginary, whenevei the uninodihed system is stable so that its 
potential energy is essentially positive thus on no view can a magnetic field do anything 
towaids extinguishing or shortening the duration of the free vibrations of the molecule, 
it only modifies their periods and introduces differences of phase between the various 
coordinates into the principal modes of vibration of the system. 

In the general case when k is not the same for each ion in an independently vibrating 
group in the molecule, the simple solution in terms of a bodily rotation fails, and it might 
* Cf Thomson and Tait, Nat Phil , Ed 2, Part I pp. 370 — 416 
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be anticipated that the equation of the free periods would involve the oiientation 
of the molecule with regard to the magnetic field. But if that were so, these 
periods would not be definite, and instead of a sharp magnetic resolution of each 
optical line there would be only broadening with the same general features of polar- 
ization To that extent the phenomenon was in fact anticipated from theory, except as 
regards its magnitude The definite resolution of the lines is however an addition to 
what would have been predicted on an adequate theory, and thus furnishes a clue 
towards molecular structure 


A Possible Origin of Series of Double Lines 

The definiteness and constancy in the mode of decomposition of a molecule into 
atoms shows that these atoms remain separate structures when combined under their 
mutual influence in the molecule, instead of being fused together Each of them will 
therefore preserve its free periods of vibrations, slightly modified however by the 
proximity of the other one. For the case of a molecule containing two identical atoms 
revolving at a distance large compared with their own dimensions, each of these 
identical periods would be doubled* thus the series of lines belonging to the atom 
would become double lines in the spectium of the molecule It has been remarked 
that the series m the spectra of inactive elements like argon and helium consist of 
single lines, those of univalent elements such as the sodium group where the molecule 
consists of two atoms, of double lines, while those of elements of higher valency appear 
usually as tuple lines 

In other words, a diad molecule consists of the tw'o atoms rotating round each 
othei with but slight disturbance of the inteinal constitution * of each of them Their 
vibrations i dative to a system of axes of reference rotating along with them will thus 
be but slightly modified lelative to axes fixed in space there must be compounded 
with each vibiation the effect of the rotation, which may be eithei right-handed or 
left-handed with respect to the atom thus on the same principles as above each line 
will be doubled If the lines of a spcctial series aie assumed to belong to a definite 
atom in the molecule, those of a molecule consisting of two such atoms would thus 
be a system of double lines with intervals equidistant all along the series, but in this 
case without definite polarizations 

But if the constituents of the double lines of a series were thus two modifi- 
cations of the same modes of the simpler atomic system, it would follow that they 
should be similaily affected by a magnetic field This is not always the case, so that 


* In illustration of the way this can come about, 
consider two parallel cylindrical vortex columns of finite 
section in steady rotation round each other Each by 
itself has a system of free periods for crispations running 
round its section when one of them is rotating round the 
other, the velocity of the crispations which travel m the 
direction of rotation is different from the velocity of those 
that travel in the opposite diiection thus the period of 

VoL. XVIIL 


revolution is different, and each single undisturbed period 
becomes two adjacent disturbed periods Analogous con- 
siderations apply to the intei action of the two atoms of the 
molecule, rotating round each other 

According however to Smithells, Dawson, and Wilson, 
Phtl Tians 1899 A, it is the molecule of sodium that gives 
out the yellow light, that of sodium chloride not being 
effective 
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this kind of explanation cannot be of universal application it would be interesting to 
ascertain whether the Zeeman effect is the same for the two sets of constituents of a 
double senes such that the difference of frequencies is the same all along it. At any 
rate, uniformity in the Zeeman effect along a series of lines is evidence that they 
are all connected with the same vibrating group identity of the effect on the two 
constituents of a doublet is evidence, as Preston pointed out, that these belong to 
modifications of the same type of vibration 


Nature of Magnetization 

6 The proposition above given determines the changes in the periods of the 
vibrations of the molecule in the circuinst.mces there defined But it is not to be inferred 
from it that the imposition of the magnetic field meiely superposes a slight uniform 
processional motion on the previously existing orbital system That orbital system will be 
itself slightly modified in the transition For instance, in the ideal case of the magnetic 
field being imposed instantaneously, the velocities of all the electrons in the system will 
be continuous through that instant hence the new orbital system on which the precession 
IS imposed will be the one corresponding to velocities in that configuration which are 
equal to the actual velocities diminished by those connected with the processional motion 

On the usual explanation of paramagnetic induction, the steady orbital motion of each 
electron is replaced by the uniform electiic current circulating round the orbit which 
represents the averaged effect the circuit of this current is supposed to be iigid so 
that the averaged forcive acting on it is a steady torque tending to turn it across the 
imposed magnetic field This mode of representation must however d priori be incom- 
plete for example it would make the coefficient of magnetization per molecule in a gas 
increase markedly with length of free molecular path and therefore with fall of density, 
because this torque would have the longer time to orientate the molecule befoie the 
next encounter took place It appears from the above that the tiue effect of the imposed 
magnetic field is not a continued orientation of the orbits but only a slight change in 
the orbital system, which is proportional to the field, and in the simple circumstances 
above discussed is made up of a processional effect of paramagnetic type, accompanied 
by a modification of the orbital system which is generally of diamagnetic type, both 
presumably of the same order of magnitude and thus very small 

The recognition of this mode of action of the magnetic field also avoids another 
discrepancy If the field acted by oiientatmg the molecules it must induce dielectric 
polarization as well as magnetic • for each molecule has its own averaged electric moment, 
as revealed by piezoelectric phenomena, and regular orientation would accumulate the 
effects of these moments which would otherwise be mutually|destructive But there is 
nothing either in the disturbance of the free orbital system into a slightly different 
free system, or in the precession imposed on that new system — nor in a more general 
kind of action of the same type, — which can introduce electric polarization 
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The polarization of a dielectric medium by an imposed electnc field is effected in a 
cognate manner. The electric force slightly modifies the orbital system by exerting 
opposite forces on the positive and negative ions In this case these forces are inde- 
pendent of the velocities or masses of the ions The fact that the polarization is 
proportional to the inducing field shows that the influence produced by the field on the 
orbital system is always a slight one Yet the numerical value of the coefficient of 
electric polarization is always considerable, in contrast with the very small value of 
the magnetic coefficient , which arises from the very great intrinsic electnc polarity 
of the molecule, due to the magnitude of the electnc charge e of an ion. Taking the 
effective molecular diameter as of the order 10~*cm, there will be 10** molecules per 
unit volume in a solid or liquid, and the aggregate of then intrinsic electnc polarities may 
be as high as 10** 10~'’eG electrostatic units, where ec is 3 10““. Now the moment 
of polarization per unit volume for an inducing field F is {K —\) Fj^-rr , thus even for very 
strong fields this involves very slight change in the orbital configuration A similar 
remark applies to the polanzation induced by mechanical pressure in dielectnc crystals It 
would be unreasonable to expect any aggiegate rotational effect around an axis, such 
as constitutes magnetization, from the polaiizing action of an electnc field, m fact if it 
were present, reversal of the direction of the field could not affect its total amount 
consideied as arising fiom molecules oiientated in all directions 

The possibilities as regards the aggregate intrinsic magnetic polarities of all the 
molecules ate of the same high order, viz eAnjr, wheie A is the area and t the period 
of a molecular orbit, which is elnv or per cubic centimetre, where v is the velocity 

in a molecular orbit whose linear dimension I is lO-** Thus the siipeiior limit of the 
magnetization if the molecules were all completely orientate^ would be of the order 
10~®y, which IS large enough to include even the case of iron if v were as much as one 
per cent of the velocity of radiation 

In the case of iron a maiked discrep.incy exists betweeri the enormous Faraday 
optical effect of a very thm sheet in a magnetic held on the one hand, and the slight 
Zeeman effect of the radiating molecule, as also the absence of peculiarity in optical 
reflexion from non, and the absence of special influence on Heitzian waves, on the other: 
which must be in relation with the ciicumstance that at a moderately high temperature 
the iron loses its intense magnetic quality and comes into line with other kinds of matter. 
This suggests the explanation that the magnetization of iron at ordmaiy tempeiatuies 
depends essentially on retentiveness, owing to facility possessed by groups of molecules for 
hanging together when once they arc put into a new configuration This is the well-known 
explanation of the phenomena of hysteresis, which can be effectively diminished by 
mechanical disturbance of the mass In soft iron the magnetic cohesion would be less 
strong and more plastic, and thus readily shaken down by slight disturbance in the 
presence of a demagnetizing field, so that retentiveness would not be prominent It is 
conceivable that the primary effect of an inducing field is to slightly magnetize the 
different molecules that then the molecules thus altered change their condition of 
aggregation, and so are retained mutually in new positions independently of the field, 
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the effect persisting if the field is gently removed, that the field can then act afresh on 
the molecules thus newly aggregated and so on by a sort of regenerative process, 
the inducing field and the letentiveness mutually leinforcing each other, until large 
polarizations are re.iched before it comes to a limit. For hard iron these accommodations 
take place more rapidly than for soft iron, when the field is weak, and thus are of sensibly 
elastic character over a wider lange cf Ewing, Magnetic Induction, 1892, ch vi. 

On the Origin of Magneto-optic Rotation. 

7 The Faraday rnagneto-optic rotation is obviously connected, through the theory 
of dispersion, with the different alterations of the free periods of right-handed and 
left-handed vibrational inodes of the molecules, that are produced by the impiessed 
magnetic field The ascertained law (infra) that the mean of the velocities of the 

two kinds of wave-trams is equal to that of the unaltered radiation, shows that the 

phenomenon in fact arises wholly from this diffeience, and is not accompanied by 

temporary structural change in the molecule such as would involve alteiation of the 

physical constants of the medium 

The general relation connecting the refractive index /a of a tiansparent medium 
with the frequencies (pi, p^, of the piincipal free vibrations of its molecules, 

which are so gieat that radiation travels over lO-* molecular diamcteis in one period, 
IS of type 

^ ^ Ar 

/a-* -h 2 ^ p^ — pr' 

in which A, is a constant which is a measure of the importance, as regards dispersion, 
of the free piincipal period 2T-/pr The quantity on the right-hand side of this equation, 
of form /(p^), IS a function of the averaged configuration of the molecule lelative to the 
aethereal wave-tiam that is passing over it Now consider a circular wave-tram, say 
a right-handed one, passing along the diiection of the magnetic field on the hypothesis 
that the spectrum consists of a single series of lines for all of which k is the same, 
the influence of this tram on the corresponding right-handed vibrations that it excites 
in the molecule will be to superadd a lotation of the molecule as a whole with angular 
velocity This will modify the configuration of the vibrating system relative to the 
circular wave-tram passing over it in the same way as if an equal and opposite angular 
velocity were instead impaited to the wave-tram Thus the actual effect of the magnetic 
field on the light will be the same as would be that of a change m the frequency 
of the light from pjtTr to p/27r -H / c/I-tt, the latter term arising fiom this imposed angular 
velocity the value of the magneto-optic effect may theiefore m such a case be derived 
from inspection of a table of the ordinary dispersion of the medium 

The velocity of piopagation of the tiain of circular waves will, on this hypothesis, 
be derived by writing p — ^/c or jp -f for p according as the tram is right-handed 
or left-handed, thus giving when is neglected, 

ya* -I- 2 p* + /cp — p/ ‘ 
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For the case when there is only a single free period this result coincides with FitzGerald’s 

formula {Roy Soc Proc. 1898), which has been shown by him to give the actual order 

of magnitude for a Faraday effect as thus deduced from the Zeeman effect 

If we were to consider that each system of lines in the spectrum arises from an 
independently vibrating group of ions in the molecule, as (supra) there may be some 

temptation to do, then the value of (/z.* — l)/(^‘-' + 2) in this foimula would be obtained 

by addition of the effects of these independent groups thus if the value of the Zeeman 
effect were known for each line of the spectrum of any substance, and the law of 
dispersion of the substance were known, the Faraday effect could be deduced by cal- 
culation. To our order of appioximation we should have 


[p^ + 2) ^ ip^-p/y 


the circumstance that the mean of the velocities of propagation is unaltered points to the 
A coefficients being unaffected by the magnetism, thus suggesting absence of change m 
the mean conformation, as already remaiked 


For the case in which the fiee penods that effectively control the dispersion all 
belong to the same series of spectral lines, so that k is the same for all of them, the 
formula foi the dispersion need not come into the argument The influence of the 
impressed magnetic field on the index of rcfiaction of circularly polaiized light is then the 
same as the change of p to p±^K according .xs the polaiization is left-handed or right- 
handed. Because that influence is equivalent to rotation of the optically vibrating molecule 
with angulai velocity the molecule will now be related m the same way to a wave- 
tram with angular velocity p±^K as it was pieviously to one with angular velocity p 


* dV 

Thus light corresponding to angular velocity p is now propagated with velocity V ±^k 

instead of V Now if X be the wave-length m a vacuum and p the lefractive index, 
we have V = cjp, p = ^TrvjX and the rotation of a plane of* polarization for a length 
I of the medium, being ^p multiplied by the difference of times of tiansit, is 


where 


^(l/V.-l/V,) 27r('/X, which is irlv BVjV^X, 
BV= KdVjdp = -^dp-^ldX-\ so that the result is 


This expression, ^ - X^ , for the coefficient of magnetic rotation as a function of the 
C dX 

wave-length, has been given by H Becquerel* and shown by him to be m good 
agreement with actual values as legards order of magnitude, and also with Verdet’s 
detailed observations along the spectrum in the cases of carbon disulphide and creosote 
The restriction on which it is here based, namely that the dispersion is controlled by free 
periods for all of which the Zeeman constant is the same, can be neglected for the case 
of the anomalous dispersion close to an absoiption band, because there the dispeision 


* Comptes Rendus, Nov 1897 it was based on the assumption that the magnetic field invohes rotation of the 
aether with velocity 



398 Mr LARMOR, ON THE DYNAMICS OF A SYSTEM OF ELECTRONS OR IONS 


18 controlled by that band alone** thus the Faraday effect is there very large and of 
anomalous character, in correspondence with the experimental discovery of Macaluso and 
Coibino. From another aspect of the same effect, we can conclude that light of any given 
period, very near a natuial free period of the medium, will travel m it with sensibly 
different velocities according as its mode of vibration corresponds to one or other of 
two principal types, elliptically (or in a special case circularly) polarized m opposite 
directions, and thus will exhibit phenomena of double refraction 


The Influence of Rotational Terms on Optical Propagation 


8 The puiely formal, i e non- molecular, theory of the magnetic influence on optical 
propagation may be developed in a simple and direct manner, by use of the device of 
a revolving coordinate-system as above employed In a non-magnetizable medium the 
exact relations connecting the magnetic force (a, /8, 7), the electric force (P, Q, R), and the 
electric current (u, v, w), are of types 

dR _dQ __da 

dy dz dt ’ 


dy dS . 


Thus 


V^P 


d^ /d^ ^dQ ^ dR\ 
dx \dx dz) 


4 da 


which will lead to the differential equations of the propagation when in it (w, v, w) is 
expressed in terms of (P, Q, R) by means of the constitutive relation connecting them 

Now for the aethereal elastic displacement we have (/, h) = (P, Q, R). 

To determine the natuie of the most general formal connexion between the material 
polarization (/', g', h') and the electric force, that we are at libcity to assume without 
implying perpetual motions, we must make use of the method of energy The energy 
of this electric polaiization in any region is 




where is an element of volume thus its intensity per unit volume is a (quadratic function 
of (P, Q, R), and possibly also of dldt(P, Q, R) and of the spacial gradient of (P, Q, R), 
and it may be of gradients of higher orders as well if the first tirne-giadients alone are 
included we thus have the expression 

Fi(P, Q, R) + anPdPjdt -h + a^iPdQldt + a^QdP/dt . ., 

Pa denoting a quadratic function The variation of this energy must from the definition 
of (P, Q, R) as the force moving the electrons, be 

SW= J(PS/' + QSff' + Mih')dT 

= Bj(P/' + Qg' + Rh') dr - jifSP + g'SQ + h'&U) rfr, 


* Cf Proc Camb Phil. Soc , Mar 1899 for similar who, by introducing dispersional terms of a certain simple 

explanations but restricted to anomalous dispersion, cf type including a frictional part into the equations of optical 

Macaluso and Corbino, Rend Lincei, Feb 1899 propagation m a rotational medium, finds that each ab- 

Refereuce should also be made to the converse pro- sorption line is tripled, but with an asymmetry introduced 

cedure of Voigt (cf AnnaUn der Phystk i 1900, p. 390), by the frictional term. 
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so that, transposing, 

« F + g'iQ + h’BR) dr, 
in which the independent variable is now (P, Q, R) 

On conducting the variation m the usual manner, and reducing from dhPjdt to BP 
by partial mtegiation with respect to time (such as necessarily enters in the reduction 
of the fundamental dynamical equation of Action) this leads to a relation of type 

_ dF^ a, dQ dR 

^ dP 47rC'* dt dt ’ 


where (u, . Og, — {a^ — ctsa, — aj*. — a^) 

When the system is referred to its principal dielectric axes, 


F,= 




S7r& H7r(P ^ HttV^ 


This analysis shows that rotational quality in the relation connecting (/', g', It) 
and (P, Q, R) can come in through tcims in the energy function that involve the 

time-gradients or, as may be shown m a similar manner, it may enter through terms 
involving the space-gradients but not otherwise The latter terms introduce rotational 
quality of the structural type, with which we are not now concerned The former terms 
lead to the magnetic typo of rotation, here related to the vector (ttj, a^, Og), which 
must be detei mined by the impressed magnetic field or other exciting cause of vector 
character the existence of such mixed terms, involving {P, Q, R) and dldt(P, Q, R), 
in fact adds to the polarization a part at right angles to d/dt (P, Q, R) and to this 
vector (uj, Oj, Og), and ei^ual to their vector product divided by 47rc^^, which is m all cases 
entirely of rotational character Terms of the form of a quadratic function of the 

gradients of (P, Q, R) by themselves would merely modify the form of the function 
Pg so that its coefficients depend m part on the period of the vibration, that is, they 
would be merged in optical dispersion of the ordinary type *The question also arises 
whether the ordinal y dielectric constants, namely the coefficients of the function FsiP, Q, R), 

are sensibly altered by an impressed magnetic field This point can be settled by aid of 

the principle of leversal When the electric force and the impiessed magnetic field and 
the time are all reversed, the effect on the induced electric polarity must be simple 
reversal hence a reversal of the magnetic field cannot affect the coefficients in Fi{P, Q, R) 
hence these coefficients must depend on the square or other even power of the impressed 
magnetic field but the rotational terms depending on its first power are actually very 
small, therefore any terms depending on its second power aie wholly negligible This is in 
accord with Mascart’s experimental result 


The right-hand sides of the equations of propagation in the material medium, as 
above indicated, can thus, for light of period 27r/jp, be expiessed in the form 


p^G-\K,p- 


df 


' dt 




dt ’ 


„ _^d^Q dR^ dP 


K.p- 


dt^ 


dP 


dQ\ 

dt)' 
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In the case of an isotropic medium for which K.^, are each equal to if, these 
equations of vibration can be restored to their normal form, when the square of the 
magnetic effect is neglected, by employing a coordinate system rotating with angular 
velocity as) Thus the effect of the impressed magnetic field is that the 

vibrations of the electric force, propagated as if that field were absent, are at the same 
time carried on by a motion of uniform rotation around its axis so also, in viitue of 
the second of the above circuital relations, are the vibrations of the magnetic force The 
electric force is not exactly on the wave-front because under the magnetic conditions it 
IS not exactly circuital the magnetic force is exactly on the wave-front Thus we have 
the direct result that a plane-polarized train of electric vibrations, of wave-length X, 
travelling along the direction of the impressed magnetic field H, is rotated around its 
direction of propagation through an angle proportional to eHjKX^ per unit time, so that 
the rotational coefficient per unit distance is proportional to eH/K^X^, where e is itself 
affected by dispersion and is thus to a slight extent a function of the wave-length When 
the wave-train is not travelling in the direction of the magnetic field, it is the com- 
ponent of H along the normal to the wave-front that is effective the other component 
of the rotation, around an axis in the plane of the wave-front, then gradually deflects 
the front so as to produce curvature of the rays, but so excessively slight as to be of no 
account The magnetic effect is thus a purely rotational one whatever be the direction of 
the wave- train with respect to the held and the phenomena in an isotropic medium may 
be completely described kinematically on that basis 

When the medium is crystalline, its rotational quality is mixed up with its double 
refraction yet in ordinary ciystals the differences between K^, A,, Ki are slight, so that 
the phenomena are still approximately represented by each permanent wave-tram, polarized 
in the manner coi responding to its direction of propagation, rotated around that diiection 
with velocity proportional to the cosine of the angle it makes with an axis which need not 
now be the axis of the impressed magnetic held 

This direct method of exhibiting the nature of the effects may also be applied to the 
case of structural rotation, in which by an argument similar to the above, but dealing with 
energy-terms involving space-gradients of the electric force, we obtain for the material 
medium a constitutive relation of type 


47rc’^(/', g', + 


dR 
dy ’ 


+ ttj 


dec 


dP 
* dz* 




dP 

dy 


Ui 


dx) ’ 


when the piincipal axes of the rotational quality coincide with those of the ordinary 
dielectric quality For a plane wave-train travelling m the direction {I, m, n), for which 
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this may be expressed in the form 

*,..(/•. ). 

so that, when aie each equal to K, the equations of propagation are reducible 

to the normal form for a non-rotational medium by imparting to the coordinate axes a 
velocity of rotation ma^, vits), which implies a coefficient of rotation of a 

plane-polarized wave equal per unit distance to (Zui, ma^, na^ where \ is the 

wave-length in vacuum. This is the law of rotation for wave-trams travelling in various 
directions m a simply refracting medium with aeolotropic rotational quality This law 
also applies approximately to crystals such as quartz, inasmuch as the difference between 
the principal refractive indices is not considerable in quaitz the vector (a,, ctj. a^) must 
by symmetry coincide with the axis of symmetry of the crystal thus the coefficient of 
the effective component, that normal to the wave-front, of the imposed rotation for a 
wave-train that travels in a direction making an angle 6 with that axis is proportional 
to cos^ 6, not to cos 6 as in the magnetic case In this case the rotational effect is 
superposed on the double refraction, so that a plane-polai ized wave instead of being 
simply rotated will acquire varying elliptic polarization it is howevei a simple problem 
m kinematics* to determine the types and the velocities of the two elliptically polarized 
wave-tiairis that will be propagated without change of form under the two influences, 
each supposed .slight 

It appears from this discussion that magneto-optic rotation is a phenomenon of 
kinetic origin, related to the free periods of the molecules and not at all to their 
mean polan/<ition undei the action of steady elcctiic force it is thciefore entiicly of 
dispel sional character 

Again the intrinsic optical rotation of isotropic chiral media 4 s lepiesentcd by a con- 
stitutive relation of type 

47rc'^ dy) ' 

showing that the rotational term is propoitional to the tirne-gradient of the magnetic held : 
this effect would thercfoie be entirely absent in statical ciicumstances, and only appears 
sensibly in vibratory motion of veiy high freijuency In this case no physical account of the 
origin of the term has been forthcoming we have to be content with the knowledge that 
the form here stated is the only one that is admissible in accordance with the principles 
of dynamics 

As the lotatory power, of both type.s, is thus connected with the dispersion as well as 
the density of the material, it is not strange that attempts, expeiimental and theoretical, 
to obtain a simple connexion with the density alone, have not led to satisfactory results 
The existence of a definite rotational constant foi each active substance has foimed the 
mam experimental icsource m the advance of stereochemical theory but the present 
considerations piepare us for the fact that no definite lelations connecting rotational power 
with constitution have been found to exist, — that the quality, though definite, is so to 
speak a slight and accidental one, or rather one not directly expressible in terms either of 
crystalline stiucture oi of the mam constitutive relations with which chemistry can deal 
* Cf Gouy, Joxun de Phy<i , 1885, Lefebvre, loc ext, 1892 , 0 Wiener, TFierf .Inn, 1888 
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General Vibrating System in which the Principal Modes are Circular 

9. We are entitled to assert, on the basis of Fourier’s theorem, that any orbital 
motion which exactly repeats itself with a definite penod can be resolved into constituent 
simple elliptic oscillations whose periods are equal to its own and submultiples thereof 
Such a motion would therefore correspond to a fundamental spectral line and its systerr 
of harmonics The ascei tamed absence of harmonics m actual spectra shows either that the 
period corresponding to the steady orbit is outside the optical range, or else that the stead} 
motion emits very little radiation as in fact its steadiness demands The radiation wouk 
then arise from the vaiious independent modes of disturbance, each of elliptic type oi 
account of the absence of harmonics, that are superposed on the steady orbital motion 

To ascertain the nature of the polarization of the vibrations when in a magnetic field 
we have first to decompose each orbital motion into its harmonic constituents, which an 
elliptic oscillations each of the latter can be resolved into a linear oscillation parallel t( 
the axis of the magnetic field, another at right angles to it, and a circular oscillatior 
around it , and of these the second linear oscillation can be resolved into two equal circula 
oscillations in different senses around it Now when the uniform lotation around the axii 
is superposed on the components they all continue to be of the requisite simple harmonn 
type, but the periods of the two circular species, — which as has been seen are of amplitudei 
different as regards the various molecules but equal in the aggregate, — become different 
they are the three Zeeman components 

Nothing short of complete circular polarization of the constituent vibrations of perrnanen 
type in each molecule will account for the complete circular polaiization of each of th( 
flanking Zeeman hues If these vibrations were only elliptical, but propagated with difieren 
velocities according to the sense m which the orbit is described, each would be cquivalen 
to a circular vibration together with a linear one and as the total illumination is the sun 
of the contributions from the independent molecules, the circularly polarized light wouk 
then be accompanied by unpolaiized light of the same order of intensity This rostrictioi 
of type of vibration suggests the employment in the analysis of variables each of whicl 
corresponds to a circular vibiation, as do the 7 ; variables in what follows 

For simplicity let us take the axis of z parallel to the impiessed magnetic field, am 
let (A', F, Z) represent the statical forces transmitted by aethcr-sti am from the other loni 
in the molecule to a specified one The equations of motion of that ion are 

— Ky) = X, m{y-\- kx) = F, mz = Z 

We now make no assumption with regard to the magnitude of the electric charges am 
effective masses of the various 10 ns, which may differ in any manner. In this ion let ui 
change the variables to 


^ = a; + ty, r}=x — iy, 
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80 that 


2a; = ^+i?, = 


and therefore 

the equations become 


^ d d d ^ d d d 

m(^ + iKl) = X + i¥, 
m{f} — iK-^) — X — tF, 
mH =Z 


If therefore A + iF is a function only of the f coordinates of the electrons, and A — tF 
a function only of the rj coordinates, and Z only of the z coordinates, these groups of 
coordinates will be determined from three independent systems of equations 


On our hypothesis of ions moving with velocities of an order below that of radiation, 
the mutual forces acting on them aie denved from a potential energy function • thus 


(A, F, Z)-. 


-k(± 




dzj 


W 


where k may be supposed to vary from one ion to another, being equal to the electnc 
charge when the mutual forces are considered to be wholly of electnc origin. Then 


-(x+^y)=- 

m 


^dW 

m dr] 


^(A-.F) = - 


2k dW 
m d| * 


The solution of the complete system of equ.ations, thiee for each ion, will in any case 
involve the expression of 77, z for each ion as a sum of harmonic terms of the form 
each with a complex numeiical coefficient, but when the coefficients of one of them are 
assigned those of the others are determined The vibration for each ion is thus compounded 
of a system of elliptic haimonic motions of definite forms and phases Their components in 
the plane r] will be circular vibiations only when the ^ and y coordinates vary inde- 
pendently of each other, that is when dWfdr] is a function of the^ ^ cooidmates of the 10ns 
alone and dWfd^ a function of the rj coordinates alone This condition can only be satisfied, 
W being real, when it is a linear function of z^ and of products of the form ^rVr or ^rVe ' 
it may thus be any quadratic function of the coordinates which is invariant m form as 
regards rotation of the axes of x, y around the axis of z. Under these circumstances the 
free periods for ^ coordinates, 77 coordinates, and z coordinates will all be independent, and 
either real or pure imaginary* in an actual molecule they will be real. For example a 
permanent vibration of f type will be represented by 

tty being chosen so that Ar is real thus 

Xr = cos {prt + ftr), Sin ( p^t + «,) 

representing a series of iight-handed circular vibrations, each series having definite phases 
and also amplitudes in definite ratios for the various 10ns. Again for the 77 type we have 

* Routh, Eisay on StabtUty, 1887, p 78; DynamWt vol n, §319 
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so that Xr — SBr cos (qri + ^r), yr= — Sin {qrt + ^r), 

which represents similarly a series of left-handed circular vibrations The vibrations of z 
type will of course be linear m form 

Thus supposing the effective masses and charges of the various ions to be entirely 
arbitiaiy, the effect of an impiessed magnetic field will be to tuple the periods and 
polarize the constituents in the Zeeman manner, provided the potential energy of the 
mutual forces of the ions is any qaadiatic function of the coordinates of the vibrations 
which satisfies the condition of being invariant in form with resjicct to lotation of the 
axes of coordinates around the axis of the magnetic field. 


The essential diffeience between the type of this system and that of the one 
previously considered will appear when the latter is derived on the hues of the present 
procedure The equations aie 


i -H = - 


UdW 

m dr) ’ 


^kdW 

T)- LKr)=— ^ , 
m 

m dz 


On writing 
they become 


7)' — e Tf), 


r+M' — 


U.d^ 

in dr)' 


r)' -f = - 


U.dW 
m d^' ’ 


kdW 
m dz 


The form Tf will be unaltered w'hen it is expressed in terms of f', r)\ provided 
it depends only on the mutual configuiation of the ions, and k is the same foi all of 
them , hence when is negligible compaied with unity, (f', r)', z) are determined by 
the same ec^uations as would give (^, r), z) on the absence of a magnetic held and 
from this the pievious results follow 


10 We have thus reached the following position Let the coordinates (x, y, z) 
of an ion be resolved into two parts, namely (ri, zf) which are known functions of 
the time and repieserit its mean or steady motion, and {x\ y', z) which aie the small 
disturbance of the steady motion constituting the optical vibrations When this substi- 
tution is made m the dynamical ecpiations the quantities relating to the steady motion 
should cancel each other, as usual, and there will remain equations, of the original 
form, involving (a', y', z') from which the accents may now be removed The forces 
relating to these new coordinates will still be derivable from a potential energy function 
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and as by hypothesis the vibrations are all ‘ cycloidal ’ or simple harmonic, this function 
must be homogeneous and quadratic in these coordinates The total potential energy 
must be detennmed by the instantaneous configuration of the system, and will therefore 
remain of the same form when referred to new axes of coordinates This confines the 

quadratic part representing the eneigy of the disturbance to the foim given above, 

the vibration of each ion will then in general consist of a system of elliptic oscillations 
of all the various free peiiods, equal in number to the ions and the effect of an 
impressed magnetic field will be to triple each vibration-period and to polarize the 
constituents m the Zeeman manner The ste.idy or constitutive motion of the system 
must be so adjusted that it does not sensibly radiate otherwise it would gradually 
alter by loss of its energy 

As the axis of the magnetic field may be any axis in the molecule, the function 
which represents the potential energy must thus be such that the vibrations resolved 
parallel to any axis form an independent system hence it is confined to the form 

Tf = - [(x/ - + (y/ - + {z/ - z/y} + IBr, (x/x,' + yr’yj + Zr'zs), 

= - {(^/ - !«') iv/ - Vs) + (V - Zg'y] + {^r'vs + ^s o/ + ^z/z/) 

Thus in the absence of a magnetic field the vibrations of the x coordinates, of the 

y coordinates, and of the z coordinates of the ions will form independent systems of 
precisely similar character It is m fact only under this condition that it is possible 
for the components, paiallel to any pi me, of the elliptic harmonic vibrational types of 
the various ions, to foim a system of circulai vibrations with common sense of lotation 

If mlk = \ and 7a/</^ = V, the e(piations of motion are of type 

tJW dW dW 

Xf + tXP + 2 V“ = 0, \r) - + 2 Z =0, \z+ ! = 0 

^ ^ dr) d^ , dz 

The peiiods of the right-handed circular vibrations, of type ^ ac period 27r/p, will be 
given by the e(|uatiun 

' — Xip* — Xip — SAi;., (7],, (7 i3, (7j4, Cm =0, 

j (7.,, 0^, C^ | 

1 C'si, f7,„ -\,p^ Osi, . C'sn , 

in which Crg — A^g + Br, those of the left-handed circular vibrations by changing the 
sign of each X' in this equation those of the plane-polarized vibrations, which aie the 
natural periods of the molecule, by making X' null On account of the great number 
of the constants, compared with the numbei of fice peiiods, simple relations among the 
periods can only arise fiom limitations of the gerieiality of the system 

The duplication or triplication observed in the constituent Zeeman lines would on 
this theoiy aiise from the presence of two or three equal roots in the peiiod equation 
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for natural vibrations of the system, which would be differently affected and therefore 
separated by the impiessed magnetic field. 

This analysis is wide enough to apply to a system consisting of a continuous 
electncal distribution, whose parts are held together in their relative positions either 
by statical constraint or by kinetic stability for then the potential energy still depends 
on the relative configurations of the elements of mass of the system. 

We have however not arrived at any definite representation of the dynamical 

system constituting a molecule, except that it consists of moving electric points either 
limited in number or so nuraeious as to form a practically continuous distribution 
but reasoning from the definiteness and sharpness of the periods in the spectium, and 

the facts of polarization of light, it has been inferred that the vibrations of the 

molecule form a ‘cycloidal’ system and theiefore arise from a quadratic potential energy 
function • the total potential energy function must therefore consist of two independent 
parts, that belonging to the steady motion, m which the coordinates of the vibrations 
do not occur, and this pait belonging to the disturbance which is quadratic in its 
coordinates as a whole it must depend on the configuration of the system and not 
on the axes of coordinates, hence this quadratic part is invariant with regard to change 
of axes this confines it to the form given above,— which had been found to be 
demanded by the existence of the Zeeman phenomena 

It has thus been seen that the fact that the vibrations belonging to the Zeeman 
constituent lines are exactly circular, and not merely elliptic with a definite sense of 
rotation, requires that the right-handed and left-handed gioups of vibrations Kshall form 
two independent systems as the magnetic field may be m any direction as regards 
the molecule, this requires that its vibrations, when the magnetic field is absent, can 

be resolved into three independent systems of parallel linear vibrations directed along 
any three mutually rectangular axes This again involves that an electric force acting 
on the molecule will induce a polarization exactly in the direction of the force, and 
proportional to it^'^ that in fact notwithstanding its numerous degrees of freedom the 
molecule is isotropic Thus the source of double refraction in ciystals or strained 
isotropic substances would reside in the aeolotropic arrangement of the molecules and 
not in their orientation but there can also be an independent intrinsic electric polaiity 
in the molecule depending on its orientation and not on the electric field, such as is 
indicated by piezoelectric effects in crystals. 

If the molecules were not thus isotropic as legards induced electric polarity, the 
electric vibration induced in the molecules, when a train of radiation passes across a 
medium such as air, would not be wholly in the wave-front In the theory of optical 
dispersion the coefficientst would then be averages taken for a large number of mole- 

* Cf Kerr’s striking result, Phil Mag , 1895, that m velocity of propagation affected, 
the double refraction produced in a liquid dielectric by an + « <7 K, Cj, c,, c/, c/, in Phil Trans 1897 A, 

electric held, it is only the vibration polarized so that its p. 238. 
electric vector is parallel to the electric held that has its 
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cules orientated in all directions, such as may be considered to exist in an effective 
element of volume of the medium and this averaging would constitute the source of 
its isotropy But there would remain a question as to whether, when a plane-polarized 
wave-train is passing, those fortuitous components of the polarization of the molecules 
that are not in the direction of the electric vibration of the wave-train would not 
send out radiation as independent sources and thus lead to extinction of the light 
The definite features of polarization of the light scattered from a plane-polarized train 
by very minute particles or molecular aggregations seems also to suggest in a similar 
manner that the individual molecule is isotropic. 



XXII. On the Theory of Functions of several Complex Variables. 

By H F. Baker, M.A., F US., Fellow of St John’s College. 

\^Rec 9 ^ved 9 February 1900 ] 

The present paper is primarily a reconsideration of the paper of M Poincard in 
the Acta Mathematica, t xxii (1898), p 89, and depends for its interest on the remark- 
able discovery of the expression of an mtegial function by means of the potential of 
the (n — 2)-fold over which the function vanishes, which is virtually contained in 
M Poincai^’s paper in t ii of the Acta Mathemutica (1888), pp 105, 106 The 
following points of novelty may however justify its publication (i) By means of a 
generalisation of the theoiems of Green and Stokes, for the transformation of multiple 
integrals, the imaginary part of the function of the complex variables is introduced con- 
cuirently with the real part, (ii) and thereby, as would appear, the coefficients in the 
quadratic function used by M Poincard {Acta Math, t xxii p. 174) are shewn to be 
zero, (ill) The theory is put in connection with Kronecker’s formulae {Werke, Bd l. 
p 200), whereby it follows that the imagmaiy pait of the logarithm of the integral 
function IS a generalised aohd-anyle, just as M Poincard has shewn th(‘ real pait to 
be a geneialised potential In general Kionecker’s integral, unlike Cauchy’s, does not 
represent a function of complex variables unless the (a— l)-fol(l of integration is closed, 
in the present paper there arises a Kroncckcr mtegial which is an exception to this 
rule (the integral §§ 12, 17) (iv) The definite formula heie given for the integral 

function IS not limited to the case of periodic functions , though on the other hand it has 
not that general application which belongs to the theory of M Poincard’s earlier paper, 
in the Acta Math t ii In that paper there remains m the lesulting formula an integral 
function of which the existence is pioved, tor which however no dehnite expression is 
given, in the present paper, in order to have a definite expiession, I have hasarded a 
limitation which may be regaided as a gencialisation of the notion of the genre of 
functions of one variable This limitation arises by regarding the (a — 2)-fold integral 
which enters here as a generalisation of the sum which is obtainable by taking the 
logarithm in Weierstrass’s general factor formula for an integral function of one variable. 

The paper is divided into two parts, of which the former contains a formal proof of a 
theorem constantly employed in the theory developed in Part II. 
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Part I. Preliminary. 

Formal proof of the general Green-Stokes theorem 

1. In Euclidian space of n dimensions we can take near to any point P whose 
coordinates are (iri , . , the n points 

Pi with coordinates + 

Pn with coordinates (xi + dnXi, Xn + dnXn), 

it being supposed that the determinant, M, of a rows and columns, whose (r, 5)th element 
IS drXg, IS not zero. At each of the points Pi, ..,Pn we can similarly take n independent 
consecutive points, those at Pr being P^, P,^, . Pm, at each of these points of two 
suffixes we can take n others of three suffixes, and so on Making the convention that 
the sth satellite point of Pr, namely Prs, is the same as the rth satellite point of P,, or 
Pgr, or in other words that the suffixes shall be commutative, we can associate the deter- 
minant M with the ‘cell’ which is defined by the 2'^ points 

P, P„ , Pn, P.„ . .. P.n, , 

whose suffixes consist of all the combinations of not more than n different numbers from 
1, 2, .., n We may suppose space of n dimensions to be divided into such cells, and 
call the absolute value of the determinant M the element of extent of the space, denoting 
It by dSn 

Similarly if we have in n dimensions a space of (n — r) dimensions, defined suppose by 
r equations 

• , X,i) = 0, ,fr(^Xi, .., Xfi) = 0, 

With a certain numbei of inequalities, we can associate with every point P of this space 
(n—r) satellite points, Pj, , Pn-r, also lying in this space, the coordinates of these 
points being denoted by 

Xi-hditXi, ., Xn + djkXn, k = l, 2, , (n — r), 

and with each of these (n — r) others, and so on, and so we can suppose the space of 
(n — r) dimensions divided into cells, each defined by 2”“’’ points , with each of these cells 
we can as before associate an element of extent for this space, which we denote by 
dSn^r, IS defined as the positive square root of the sum of the squares of all the 

determinants of (n — r) rows and columns which can be formed from the matnx of 
n columns and (n — r) rows 

\dkXi, djfXi, . , ditXn\, ^•=l, 2, . ., (n — r), 

or, what is the same thing, as the positive square root of the determinant of (n — r) rows 
and columns which is formed by multiplying this matrix into itself, row into row, in 
the ordinary way. 

VoL. XVIII. 
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2 In what follows we call the aggregate of all the points of a space of (n — r) 
dimensions, limited or not, an (n — r)-fold. We also use quantities, called the direction 
cosines of the normal to the (w— r)-fold, let the (n— l)-folds 


./; = o, . .,/,=o 

be always supposed taken in the same order, given by the suffixes, let b, d, e, h, k 
be any r of the numbers 1 , 2 , . , w, no two of them equal , then the ratio of the 
Jacobian 

r _d(fu 

to the positive square root of the sum of the squares of all the possible such 

Jacobians is denoted by Kb^d,e, ,h,kt ^nd is one of the direction cosines in question, we 
suppose in geneial the suffixes taken in their natural ascending order, from each of the 

direction cosines |r — 1 others can be formed by permutation of the suffixes, every 
interchange of two suffixes causing a change in sign in the direction cosine 
We have then the following theorem 

Suppose that a finite portion of the (non-singular) (n - r -I- l)-fold given by 

yi = 0, . , /r-\ = 0, 

is completely bounded by a closed (non-singular) (71 — r)-fold given by 

/ = 0, .. ,/r-x = 0, /,= 0, 


and that throughout the limited portion of the (w — r+l)-fold we have fr<0, let P be 
any function of ccn for which it is supposed that itself and its first differential 

coefficients are finite and continuous (and single- valued) throughout the space considered , 
then 

“S'/ 

“ J hk P dSn—n 

wherein the second integral is taken over the complete closed («— r)-fold, and the first 
integral over the enclosed portion of the (n — r-f l)-fold , in the first integrand there are 
r terms, the suffix in any one of them consisting of (r — 1 ) numbers in their natural 
ascending order 

If we introduce functions such as P, and make the rule that an interchange 

of two numbers of a suffix shall entail a change in the sign of the function, we can put 
the result in a clearer form 


// 




:dPde 


-dSr, 




kdSn-r, 
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where on the left under the integral sign the first summation extends to every combination 
of (r— 1) different numbers d, e, h, k from 1, 2, n, and the second summation 
extends to the (n — r + 1) different values from 1, 2, , n which m can have so as not 

to be equal to any one of d, e, h, k, on the right under the integral sign the 
summation extends to every combination of r different numbers b, d, e, h, k from 
1 , 2, n. 

3. Of this result it will bo sufficient to give a proof for the case r = 3, the general 
case being similar 

We suppose then a finite (non-singular) portion Hn-i of an (w— 2)-fold, which is given 
by the equations 

^n) = 0, 

to be bounded by a closed (non-singular) {ii — 3)-fold //n-a given by 

/i(^i, . ,^Pn) = 0, /,(d7,, ,a;„)=(), .,Xn) = 0 

We can imagine -^fn -2 divided into cells in a manner before indicated, the satellite points 
of P, whoso coordinates aie (a^,, . , «•„), being denoted by P^ whose coordinates are 

{(Ti + dicOCi, . , Xn + dk^n), k=l, 2, , (n — 2). 

In general the differentials dk^Cr are arbitiary, save tnat the determinants of (n — 2) rows 
and columns formed from their matrix must not all be zero, but we shall ultimately 
find it convenient for our purpose to suppose that of the diffeientials 

dn—2^i> dji—z^it > dfi—z'^n 

all but three, say all but dn-2^b, dn-i^t, dn^^Xh, are zero, the ratios of these three will 
then be determined from 

d a* + — d X d Xh —0 

5^' (in_sA + 1^' = 0 , 

dxi dXe exh 

it is clear, in fact, that we can draw' on Hn-i through every point P a one-fold (or 
curve) along which all the coordinates except x^, x^ are constant , taking then any 

point P and taking (71 — 3) of its satellite points Pi, , P „_3 arbitrarily, we can draw 
such a curve through P and each of Pj, , Pn_s, and take for the satellite point Pn-a 
a point near to P along the curve through P, we thus arrange the cells into ‘strips,’ 
each strip having (71 — 2) curves, such as those through P, Pi, , Pn-s, as edges 

4 A set of (77 — 3) neighbouring points Qi, .. , Q „_3 in which the curves drawn on 
Hn-i through Pj, ..., P„_a intersect the (n — 3)-fold Hn-i may then be taken as the 
satellite points on Hn-3 of the neighbouring point Q m which the curve tlnough P 
intersects Hn-a, we have thus a possible basis for the division of Hn-a into cells, which 
it will later be convenient to adopt We assume that the curve on Hn-a which is drawn 
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through P intersects the closed Hn-t m an even number of points; and to shorten the 
proof we shall speak only of two, say and Then if the differentials 

dn- 2 ^e, dn-iXh be always taken in the same direction along this curve the 

expression 


- 0/s , , ?/» j . ^/s j 

-iji 0^^ dn—i^b I 0^ ®n— "h 0^^ ®n— a^A 


Will have different signs at and and in fact, since /s<0 over Hn-^, the expression 
will be positive at the point, say where the curve through P leaves Pn-a. and negative 
at the point Q<®>, where the curve enters Hn-i 


5 Considering now any point P of i/n-a. and its satellite points 

(ajj -f djtar,, , + d^Xn), i = 1, 2, . , (n — 2), 

in regard to which we do not until special mention is made of the fact mtioduce the con- 
vention that all but three of the differentials 


are zero, we have 


and hence easily find 


(^n— » > dn—zXii) 


^ = 1, 2, , {n- 2), 





= €„_j, say, 


wherein 


Jr,= 


dXr' 


dA 

dx. 


I dXr dxg 

and Mr» denotes a determinant of (w — 2) rows and columns, obtained by taking the deter- 
minant which remains when in the matrix of n columns and {n — 2) rows 


I dhXi, .. , dieXn\ , A: = 1, 2, , (w — 2), 

the rth and sth columns are omitted, and prefixing to this determinant the sign (— 
or (— according as r<s or r>s 


We require now to make it clear that we can suppose the sign of the ratios €„_3 to 
be the same for all points of the limited for this purpose suppose 

Pn-u with coordinates (a?i + dn-iiCi, ..., Xn dn-\Xn), 

Pn , with coordinates (Xi + dnXi, ..., Xn + dnXn ), 


and 
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to be satellite points of P of which is on /i = 0 but not on/a=:0, and P„ is not on 

either of the two /i = 0, /a = 0 , then we have 

_ 

M„- - - Mr,' 

•/ri 1 “t" "I" t/rn^n— 

"h ••• “f* Mrndn—i^n 


M 

da^r 


dn. 




T" 


dn-\f\ 


where denotes the value obtained by taking the determinant left when in the matrix 
of n columns and (n — 1 ) rows 

I dkOri, . , dkXn 1 , ^ = l, 2, . , (n-1), 

the rth column is omitted and prefixing the sign (—!)“+'■ to this determinant, hence as 
dn-ifi = 0 we have 

dn-xh ^ 

^ a/i 

_ 

~Mr ~K’ 

grf„X.+ 

Midnili+ +Mndn«^n ' 

M ’ 

where M is as before the deteimiiiaut 

I dkXi, , \ , k=ly 2, . , n. 

Thus on the whole we have 

tAa Jra _ _ dnj^i . dn^ij^^ 

*”-■ 'Sir. M" 

We now make the assumptions (i) that for all points P of Hn-^ the satellite point Pn is taken 
in space on that side of the {n — l)-fold fi = 0 for which /i>0, so that dnf is constantly 
positive, (li) that the satellite point Pn-x taken on fi = 0 on that side of f = 0 for which 
f > 0, 80 that dn-ifi 18 po8itive, (in) that the satellite points Pj, . . , P „_3 are constantly taken 
on yi = 0, /a=»0 in such a relation to P„_i and Pn that M is constantly positive over Hn-a> 

Under these assumptions ejich of the ratios JrJMrt maintains a positive sign over 




\dkXi, dkXn\, A? = l, 2, (w-3), 

and prefixing a certain sign to the resulting determinant. This sign is supposed to 
be given, as for the two previous cases and as in general, by the following rule, 
consider the determinant of n rows and columns whoso first (n — 3) rows are formed 
by the matrix just described, whose (a — 2)th row is whose (a — l)th row 

IS 5i, ..., Bn, whose nth row is (7,, (?„, then the expansion of this determinant is 

1 to n 

thus when r, s, t are in ascending order the sign to be prefixed to the determinant 
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by which Mrgt is formed is (— !)"+»•+»+<-» Hence, taking the satellite point Qn-z, of Q, 
upon /i = 0 and /j = 0, but not upon /» = 0, we have 

Jrsi _ J rw Jrm 


J rn^ n—z^x "k • J rm^ n—z^n 
^rn^n—z^i + • "h ^rttn^n—z^n 


here the numerator is 




dXr ’ 

dxg 

a/. 

dfz 

dXf ’ 

dxg 

a/a 


dXr ’ 

dug 


^n—zfi > 

dn-zfi 

dn-ifz 


and therefore, since dn-ifx = 0, c?n-i/j = 0, is equal to 

J rs^n—zfi) 

the denominator can be seen to be exactly equal to thus we have 


and so obtain 


f^rkt ~ J rst “~ \ 1 

— arrr. / /7 ^ \ 


the element of extent dSns being by definition equal to 


7 At this point it IS convenient to recall the connection which has been established 
above (§ 4) between the division of lln-z and //«-* mto cells With that arrangement 
the J,s and ilf^* now aiising in the consideration of Kr^t oaay be regarded as identical 
with those that arose just previously in considering /c„ We proceed to utilise this 
Consider the determinant of n — 2 lows and columns 

diPjst} di^if , diOCf^ , 

dn—2 ret » ^n— 2^1 » > dn—^SCn 

wherein (x + d^x, . ,x-]-dn- 2 ^) are satellite points of (x), upon Hn-z, the columns con- 
taining Xr, Xg, xt are omitted, and Prgt is a function which is single-valued, continuous 
and finite upon Hn-z and Hn-z, and possessed of single-valued finite differential coefficients 
The suffix of Prgt 18 not necessary for our present purpose , but it is convenient, as 
enabling us to define functions derived from this one by interchange of two elements 
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of the suffix, with corresponding change of sign of the function. The determinant, if 
r, s, t are in ascending order, is equal to 




(• 

On the other hand, supposing as in § 3 that all the differentials dn- 2 ^i» •••, t^n-a^n 
except* dn- 2 ^r) dn-^cc,, dn-qSCt are zero, the determinant is equal to 

Mru. 

Hence finally we can evaluate the integral 


[[( dP^tr, dPrts, 


taken over Suppose divided into strips as in § 3, and find the contribution 

of one of these strips The integral is 

which by the identity just found, and because we can suppose sgn {JrsIMn) to be the 
same over the whole of /Tn-a, is equal to 


sgn 




as we pass along the strip under consideration the determinant M^gt is constant, thus 
the integration along the strip gives 


sgn (^j 


where the single integral sign indicates an integration extending to all the strips, and 
P^lti fhe values of at the points where the curve of mtegiation 

through the point P, along which only the three coordinates Xg, Xt vary, respectively 
leaves and enters P„_8. We have seen that 


Krgt dSn^g — M rgt Sgn ^ ^ d^—gf^ , 


and moreover that is positive at and negative at , hence the element 

sgn 

IS the sum of the two elements of the integral over H„_s which is expressed by 

jf^rttP rttdSn—st 

which aiise corresponding to the cells at and Thus we have proved that the 

* In § 8 the differentials not zero were denoted by dn-*®6» 
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latter integral, over ir„_8, is equal to the integral from which we started which is taken 
over Hn-ii and this is what was desired 

We can then by a summation infer that 

f X [f X Kr,. X^p^.dS,,^, 

JJr.s t OXt 

which IS a convenient way in which to state the result There are terms in the left- 
hand integral, and {n — 2) = 3 terms in the right-hand integral 

A similar argument will be found to lead to the general result stated in § 2. 


8. If we put, in the case for which the proof has been carried out, 

Y V 


as n nccossaiy conditions that the integral 


JJ^rs^rs-^ r« dSn-j, 


taken over a finite portion of an (?i — 2)-fold may be capable of being represented as an 
integral over the closed (;i— 8)-fold bounding this portion If these conditions are satisfied, 
functions satisfying the equations 


must be found, in order that the expression may be possible , but it is necessary that 
the functions so found should be finite on the (n — 3)-fold (cf § 28) 


The equations 


X = 0 

S 


have been given by Poincare (Acta Math ix (1887), p. 337) fiom a somewhat different 
point of view We can as an application generalise Cauchy’s theorem to the p-fold 
integral 


.. .... 


where |i, . ., arc complex variables For example, for = 4, the integral 


///(?.. 
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taken over a closed (n — 2)-fold, which (see § 9 below) may be interpreted as 

jj/a,. l#Ci4 “I" /C 24 ) dSji — 2, 


IS equal to the integral 

taken over the (h — l)-fold bounded by the (n — 2)-fold, and this vanishes identically 
account of 


(i 




on 


It 18 supposed that the oiiginal {n — 2)-fold of xntegration is not one given by the vanishing 
of a single equation involving the two complex variables, since utheiwise (cf § 9 below) 
Kit — K^, /iCi 4 = — /C. 23 , and therefore 

Ku + t/fi 4 + l/e-a — AC24 = 0 


Part II 

The expression of an integral function whose zeros are given. 

9 In what follows we consider a space of n dimensions, n being even and equal 
to 2j9 The points of this space being as before given by the n coordinates Xi, 
we define from these p complex variables by means of the equations 

= (r = l, 2, . , p) 

As it IS desiiable to take the various points sepaiately we begin by supposing that 
we have defined m this space an {n — 2)-fold, given in sufficiently near neighbourhood 
of any point {xf\ , of itself by the vanishing of an ordinaiy power senes in the 

quantities ^1 — where =■ ^ir-i + We proceed to shew that the 

(n — 2)-fold can be given throughout its extent by the vanishing of a single-valued 
integral function of ^ 1 , , (§ 15) 

Such an (n — 2)-fold, given by relations involving only complex variables, may be 
called a complex {n — '‘2)-fold , its direction cosines satisfy particular lelations, as we now 
prove. It 18 determined in sufficiently near neighbourhood of any point of itself by the 
two equations arising, say, from 

•••. ^p) = u + ^v = 0, 

where u, v are real functions of the n real variables a?,, .. , Xn, which satisfy the 
equations 

du dv du dv 
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thus if we denote dnjdxg and dv/dxg respectively by Ug and Vg, the direction cosines of 
the (n - 2)-fold, defined m § 2 ante, are given by 

tCj.^ , = (UrVg — UgVr)lh, 

where h is the positive square root of 

2 (UrVg - VgVrY = («!*+...+ Wn*)’ = + . . + Vn*)® » 

r, 8 

now we have 

— '^2»— 1^2>— 1 “ — ^ar^s* "h ^at^ar ~ — War— i^a* "h '^ar'^a*— 1» 


SO that 


U^r—iV^g — ^2*— l^^ar — '^ir—\^28—l "h 


^2r— i,a»-i — — 


'^2r'^28—j 
Ui^ + ... 


+ Un^ * 


and 


^ar— 1, a* — ^ar, 2«— i — 


Way — i^^a* — 1 ”1” 

Ui + + Un ’ 




These relations are of importance to us They of course require modification at any 
singular points of the (?? — 2)-fold , the present paper is so far incomplete that the con- 
sideration of the effect of the singular points is omitted , the final results obtained are 
expressed in a form which is believed to be unaffected by the existence of such singular 
points 


10 Consider now a limited portion of an {n — 2)-fold, bounded by a closed (n — 3)-fold. 
Denote by , Xn the coordinates of a point on the (/i — 2)-fold or on the («. — 3)-fold, 

and by (^i, . , tn) the coordinates of a finite point of space not on either of these, the 
corresponding complex variables being as before given by 


Tr = tir-x+lt 2 r, r=l, 2, . , p. 

Let Li, , Ln and Ru Rn he single- valued functions of iti, . , Xn and of ^i, . , 
which are continuous and finite, with their differential coefficients, so long as (xi, ... , Xn) 
IS upon the (n — 2)-fold or (a — 3)- fold under consideration, and the point (ti, . ., tn) is 
in finite space and not upon the (n — 2)-fold or (w — 3)-fold , further suppose that these 
functions are such that 


and 


dL,^_dR, 

dtg dxg ’ 


dRi dRi 

dxi dxg'^ ' 


dx 


(i, 5=1, 2, ... , n), 


Consider the n integrals 


{Tr — J(^n^i 


+ . . . + Km^n) d^n- 


(r=l, 2, ..., n), 
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taken over the limited portion of the (n — 2)-fold, we have 


“bt, dtr J\^ bxg 


dltn_ bR, 

" dx, “•'dx/ 


m 

bx^ 




and therefore, adding to the right hand the vanishing quantity 

(bR, bR^ bRn\ 


f ZbR.bR,^ 


we have 


K [{ dR,^ aiJ.'N 

s<. ae, JJr*’' a*. dx, ■*■ *” dxj 

lues r, 8 Thus by th 


bU 

where % does not take the values r, s Thus by the formula proved in Part I. we 
have 

bKr ar*. 


wheie the integral is taken over the (w — 3)-fold bounding the limited (n--2)-fold over 
which the integrals f n are taken. 

11. It follows that if the (n - 3)-fold integral vanishes, the expression 

4- . + ^ndin 

is a perfect differential , on grounds further considered below (§§ 12, 22) we suppose that 
this {n — 3)-fold integral does vanish , we suppose also that = iL^-i and that the 
(n — 2)-fold IS a complex {n — 2)-fold , then from the equations 


^3f— 1,Q«— 1 ~ ^2r,2*» ^2r-l,2« — ^ 


it follows that 


^ir — j {(^2r,i d- 1 ^^ 2 r,a) -^i + • + (^sr, jr-i) Rir-l + • • (^2r,n— i + l/Czr.n) i] dSn-2 

= 1 ^ K^ar-i,] *h ^^2r— 1,2) + ••. + (^^2r— i,2r) d" • d" (^2r-i,»i-i d* i,n) 1} dSn-2, 


80 that 
and therefore 


which gives 


^2r — 

__ _ d^2n_i _ 1 


Thus, under the hypotheses introduced, all the functions ^ 3 , are functions of 

the complex variables Ti, ..., Tp, and there is a function 


J d- ^ad/3 + . . . + ^ndtn) — J (^idxi d* fs^Tj -f . • . d- tn—idrf) 
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for which 




12 We now give a more special value to the functions L^, , Ln Let 

|) (a?| 0 = - ^ 2 ■“ • + (^n - «n)*] ■■ 2 ^ 


Hrn-ip (a7|0 - («|0) + ^ (a;10) - 

m being a finite positive integer or zero, and 




ax) “ ‘‘ ax, 


4-f 1- 

)Wi * " dXn * 


When r®, =<1®+. -\-tn, is sufficiently small in regard to =Xii- +Xn", we have 
= + ^>('-' 0 )+ ■ to oo, 


~ ^n+jrt-i (/^) + ^w(+2 (/*) + to 00 , 

where yu. denotes (a-ifi + +a'ntn)IRr and is numerically less than unity, and Kg{/x) denotes, 
save for a factor independent of fj, but depending on n and s, 


As we can find a real angle d = cos“*^, we have 






by expanding the binomials and consideiing the explicit expression for the coefficient 
of r^+ijRn+k-i jg immediately obvious that this coefficient is not greater than if 6 
were zero Thus when r<M the absolute value of H,n is of the form 


ym+i ^2){n— 1) (n + ni — 2) 1 

Jln+m-i |w + 1 1 -- e ’ 

where, supposing n, m, r fixed, e is only unity when R = r, but for R>r has zero for 
limiting value as R increases indefinitely. It follows that a value Rq can be chosen 
such that for fixed w, rn, r and all values of jR > Rg, we may have 


with B a finite constant independent of R. 
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It IS easily seen that 


dU ’ 


an equation which holds also for negative m provided Hm be then understood to 
mean p (a? U) , and thus 


\dti' 

Hence if we put 


^“ 4 .:?!,. 4 . -fJL.. 4.^1] FT -0 


T 


— iR^-i 


\ 0a72/ — 1 J 


where m is to be kept the same throughout the investigation, we have 

a4^_aie, 

dig dxg ' 


I 

w^ir— 1 


dl^\ _ R d^^n-i 

dXir) r=l \ 9^ir-i 9^!r 


)- 


0 , 


so that the conditions of § 10 are satisfied. 


We suppose also the further condition, of § 11, namely that the integrals 
/ ' 

taken over the closed (n - 3)-fold, bounding the (n ~ 2)-fold under consideration, 

are all zero, to be satisfied This hypothesis arises as follows We suppose the 

(n — 2)-fold, over a limited portion of which our (n — 2)-fold integral is taken, to extend 
to infinity, when (^j, . , t^) is in finite space and {xj, , a?„) is ver}'^ distant, the function 
IS a small quantity of the order of (.r,^ + . 4 - , we may therefore 
suppose that if the (n — 8)-fold be taken entirely at sufficiently great distance fiom the 
finite parts of space and m be sufficiently great, the (n — 3)-fold integral can be made 
less in absolute value than any assigned quantity A particular examination is given 
below (§§ 20 — 24) , it can be definitely shewn that the hypothesis is verified, even 
foi m = 1, for a large class of cases, which includes the case which arises in the 
consideration of periodic functions The application of the present paper is limited to 
the cases where some finite value of m is sufficient , as will be seen this is a limit- 
ation which we may regard as analogous to that, for functions of one complex variable, 
to functions of finite genre. 

Connected with this hypothesis is a further one , supposing the (n -- 2)-fold integrals 
Ki> > tn to extend over the whole infinite extent of the (n — 2)-fold, we suppose that 

they and their differential coefficients in regard to ti, are convergent. 
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Tfien we have the result; the p functions 

?2r— 1 — I I ^ \Kir—\, is—i + 1, a) ( ~ ^ a 2> 

J t=l \OiV^-i OX^g ) 

extended over the infinite complex {n — 2)-fold, are functions of the complex variables 
Ti, . , Tp, and are the partial differential coefficients of a function 

^ —j (^idTj 4- ^adr^ 4- 4- Kn-\drf) 


13 We proceed now to put this result into a new form, from which it will 

appear that the real part of the function 4> is equivalent with a result given by 
Poincar4, being a generalised potential function, and that the imaginary part is a 

generalised solid angle function 

Putting ^ 2 r-i = 4- lB.r- 1 , 


we have, clearly, 

S _ [/ dH,„ dn,n\ ,,, 

O^r— 1 ~ j ^^2?— 1, 1 4- ^2r-i, 2 0^. 4" 4" 1, rt j 

- J ^2r-,, 2 0^^ 4 j dSn-, , 

of these the latter, in virtue of the equations 


can be written 


1, jM—i — ^2r, .'« > ^2r— 1, a — ^2r, 

Wo proceed now to shew that in fact 


m , , m \ j 

0., + • + 


these mtegials, like the otheis, being extended over the whole infinite complex (a — 2)- 
fold, and supposed convergent. Take the first of the two forms given for namely 

5 f dH,n ^ 4 ff 

0^^_^ d^n-2 4 2^ j 2 ,-, 0^^ 4 2*-i 

where k does not assume the value r , over a finite portion of the (n — 2)-fold, bounded 
by a closed (w — 3)-fold, the integial 



/( 


a^3ifc-i 


4 Kar-i, 


18 by the results of Part I. equal to 


dxjik 


^ 2 *— 1 , aifc 


dx^r—iJ 


dSn-a 
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taken over the closed (n“3)-fold, assuming now, what is a similar assumption to those 
already made, that this integral diminishes without limit when the (n - 3)-fold passes 
to infinity, we have 


t _ f Sffm ^ f 

Oir — ■" ( «2r-l, ir ^ I 

J OX^r-i k-flJ 


dH,n 

‘3k ^ 2» 

dJJsr-i 


which, since 


+ ^84 + ... + /c«_i, „ = 1, 


18 the result stated, namely that 




The corresponding form for h^r-\ be proved in a similar way, starting from 
X _ /*/ 3//»i - dHtriS 

“ J r'"’ ’ iteT ■ 'dx, 8®. j 


T, - f'*-- - j 


and, if we put (Pomcard, Acta Math t. xxii. p. 1G8) 




, ar . _ 

“ ^t,r:^ ’ “ dt,r ’ 

so that V, which may be regarded as a generalised potential, of the {n — 2)-fold of 
integration at the point (<i, ., t^), is the real part of <I>, or difFcis therefrom by a 
constant 


14 Supposing that the integral is taken from the point ti — 0 = t 2 = .=tn, which 
IS supposed not to be on the (n — 2)-fold of integration, we may wiite 

^ = f (fidr, + ^sdTa + . 4 - ^2p-jdrp), 

Jo 

=s I (^B^dti Bidtj"}" •• + ^‘jpdtip—i — ^20— id^2p) 

Jo 

+ Z (hidti + hadta + .. + Bap-idtap-i + ^-ipdtap), 


of this, in virtue of the results of § 13, bearing in mind that Hm+\, and therefore 
also F, vanishes for ^i = 0, ..., <„ = 0, the real part is exactly V, the imaginary part is 
iCl wheie 
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0=1 {Bidti + .. + Bndt-n) 

Jo 


-LK 


t K 

r, a 


[dtr 


dH,, 

dxg 


-dig 


&)■ 


the summation extending to all pairs of different numbers r, s from 1, 2, . , n, now 
we have seen (§ 5) that if Mrs denote, for r<8, the product of (- and the deter- 
minant obtained by erasing the rth and sth columns in the matrix 


1 dkXy, dkoc^, , A; = l, 2, , (a -2), 

then KrgdSn-ilMrs IS independent of r and s, and equal to -h 1 or — 1 , denote it here by 
€, thus O can be put into the form 


dti, 

dt^ , 

, dtn 


dllrn 

^ dHrn 

dxi 

dx. 

dXn 

d,Xi, 

d^Xi, , 

, d\X fi 



> dn—tiX 


This shows that O may bo regarded as a geneialised solid angle, namely that subtended 
at the point (^i, , t,,) by the (a— 2)-fold of integration. (Compare Gauss’s well-known 

form given for instance in Maxwell’s Electricity ami Magnetism (I8S1), Vol II p 39, or 
Gauss, Werke, Bd v p 605 ) The same will appear anew from a transformation of fl 
into an (a-l)-fold mtegial (§ 17) The result is not merely cuiious, the function H is 
in fact a single-valued function of t^, . tp save for integral additive multiples of the 
quantity 

27r^ _ 

"vq' 

which 18 the complete solid angle in n dimensions, namely the total extent of the 
(?i — l)-fold 

^1* + «/ + + = 1 


As the function F is clearly single-valued it follows that the function 

2ir in 


18 a single-valued function of (ti, Tp) 

VoL. XVIIT. 
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15 The interest of the results just obtained arises from the following fact. 
Suppose that, in the neighbourhood of any point • •, of itself, the equation 

of the (w-2)-fold of integration is expressed by expression 

<f> being an ordinary power series of presumably only limited range of convergence, then, 
with a pioper signification for the logarithm, the difference 

9_ 

^ ^(Tu Tp)-log<^(T,-^l“», ..., 

VT 


remains finite and continuous as (t,, ., Tp) approaches indefinitely near to the {n — 2)-fold. 

This capital lesult is taken fiom the paper of Poincard, already referred to, Acta Math xxil. 
(1898), p 169 Other proofs, themselves important to us for another purpose, which shew 
how the result follows from Kronecker’s theory, are given below (§ 16), the most natural 
method of verification is however by direct evaluation of ^ m the neighbourhood of 
the (a — 2)-fol(i of integiation (§ 25) The result itself is a direct generalisation of well- 
known fiicts for = 1 

If for the present it be assumed, it follows, putting 

e(T„ , = 


that the ratio 


^ . ^Tp)_ 

<f>{T) 


wherein <f>{T) is written for ^(ti — . ., Tp — is not infinite or zero in the 
neighbourhood of the (n— 2)-fold <f){T) = 0 It can be seen however fiom the form of 
the integrals by which . , Tp) is defined that, for finite values of ti, , tn, this 

function can become infinite only when (^j, . .,<„) approaches the (a— 2)-fold of integration. 
Thus we have the mam result of the enquiry. 

The equation of the arbitrarily given (n — 2)-fold of integration is obtained by the 
vanishing of the integial function 

<^(ti, Tp) = 0, . 

which IS equal to 


exp 


exp 




idr, 

( "Cr Jo r=l 


dH, 




dH, 




16 Denoting as before by 0 any one of the series by the vanishing of which the 
{n — 2)-fold of integration is defined, we have, as alieady quoted from Poincar^, the theorem 
that the difference 

^J(r+io)-iog,#, 

remains finite and continuous even indefinitely near to the (n— 2)-fold on which <f> vanishes. 
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To the proof given by Poincart^ we may add the two following, both of which make use of 
some results in Poincard’s paper. 

(a) Denote the (n -- 2 )-fold of integration by / , let (a;, , . . , oCn) be the coordinates of 
a varying point on J, so that {x^, . , «„) are functions of (n — 2 ) parameters, then 
if («/, . Xu') be current coordinates, and e a fixed small (luantity, the envelope of 
the spheres 

(«/ - a?,)* + • • + i^n - = e* 

is an (n — l)-fold X, sui rounding /, of which, when {xi, . , Xn) is not a singular point of /, 
the points are given by 

x^ = ^ (m»cos ^ + Vi sin 0), {% — 1 , 2 , .. , «), 

where ^ is a vaiiable quantity, so that (a?/,. , ««') are functions of (a — 1 ) parameters, 
here iq denotes du/ddi, denotes dvfdx^ and h is the positive square root of 
The point (x^, . a,/) lies on one of the single infinity of normals which can be diawn 
to the (a — 2)-fold I at (x^, , Xn), and is at a distance e from I The direction cosines 

of the normal to X at (a/, ., a,/) aie the quantities {u^cos 0 + Vi^in 6)/h , the element 

of extent of X at {x^, , r,/) is dSn-i = €d0dSn-i, ultimately, squares of e being neglected, 

where dSn -2 is a coi responding element of extent for I If = ^ 2 /-i •+ ^V = ^^ 2 r-i + 
we have 

where (<f>,y is the conjugate complex of 00 /B^r, and therefore ecjual to , and, 

what IS permissible to the fust oidei of small quantities, <p is written for 

<l>i - ^i) + •+^p i^p - ^p) 

With these results we combine now the following, which is a particular case of 
a theoiein of Kronecker’s Let /(r,, , Tp) bo a single-valued function finite and con- 
tinuous upon a certain closed (/i — l)-fold, whereof /c,, , Kn are the direction cosines, 

considei the integral 

^ //(f.. . f„) {(*. + >*.) ( 3 ^- - ‘ I ‘) + + <*»-• + «») - » a! j P I ‘)| <lSn-u 

where (a-,, . x,^) denotes a varying point upon the (?i — l)-fold By Green’s theorem 

it IS immediately cleai that this integral is unaltered by any deformation of the 
(11 — l)-fold of integration which does not involve a crossing of the point {ti, .,tn) or 
of any point where /{ti, , Tp) ceases to be finite, continuous and single-valued For 
the condition for this is simply (Part I of this paper) 

namely (a*.- + £ + 
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Hence, if /(t,, Tp) be single- valued, finite and continuous for the whole interior of 
the (n-l)-fold of integration, the integral is zero when (<i, is outside, and, 

when IS inside the (n— l)-fold, it is equal to /(ti, Tp), as we see by 

supposing the (w — l)-fold of integration to be deformed to 

and then taking r to diminish without limit. 

Now consider, in the region of convergence of the series (/>, a (multiply-connected) 
closed region, bounded by (i) pait of the (n— l)-fold S surioundmg the (w — 2)-fold 
<f> = 0 which has already been described, (ii) part of a closed (R-l)-fold S described 
in the region of conveigence of <f), the part being limited by the (closed) (w - 2)-folds in 
which S IS intersected by S ; and take 

/(O = ^ log </>, 

wheie r is one of 1, 2, . , p Then when (^i, tp) is interior to the (multiply-con- 
nected) region above described, we shall have 

/(T) = i // (?) j(*. + 1*.) ^ K) (* 1 0 + } 

where the integial is taken over the two partial (w— l)-folds denoted by (i) and (ii). 
The part (ii) of this integral is finite for all the positions of (t^, , tn) under con- 
sideration , consider the limiting value of the part (i) as the (n-l)-fold S is taken 
nearer and nearer to the (n - 2)-fold /, namely by the decrease of the quantity denoted 
above by e By what has been stated above we may ultimately put 

/(?) = ^^ dS,^, = ededS„^, 

then, if (ti, ., tn) have some fixed position at finite, not infinitely small, distance from 
the (n — 2)-fold /, we obtain, for this part of the integral. 



now the direction cosines of the (w-2)-fold / are (§ 9) such that 

, ^ _ U^-i Vu-i - Wia-i V2r-1 +- ^ (lhr-i -i) 

^2r— 1, 2«— 1 "T M Yi 


= («W-1 + *»»_,) (tta-i - It'a-i), 
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thus this integral becomes 

^jx „) ® 8^) P I ') 

Therefore it follows that /(t) differs from this integral by a function which is 
finite and continuous for all positions of (<i, t„) in the region of convergence of <p, 

except actually upon <^ = 0 

Recalling a previous notation (§ 12) this is equivalent to the fact that 
d , ... 27r ^ 

remains finite and continuous as (tj, Tp) approaches the (n — 2)-fold I, so that also 
log (t) - — [ drp) 

'ST J 

remains finite and continuous as (tj, . , Tp) approaches the (n — 2)-fold, as was to be 
shewn. 

(6) By using Kronecker’s integral in a different way we can obtain the same 
result otherwise Considei the region of convergence of one of the series <f> by which 
the («— 2)-fold I IS defined, desciibe in this region as before a closed (?i— l)-fold S, 
containing in its interior a poition of the (7i — 2)-fold I, about I suppose as before 
an {n — l)-fold 2 satisfying the condition that every point of it is at a small distance 
e from some point of I Then the portion of 7i-fold space inside S and outside 2 is 
multiply-connected, but it can be lendered simply-connected by supposing an (7i — 1)- 
fold diaphragm P to be drawn, bounded partly by the (n — l)-fold 2 and partly by 
the (t? — l)-fol(l S, each of which it intersects in an (7i — 2)-fold 

Within the Ti-fold simply-connected space so constructed the function log is single- 
valued Hence, if (t,, , Tp) be a point within this space, we have, as explained above, 

log (f>(T) = ~J log (p (^) + IK,) - I J (f>(a:jt)+ "j dSn _, , 

where the integral consists of three parts — 

(i) that over the part of S lying outside the closed (n — 2)-folds in which S is 
intersected by 2, and excluding the (n — 2)-fold in which the diaphragm intersects , 

(ii) that over the pait of 2 lying within JS, excluding the (n — 2)-fold m which P 
intersects 2, 

(ill) that over the two sides of the (limited) diaphragm P 

The part (i) remains finite and continuous for all positions of (tj, . ., Tp) within 
the ?i-fold space under consideration The part (ii) ultimately vanishes when the quantity 
€ diminishes indefinitely , for we have seen that dSn-j = edddSn-^, and it can be shewn, 
as by Poincard {Acta Math xxii ), that as the point (^/, , ^p) on a normal of /, at 
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a distance e from I, approaches indefinitely near to /, the limit of e log <f) (^), when e 
and therefore ^(f') vanishes, is zero The part (in) of the integral is equal to 

taken over only one side of the (limited) diaphragm P , /o7' the values of log <f> at two 
near points on opposite sides of P differ by Im. 

Consider now the real part of this integral, namely 


Itt 

ur 



dp 

0^2 



+ . )dS^,, 


by the theorem of Part I. of this paper we can replace this by an {n — 2)-fold integral 
taken over the (/i - 2)-fold which forms the boundary of the diaphiagrn , this (u— 2)- 
fold lies partly on S and partly on S, the (w — 2)-fold is 

27r C 

(/C ,2 + /C 34 + . + „) IP (« I 0 dSn~-i> 

-sr J 


as IS immediately obvious on applying the theoiem If wo now suppose that the 
diaphragm is so chosen that the bounding (a— 2)-fold is a complex (n — 2)-fold (§ 9), 
we can infer that, when (tj, Tp) is within the region considered, log <jE> (r) differs 
only by a finite and continuous function from a function whose real part is equal to 


27r 


Jpia^lt) dSn-o, 


wheic the integral may be supposed to be taken only over the part of I which lies 
within S, for we have seen (§ 9) that for a complex (« — 2)-fold 


+ /C34 + • + fCn-i,n - 1 

The theorem to be proved can then be immediately deduced 


17. Incidentally we have remarked in § 16 that if a finite portion of an (n— 1)- 
fold be bounded by a closed complex (n — 2)-fold, then, under certain conditions of 
continuity and single-valuedness for the function U, we have 

the first integral being taken over the closed (n — 2)-fold, and the second over the 
bounded portion of the (n — l)-fold 

We now extend this idea to the (w — 2)-fold I, given by the aggregate of the 
series <f>. We imagine this (n — 2)-fold, which is defined only for finite space, to be 
completed into a closed (n — 2)-fold by means of a complex (n — 2)-fold at infinity ; 
and, as before, we assume tentatively, that the part of the integrals under consideration 
which IS contributed by the portion of the (n — 2)-fold of integration, lying at infinity 
vanishes (see § 22) 
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Then, firstly, we may put 


where the right-hand integral is taken over the infinitely extended (w — l)-fold diaphragm 
bounded by the complex (n — 2)-fold 

And, similarly, we have (§ 14) 



wheie we have put 

^ djOn^ dJi/ ’ 

thus, taking 11 to vanish when (^j, •,tn) = {0, .,0), we have 

Thus, as has been indicated in connexion with the definition of fl as an (w — 2)-fold 
integral, 11 is a generalised solid angle. It is not a single-valued function of (tj, . 
its values at two near points on opposite sides of the (/i — l)-fold of integration differ 
by integral multiples of isr , this follows, in a well-known way, from the fact that the 
value of the integral taken ovei the closed (a — l)-fold 

(^1 — + • • + (^n — fny — 


is ultimately 'gt when ? diminishes indefinitely 


Thus it IS obvious that 


is a single-valued function. 




^(K+tn) 
, ry) = e^ 


18. We come now to the consideiation of the question of the convergence and 
vanishing of the infinitely extended integials used in this paper. 

Some guidance may be sought in the comparison of the general case, when p > 1, 
with the case of functions of one vaiiable, foi which = 1 For this lattei' case thei'e 
is no continuous (n — 2)-fold of integration, the con esponding thing is a senes of discrete 
points, in general of infinite number. We have m this paper found a formula, 

® ( ti , Tp) = 0 , 
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to represent the equation of a given complex (n — 2)-fold extending to infinity; let us 
apply this to find the equation of the (»-2)-fold constituted when n = 2 by any 
enumerable system of discrete points ^ai havihg infinity as a point of condensa- 
tion, in regard to which it is assumed that for some positive integer, wi, the series 

... 

IS absolutely convergent, this condition corresponds to the general one that the integral 
IS convergent, for instance the points may be those given by a formula 
a 4- 2ka> -1- 2A;'o)', 

where k, k' are integers and a 1(0 is not real, m which case, as is well known, it is 
sufficient to take m = l. Taking 

iP (^1 0 = ^ log [(^1 - tiY + - ^ 2 )*], 


and, as in the general case (§§ 13, 14), 


= z [p(*lo - (*|0) + . + (t 1 )”"' (*|0)] , 


where the summation extends to all the points ^ = a^i + 10 ^ 2 , and 

dllm dlf,n 


we find easily 


F+«n = z[^iog(i-p + ^ + l^^+ .+ 


hence as -or = 27r for n = 2 we have 


P T tW+1 

(S) (t) = n \^(l - p -^im+Dlr^x 

namely the theorem gives the general integial function of fimte genre*, whereas in 
Weierstrass’s factor formula for a general integral function the number of terms it is 
necessary to take in the exponential may increase beyond all limit as we take a more 
and more advanced factor of the product, our theorem limits itself to the case where 
the same fimte value of m will suffice for every factor 


19 In the case of functions of one variable a simple case of functions of finite 
genre arises for periodic functions, the value of m for the sigma functions being m=l 
And in the general case the fundamental (n — 2)-fold of integration may be periodic , 

* The usual exponential outside the infinite product being absent 
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in the sense that it is possible to divide n-fold space into period parallelograms, the 
interior of any one of these being given by the p equations 

Tt = X, + 2eDt,,Xi + . . -t- (i = l, . ,p), 

where X is a constant and X,, , are real variables each between 0 and 1, and to 

regard the portions of the (n — 2)-fold lying within these vai ions parallelograms as 
repetitions of one of these portions Then it can be proved, under a certain hypothesis, 
that the value m=l is sufficient for the convergence of the integrals The hypothesis 
18 that the extent of the (n — 2)-fold contained in any one such parallelogram is finite ; 
and the truth of this hypothesis is deducible from the mode in which the (n ~ 2)-fold 
of integration has been supposed to be defined. 

Of this result, which is given by Poincar^ the proof is included in the investigation 
below (§ 22) , it may be remarked at once however that the formula obtained here is 
not limited to the case of periodic functions , as we may see by taking a simple example. 
We apply the formula when n = 4, to form the equation of the complex (n — 2)-fold 

putting 7 = a + this is then the two-fold given by a;, = a, h The matrix 

diXi dyXi diXi , 
d^Xi diXi d^Xi d^Xi 

with the help of which the direction cosines may be defined, may be taken to be 

0 0 dx^ 0 I , 

0 0 0 (far, 


so that /Cr«-=0 except /Cu=l, and dSn-^ — dx^dx^, As the integral 

dxsdx^ 

JJ(a^ + 0^-hx,^ + .c,r Jo + 


vanishes when i?, Bq are infinite we infer that it is sufficient to take ms=0, and 
therefore 

p(xlt)-f (arlO), I/m+i = (‘^10) + p (xjO) , 

then (§ 12) we obtain, for 


n fdHm 

dllm\ , , 

fdHm 




K dxs 

" dx, )| 


fdlfrn , 

(dH,„ 


j |(^81 4- l/Csa) 1 

1 dxi ^ dx^ ) 

\ dXa 

dccj\ 


the respective values 

r. = - [ L — 

J J ([(^1 “■ ^l) + • • • 4* (^4 ~ ^4. 
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wherein, in the latter, a?j = a and and the integration in regard to x^, x^ is to be 

taken for each of them over the whole range — oo to + oo . Hence we obtain 


which, as the general theory requires, is a function of the complex variables (in fact only 
of Ti = Thence 

0 =. £(f.<£T. + ir.dT,) = + log (l - ^l)] , 

and therefore, as w = 27r* for n = 4, 

®(t.. T,)-C=' 

which IS precisely right 


20 Transcendental functions of one variable which have no essential singularity in 
the finite part of the plane of the variable may be distinguished into two classes according 
as, to speak first of all somewhat roughly, their zeros become indefinitely dense or not, as 
we pass to the infinite part of the plane If circle? be descnbed in all possible vvays, each 
to contain a certain definite number, say N, of the zeros of the function, N being at least 
two, the areas of these circles may have zero as lower outside value as we pass to the 
infinite part of the plane, or may have some quantity greater than zero as lower outside 
value More precisely, m the former case, however small A may be, and however great R 
may be, among the circles described to contain N zeros whose centres aie at distance at 
least R from some definite finite point of the plane taken as origin, one or more can be 
found whose area is less than A , in the latter case it is possible to assign a quantity A 
finitely greatei than zero, and a finite R, such that among the ciicles descnbed to contain 
N zeros whose centres are at greater distance than R from the origin, no circle can be 
found whose area is less than A The most obvious example of the lattei possibility is 
the case of a periodic lunction , here a period parallelogram necessaiily contains only a 
finite number of zeros, and this parallelogram is indefinitely lepeated to howevei great 
finite distance we pass As example of the forrnci possibility we may take the case of an 

integral function whose zeros are the real quantities log 2, log 3, log 4 The length of 

the streak which contains the N zeros beginning with logi^ is at most 

log (R + N) - log E = log (l + , 

which diminishes without limit as R increases. 


21. Consider now an integral function of one variable of the former of the two kinds, 
for which circles containing a specified number N of the zeros of the function are formed 
of as small area as we desire, however great be the distance R of their centres from a 
finite point of the plane It is still conceivable that for proper choice of the constant m, 
independent of M, and not less than unity, the product 
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where G is the area of such a circle, may be finitely greater than zero for all values of R 
greater than a certain assignable Ro. 

We proceed to shew that under this hypothesis the infinite series formed by the 
sum of the negative (2 + m)th powers of the zeros of the function is an absolutely 
convergent series The case 7/1 = 1 is that of the latter of the two kinds of functions 
considered in § 20 

Let concentric circles be described with centre at a finite point of the plane , con- 
sider the greatest number of zeros of such a function which can he in the annulus 
between two such circles of radii r and r' (r' > r), the circles being supposed to be drawn 
so that no zeros he actually upon them By the hypothesis, if r be taken great enough 
(and finite), the annulus may be divided into regions each containing a finite number, 
say M, of zeros, such that if G be the area of every such region 

r'm-xG > B, 


where B is some quantity gi eater than zero Let k be the number of these regions, 
which IS finite so long as r' is finite Then 

TT (r'* - 7 *) r''""’ ^ kB , 


as there are kM zeros in the annulus, the sum of the moduli of the inverse (2 + TnHh 
powers of these zeros is less than 

kM 

^s+»n * 

which in turn is less than 

Trilf (r'* — r*) r'*”"* 

B |.2+m > 

which, if 7’' = r(l + 6), IS equal to 


ttM 




we can suppose the successive circles drawn so that e remains constant, then the sum of 
the moduli of the inverse (2 -I- 7rt)th powers of all the zeros of the function which he 
beyond the circle of radius is less than 


ttM 

(1 + €)”» (2 + e ) 


1 


and can be made as small as we please by taking large enough This proves the 
convergence of the senes 


22. Pass now to consider an integral function of p complex variables, and consider 
the (71 — 2) -fold over which the function vanishes, this being supposed to extend to 
infinity Imagine closed (w— l)-folds to be described everywhere convex, and as far as 
possible, for the sake of definiteness, of spherical form, with the condition that the 
extent of the zero (71 — 2)-fold contained in any one of them shall be some definite 

55—2 
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quantity, say A. In regard to the shape of these closed (a — l)-fold8 the important 
point is that the linear dimensions shall be always of the same order of magnitude in 

all directions. In regard then to the w-fold extent, V, of these closed (w-l)-folds two 

things are possible as we pass to the infinite parts of space Either V may have a 
lower outside value B finitely greater than zero, which case arises in considering functions 
having 2p sets of simultaneous peiiods. Or, the zero (a — 2)-fold may become so bent 
and crumpled upon itself that at sufficient (not infinite) distance from the finite parts 
of space it may be possible to find an w-fold extent V less than any assigned quantity, 
which shall still contain an extent A of the zero (n — 2)-fold , or in other words, that 
the volumes V may have zero for lower outside value as we pass off to infinity When 
this latter is the case it is conceivable, denoting by R the aveiage distance of the 

points of a closed (a — l)-fold fiom some finite point, that its a-fold extent V may not 

dimmish faster than some positive power of R increases, namely that there may bo a 
quantity w, not less than unity, such that 

jlm-xy > ^ 

where J5 is a finite constant, for all values of R which are not too small 
Under this hypothesis \t can be shewn that the integral 

I 

extended over the whole infinite (n—2)-fold, is convergent, R denoting the distance of a point 
of the (a — 2)-fold from some finite point 

For suppose concentric spherical (a — l)-folds to be described, with centre at the 
finite point from which R is measured, and considei the extent of the (a — 2)-fold 
lying in an annulus bounded by two of these spheres, of radii r and r, (ii>r) In 
accordance with the hypothesis we can suppose the n-fold content of the annulus divided 
into regions each containing a finite extent, say M, of the (a - 2)-fold, such that if V be 
the a-fold extent of any such region 

rm-i v^B, 

where B is some constant greater than zero. Let k be the number of these regions, 
which will be finite when r^ is finite Then 

— (r,” — r”) r,™-* ^ kB , 

as the total extent of the (a-2)-fold lying in the annulus is kM, the contribution to 
the integral 

[dSn-, 

J Jin+m 

which arises from the annulus is less than 

kM 
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and therefore less than 

n B < 

which, if ri = r(l + €), is equal to 

nB € \rrj 

we can suppose the spheres chosen so that e does not become infinite, it is therefore 
obvious that the integral is convergent. 

It IS tacitly assumed in this arrangement that the extent of the {n — 2)-fold lying in 
any finite n-fold extent taken entirely m the finite part of space is finite This follows 
from the method by which the (a~2)-fold is supposed to be defined, for it can be 
shewn that if ^(ti, t^) be a power senes, the extent of the (?i— 2)-lold <^ = 0 which 

lies within a closed (a — l)-fold lying within the region of convergence is necessarily 
finite* This generalises the well-known theorem for functions of one variable, that a 
power senes cannot have an infinite number of zeros lying within a region which is 
actually within its circle of conveigence, that is, cannot have an mhiiite number of zeros 
with point of condensation actually within the circle of convergence 

23 The investigation of § 22 applies to the integral (§ 13) 

denote by as before a point of the (a — 2)- fold, and by (<i, , <„) a finite 

point not upon the (a-2)-fold of integration, when = is large, that is, 

for the very distant elements of the integral, and = ..-ffn® is finite, we have 

^ Trt+2 

and it will (§ 12) be sufficient for the convergence of the integral that for any assigned 
small quantity e it be possible to find a finite /iy such that the integral 

fdSn^, 

taken over the part of the (a — 2)-fold of integration, extending to infinity, for which 
B> Roi shall be less than e We have in § 22 proved that this is so under the 
hypothesis advanced 

24 The method just applied to the integial 

j 

avails to justify the assumptions which have been made in regard to the other (a — 2)- 
fold integrals considered m this paper. 

* A sketch of a proof la added below, § 27 
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There remain certain assumptions in regard to (n — 3)-fold integrals, and in regard 
to {n — l)-fold integrals. 

We have assumed that if a finite portion of the (n — 2)-fold of integration be 
bounded by closed (n — 3)-folds, the corresponding (n — 3)-fold integrals 

- t 3 dSn-s 

ultimately vanish as these (n — 3)-folds pass to infinity 


This really follows from what has been demonstrated The (n — 3)-fold integral arose 
as equal to an (n — 2)- fold integral. In the course of the proof above it has been 
shewn that this (n — 2)-fold integral is such that if taken over infinitely distant portions 
of the (n — 2)-fold the corresponding contributions ultimately vanish. Thus it is legitimate 
to regard the (n — 2)-fold as closed at infinity, namely by an (n - 2)-fold for which our 
hypothesis (§ 22) remains valid In which case the (n — 3)-fold integrals that arise 
are mutually destructible 


We have considered also the (n — l)-fold integrals 


V 

n 


■‘IK 

■IK 


“ aa;, da, 

dx, dx, 


+ 

+ 



) 




taken over the infinite (n - l)-fold bounded by the hypothetically closed (n — 2)-fold 
just considered. It is necessary to see that these are convergent This follows because 
the portion of either of these {n — l)-fold integrals taken over the portion of the 
(n — l)-fold which lies at infinity can be replaced by an {n — 2)-fold integral taken over 
a closed (n — 2)- fold lying entirely at infinity — and by the proof given above this 
(n -- 2)-fold integral ultimately vanishes 


25 Note to § 15 In the course of this demonstration we have utilised the fact 

that as , .... <„) approaches indefinitely near to the {n — 2)-fold of integration the integral 

becomes infinite like log mod <^, where = 0 is the equation of the {n — 2)-fold m the 
neighbourhood The following direct verification of this fact is of interest 

To a first approximation the points of the element satisfy the following 

equations, the origin of reckoning being taken at the point of the {n — 2)-fold, 

U, X, -f + + UnXn = 0, 

V, X, + + ... + VnXn =* 0 , 
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these give 




(UgVa - ^8 + • • ■ 

WjVj ““ U^Vi 


(UjV, - UsVi) x, + ... 
UiVi — U^Vi 


a;, 


a?8, — .. 


whereby all the coordinates are expressed in terms of the (n — 2) quantities 
Thence, using the equation K^dSn-^ — we have 


We can further suppose the axes so chosen that 


?/3=. = =v„ = 0, 

so that, for dSn-i, a?! = 0 and a^a = 0 , and dSn-n = dx^dx^, . dxn Also, the origin being 
at the point of d/Si„_a which is to be considered, a?*, , a7„ are, for dSn-i^ subject to a 

condition of the form 

+a?„*5aS 

where a is small and fixed , these coordinates are otherwise unrestricted , we can there- 
fore put 

dSn-a = sin’*~^^, sin"“*^4 . . sm dn -2 drdO^ d0n~i, 


where the limits are 


r = 0 to a, ^3 = 0 to -TT, ^4 = 0 to tt, . . , 0n~i — 0 to tt, = 0 to 27r 
The point (U, . , tn), as it approaches the (n — 2)-fold, can be taken subject to 

a?i^i + . "h Xn.tf^ = 0, q* . . . + — €^y 

where a^i = 0, ar^ = 0 and (0, 0, x^, , ar„) is any point of dSn -2 

Then to the integral 


the contribution arising from dSn -2 is 

_ ^ ?5 r ^"1“ r 

71-2 «r Jo (H-f €*)*”-* / 
which IS easily seen to be 


sm ”~‘‘^3 


ra r^-^dr 
L (r* -1- 


sin 0yn — 2 d0g , , d0fi — ] 


putting n = 2p, r* = e^z, z-\r\ = ty this is 
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of which the infinite part, for diminishing e and fixed a, is exactly logc But as we 
approach the (n— 2)-fold in the way here taken we can put <f> = h€e*^, (see § 16); so that 
the infinite part of log<^ is also logc Thus in the limit the difference 

remains finite, as stated. 

26. In this paper we have hitherto supposed the (n — 2)-fold of integration to be 
given d priori, by means of a succession of power seiies Some remarks must be made in 
regard to the problem in which this conception has arisen 

Suppose that a single-valued function ... , t^) is known to exist for all finite 

values of Tj, . t^, and to have no essential singularities for any finite values of 

Ti, .. , Tp, namely can be represented in the neighbourhood of any finite point .... Tp*"*) 
in the form 

^0 (Tj - . . , Tp - Tp<«>) - <^o (t, - , Tp - Tp<«)), 

where yfr^, ar© ordinary power series (of positive powers) with a presumably limited 
common region of convergence If the series yjrf,, 4>o have a common vanishing factor 
at .. , Tp<®>), that IS, are both divisible by another convergent series which vanishes 

at (ti'*’^ . . , Tp*®’), this factor may be supposed divided out (Weierstrass, Werke, ll (1895), 
p 151). There is then a region about (ti<®>, . . , Tp<®*), within the common region of 
convergence of and but not necessarily coextensive with it, such that, if 

+ .,Cp-fTp<®>) 

be any point in this region, and the senes ‘\|ro, be written as power series with this 
point as centre, by putting t* — t*<®> = c* + w*, the resulting series in Wj, , Up have no 
common factor vanishing at «j = 0, Wp = 0 (Weieistrass, loc cit , p 154) This region 
we may temporarily call the proper region of (t,‘®*, , Tp<®>) for the function F There 

may be points within this region at which both vanish without having a common 

factor vanishing there, such points lying upon an {n — 4)-fold at every point of which 
F has no determinate value If the senes </><, as originally given have no common 
factor vanishing at (Tjt®*, . . , Tp*®>) there will similarly be a region about this point at 
no point of which have they a common vanishing factor. This region also we call the 
proper region of (t/®*, . , Tp<®>) for the function F 

By hypothesis there is then a proper region belonging to every finite point We 
assume further, what is not quite obviously a deduction from the former hypothesis, 
that the whole of finite space can be divided into regions, each of finite extent, each having 
the property of being entirely contained in the propei' region of every point of itself 

The function F will then be represented in one of these regions Kq by an expression, 
belonging to an interior point t‘®>. 


^0 



OF SEVERAL COMPLEX VARIABLES 


441 


wherein -v/to, <f>o have no common factor vanishing at any point of Kq) as we pass to 
a contiguous region Ki we need a representation belonging to a point ...) interior 

to Ki of the form 

jp _ 

By consideiing the equality 

4>o <f>i 

in the region common to the proper regions of Tp**'*) and we 

aie then able to deduce that all the points for which >^0 = ^ are also points for which 
yjri = 0 , and conversely 

We thus build up the idea ol a zero (?i — 2 )-fold foi the function F, and an infinity 
(n — 2)-fold If the former be represented by 0 = 0, and the latter by ^ = 0 , the function 
F can be repiesented in the lorni 

L. A 

4> 

wheie \ IS an integral function , and 0 , have no common zeio other than points 
belonging to an (n — 4)-fold at every point of which F is indeterminate 

27. Note to § 22 If an ?i-fold space bounded by a closed (/i-l)-fold be taken 
actually within the region of conveigence of a power series in the complex variables 
^ 1 ) • > fi)> isay ^(^i> > where n=^2p, the extent of the portion of the (n— 2 )-fold 

given hy <f> = 0 which lies within the (?i — l)-fold is finite For consider the points of this 
poition for which fa = 72 . . ^p = yp> where 73 , are certain definite values, these 

points aie given by the equation in fi, ^(fi, 72 , , yp) = 0, wherein fi is capable only of a 

limited range of values determined by the (n — l)-fold , as this range is included within 
the region of conveigence of the frpowei senes Ji, • > 7 y)» there cannot be an 

infinite number of values of f, witliin this lange foi which 72 , , yp) — ^ Thus on 

the portion of the (n — 2 )-fold ^(fi, fi, = ^ within the (n— l)-fold there exists 

only a finite nunibei of values of fi coriesponding to given definite values of , fp. 

Let dSn -2 be an element of the {n — 2)-fold ^ = 0 , we have 

JdSfi—2 ~ 12 ^^ ^n~j "b • “b •> ^ 

the integrals being taken over the portion of the {n — 2 )-fold which lies within the 
{n - l)-fold , to prove that jdSn-> is finite it will be sufficient to piove that every one 

of the integrals on the right is finite, we prove that the first of them is finite. Take 
upon the {n - 2 )-fold. <p = 0, (n - 2 ) independent sets of differentials given by the rows 



diX.if 

dxy, 

0 , 

0 , 

0 , 

d^^i } 

djXi, 

0 , 

dx^, 

, 0 , 

0 , 

diXi , 

djX^y 

0 , 

0 , 

dXi, 

0 , 

d^x^. 

diXj, 

0 , 

0 . 

, 0 , 

dxt, 
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where, for instance, are determined in terms of by the equation 

{dir—iXi + 1 ^ 3 ) + <f>t+ldx 2 r+i = 0 , 

and d^x^ are determined in terras of dx „+2 by the equation 

(pi (d^Xi -j- tdi^x^ + t<Pi — Oi 

Then Ki^dSn-t may (§ 5) be replaced by 

dx^dXi . . dxn-idxn , 

since then the range of values for each of Xg, X4, for points under consideration, is 

finite, and, as proved, there is only a finite number of points of the (n — 2)*fold for which 
Xj, . .y Xn have a given value, it follows that the integral 

jrfXg ... dxn 

taken over the whole extent of the (n - 2)-fold within the region considered can only 
be fimte. 


28. Note to § 8. The following example, relating to the transformation of integrals 
considered in Part I. of this paper, seems worth preserving 

For w = 4 we have for the transformation from a closed (??--2)-fold to an (a-l)-fold 
bounded thereby, the equation 



dPu 




da 3 

dXi 

dPu 

_dPu 

_dP,, 

dxs 

dxi 

dXi 

dPsi 


_dP^ 

Bxi 


8x4 

dP,i 

dxj 

JP^ 

dx, 

4- 
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therefore 


dxi dxj 047, dxi 


which IS a necessary condition for the consistence of the four equations just written, 
satisfied for instance by 






Q.=te,=- 


V0.ri dx^/ 


It IS 


f being any function of Xi, x., x^, x^, corresponding to these values the four equations just 
written are satisfied by 

Pu = Pu = 0, Pu=fy Pxi^^^f, Pi:i = lf, Pa--/ 

But it does not thence follow that 


J (Ki<, 4- l/Cu + IfCjs - /Cm) / dSn-2 

= /{(*, + «.) ( + « Q - («, + «*.) + . g)| . 

foi the first integral vani.shes for a complex (n — 2)-fold, and the second integral does not 
necessarily vanish, as we see by taking for instance 


/= 


(.X, — <,)* 4- (x> — 


when we get 


2 (f - T,) (I, - T,) {X, - Uf + {x, - ty + {x, - t,y + ( /4 - ^4)* ’ 
= (ai - * !x) i + ’ ai = - (a4. " * L) 


VJi I coc^ 


whereby the second integral becomes 

- /<<«„-. j(*. + p (*i «) + (*. + «.) (g|^ - i £) P (*l «) } , 

^vh^ch IS not always zero 

In explanation it may be noticed that on the (?i — 2)-fold there are points where 
= ’7‘s > and for these f is infinite 


25 Jtili/ 1899 


56—2 




INDEX. 


Absorption, selective, eloctiouiagnetic illustration of, 
348 

Analytical representation of a iiionogenic function of 
one vaiiable, 1 , of an integral function of several 
variables, 418 
Arihenius, 131 
Ashworth, 135 

Baker, on functions of several variables, 408 
Becquerel, 397 
Bendixson, 36 

Bfuuy, on quartic surfaces with integrals of the first 
kind of total differentials, 333 
Bigelow, 131 

Bolizmann and Mache, on Van der Waals’ law, 91 

Bonnet, Ossian, 325 

Borel, 6 

Biiggs, 203 

Biomwich, 324 

Brown, on differential equations of the Inn.ir theoiy, 94 
Bdrnside, on groups of finite order, 269 

Campbell, 221 
Cantor, 204 
Caps tick, 186 
Cavaheri, 204 
Cayley, 328, 333 
Chasles, 219 
Clifford, 328 

Condenser, oscillatory discharge of, 136 
Coradi, 116 
Corbino, 398 

Cornu, la thdorie des ondes lumiiieuses, xvii 
Cremona, 346 

Cubic surface, model of, 375 


Daiboux, 9, 324 
Dawson, 393 

Declination, magnetic, 107 
Desargues, 204 
Descartes, 197 

Didymium salts, absorption s^jectra of solutions of, 298 
Diffeiential equations, Forsyth on the integrals of sys- 
tems of, 35 , of lunar theory, E W Brown on, 94 
Disc, ciiculai, Greens function for, 277 

Echelon spectroscope, 316 
Eckholm, 131 

Elastic displacement, waves of, on a helical wire, 364 
Electric density neai vertex of a right cone, 292 
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Pla'iks 3—23 [LLUSTHATiNG PROFESSOR LiVEiNo’s Paper (pp. 298—315), On the 
ejects of JJilutioii, Temperatwe, and other circumstances, on the Absorption Spectui of 
solutions of Dulymiufii and Eilnnm salts. 

Thc'so plates are all reproductions, enlaiged to double the size, of photographs of some 
of the spectra from which the conclusions in the text have been deduced In the 
processes of enlaigenicnt and r(*production some of the fainter details visible in the 
original negatives have (peihaps unavoidably) been lost: but they present the salnuit 
features of the changes in the spectia pioduced by the variations of circumstance 

The references to these plates in the text applied to the original negatives and 
were punted before the repi oductions were n^ady The latter, being positives, are 
reversed, and m order that the leteiences may be easily intelligible it has been 
necessary to place the red ends of tlie spectia on the left hand 

The figures at the top of eacdi jilati' aio the approximate wave lengths of the 
bands in the spectia beneath them, and sufficiently indicate the lange of the spectium 
photogiaphed. 


PLATE 3 

Absorptions of solutions of (lulvnmini chloiide m tom dcgiocs of dilution in yikknosses in\oiscl\ 
as the dilutions Tlio most concoutiatcd Holution contunod 140 7 gi.uus per litre, and the absorbent 
thukness of this solution was 3Hinm 



solution 1/8 strength 
10') mm thi( k 

stiongcst solution 
88 min thick 


iihmoii 1/1 "t length 
tillOk 


solution 1/2 strength 
7() mm thak 


It will bo noticed how very nearlj identical these foiu Hpecti.i aie 'Plu' oiignul photogiaph 
shews a number of faint bands which have not come out in the lepuMluction 'I'hov aic liowcnoi as 
nearly identical m all four spectra as are the stronger hands heie rcpuHlun'd 




i'amhnilijo l*lnh>*i>p/(iuiJ T/(t)is(ii iion^ \’(tl XVIII, 4, 5. 


PLATE 4 

Al)soq)tionH of .solution of did^'nuuiu sulpluto m foui degrees of dilution 


Miturated solution 
$H mm thick 


half stioiiKtli 
7<> mm tliick 


ilLiaili i-sticn^th 
112 Imm thick 


>ne eighth stieiigth 
101 mm thick 



The diftuso bands at alxnit X3HU, d75 .ind 304, iie <iuiti \isiblc in the oiigin.d photograph, but 
lia\u iie.uly disappeared in the leprixluction 


PLATE 5 

Absoiptions b} .solution of eibiuni nitiate in foui degtees of dilution, the stiongest cont lining 
560 gi. lias of the salt to the htie , 


1 


one eighth strength 
305 1111)1 thick 


iinartcr-strength 
152 1mm thick 


3 


halt stiength 
70 mm thick 


4 


strongest solution 
38 mm thick 


The increasing d)fl[us<'ne.ss ot tlie hands with iiuieased toncentratioii of the solution is seen in tins 
senes, the weak Uiiid about X441 seeming to 1 k‘ washed out when the solution is coiici'iiti itisl wlnle 
that about X449 is much broader and the details within it obliterated. 






Cuiitbi iiflje l‘hilu'.iti>ftiin{ Tn 


\’(il XVIII,, Plnini G, 7. 


MATE 6 

Al)Hori>ti«>nii by solixtioiiH of duiyiauua nitrate, concentrated, and extremely dilute The most cuncen- 
tiated liad 611‘1 grams of the salt pei litre , the other was part of the Stime solution diluted to 
45 5 times its bulk 



Tlioro Is very little didctcncc l»cti\een these two spcctni except that the Uind in the lellow is 
bioadei ^\ltll the stiongcr solution, and those at X47G and 427 more waahed out. 


I'bATE 7 

Absorptions by solutions ol didMiimm thlonde of eoiicenti itions C(pn\alont to tliose ot tin nitiate 
Used toi pl.ite G the stiongcr lontainnig 402'h giams of the chlomic jk'i litic 

I S I 



stiongcr solution 
(] 7 mm thick 


1/45 5 stiength 
305 mm thick 


Theic is no detimte diffiieme b('ti\(‘eii tliesc two s^icctia 




nj Ti<in^<tiU<n)A^ Vol A'T’7//, I'htfis 8, 9, 



Tho liand.s ,iio luoic difliise witli tlic stioni^oi solution, that at about X.J77 lieing doculcdlj bioadoi 
Tlio baud at about X44U is iiioic distiiutl} seen ni the oiiginal ami is mou* <littiise \Mtli the stioiigei 
solution than with the wcnkei 


PLATE 9 

Absorptions by Molutiona of erbium chloride of coiiicntmti'ons equnalent to those of tho intiato used 
foi plate 8, the stiongcr solution tontaining :ir>3 3 giams ot tho sjxlt jiei liti-e 




12 S 


1 47 5 Htieugth 
307 mm thick 


stronger solution 
(i 7 mm thick 


Theie is liaidly any dittereiKo between these two sp'otra oxeept that the band about X377 is latlier 
strongei with the more concentrated than with the dilute solution, owing probably to the oieilapping 
of tho general dift’iiso ab&oiption of the concentrated chloride at the more refrangible end The fainter 
bands wdiich are iisiblo in tho oiigmal photogiaph can haidly bo traced in the ropioduction 









PLATE 11. 


Absorptions by didjnimin chloride and nitrate, .ilternately, in eqnn.ilent MilutKms nf foui degrees of 
concentration, lioginning with the strongest solution conbiining 4h2 9 gl.^nl'^ <>f flu ililoiide to 

the litre, tolkwed next x\ith the equnalent sohitmn tout. Lining 0111 grinis <>f nitiatt to the litie 



stiongfst boliitiori of DiCk 
5H liim tlnek 


stiongest solution ol 
l>i(X0*)'* dH nun thick 


lialf stKiigtli thloritlf 
7<> mm thick 


hall stiength nitrate 
70 ram thick 


quarter strengtli chloude 
132) ram thick 


<iuiulti strength nitiate 
1 32 .3 mm thick 


OIK Lighth stienglh chloude 
dOj mm thick 


one-cightli-strength nitrate 
305 mm thick 


'I'lio extension of the gcncial absoiiition at the most lefiangible end of the speitnim witli the 
coiKcntratod solution ot chloude is exideiit in the uppeiinost hgiu-c With such stiong solution^ i'. wue 
used l«u‘ these photographs other diftoreiiccs between the ahsoiptions b\ chloude and nitiato <,iii !>< “, 1(11 
•only in tho xvoakcr bands such as those from X433 to X400 These aic \\e.Lkene«l hj diftu-'ion in tiu' 
case of tho lutiato, hut theie is xeiy little difteiemc between the .ihsoridioiis by cliloinh' ,ind niti.ito 
in the most dilute solutions 



OtnihriiJgc Ptiihi'^c.iiluxil Tuinwc(io)i^, Vol XVllJ , I'Jnte 12. 


PLATE 12 


Ahsorptionw by sobitions of h}dio<hl*>iM .icul in akohol, ,iml iii water, umiiwvred with the ibsorption 
by piuu water. 


S 


4 


7 



stiougest solution of Ht'l in 
ulcolu)!, 5H mm thick 


imlf-stiength, do 
7h mm thick 


iluaiter strength, do 
152 5 inm thick 


juiiP water 

J03 mm thick 


stiongest solution of H('l m 
water, 3« ram thick 


lialf'Stiength, do 
7t) mm thick 


iinaitei-strrngth, do 
152 3 mm thick 


one eighth strength, do 
Ul”> mm thick 


The eftect of the li^diochloru aeid at the iiioie lefi.iiigiblc end is \isible, and the diminution of 
the absoiption with diminished concentration ot the acid is seen m the aqueous solutions Nos 5, 6, 7, 
wliile diminished concentration lias little or no effect in the case of the alcoholic solutions Nos 1, 2, 3. 



Camhutige I'lnlosopltunl Tnt 


1 <>! \ Mil, Plato 13. 




PLATE lA 



Tlio exteiisinn of flic yenoi.il .ibM>ivti«>ii ,\t the nioio lefi.uiyiLlo oiicl of the spcctiuiu b\ ii>e of 
tcinpei.ituic i-. nianife-.t in those photoyi.iphs, and so is the gie.itoi diftusenoss of the hands at about X44'> 
and X488. 




nii1oM)phind Thtnuu tioi\% Vol A VIIl , Phtte 14. 


PLATK 11 


Al)M)iptions by solutions of eibmin inti.ito, cold and liot altnnittU, in loin <]( moi s ot dilntioii, in 
thukiicssos imersely as the dilutions, TIic stiongcst solution bad jOO giains of (‘iliniin nitiate pel* litie 


stionpieht solution 
38 mm thick at 22° C 


ilo 

do at 9 h^C 


solution 1/1 strength 
IVi ) nun thuk at 21"’ C 


do 

do at 94*- C. 


solution 1/H stiength 
t(>*> mm tlnck at 23° C 


d« 

do at 94° C 


solution 1/2 stiength 
7(» mill tliick at 23° C. 


do 

do. at 97 C. 



It Will be noticed that the efiect of hc.iting the .solution is m gonoral to lendei the absoiption 
bands more diffuse, and that it is the bands that increase iii diftuseness with iiici easing concentiatiou 
of the solution whicli aie most .affected by tlie rise of temperature 

The oiiginal jihotogiaiilis shew sevei.il fainter bands which ha\e not come out in the rcpioduction, 
and also .shew the lighter inteispace.s betsveen the absoiptions in the ultia violet much moie distinctly 
than the reproduction Even m the reproduction these lighter interspaces m the ultra Molet aie luoie 
distinct 111 the spectra of the cold solutions than in those of the hot solutions 




iambi idyi Tianiiutiaii*, ) o! Will, Plates 1 


Absorptions 1)y solution of {lidynmun sulptmte, told .iiul hot, in two dcj'iecs of concentuition The 
titionuei solution was a saturated solution at iOH' 


S §§ 



stronger solution of Di^( SO^) * 
Him thick, at *2 r C 


[same solution and same 
thickness, at '*() ’ C 


lialf-strength solution 
76 mm thick, at 


|half Btrcngtli solution 
70 min thick, at ‘)2 C 


'I he extension of the general absoiptioii at the more lefiangihle end of the spectnun, and the iiiciensed 
dithiseness of the bands m the blue, by the rise of teiiii»ciature is plainly seen m these photographs 


PLATE K. 


Alisoiptioiis In solution ot eibiuin ililoiide, noutr.il and acid, in two dogices of concontiation , tlie 
stioiigei noutral solution hating 720 0 giauis ol the chloinh to the litie, and the acid solution hating 
besides an amount of lijdrochlonc acid eqiin dent to the amount ot nenltal sdt 



jtroiiger neutral suliition 
88 mm thick 


riongci aiul solution 
dH mm tliick 


iiie thud stiength neutral 
bolutiori, 1.72 j mm tliick 


me thud stiength ai id 
holiition, 172 7 mm tliick 


Tlio thickness of the ahsorlient solutions is not pioiioitioiml to the ililutioiis, so th.it the al^s, 
ot figuies 3 ,iml 4 aie produced by a qnantit} of s,ilt oiie-thml gieatei th.in th it wlinli .,im 
1 .uid 2, whidi makes the bands of 3 and 4 stionger 

'file oflect of the acid is chiefly to extend the geneial ahsoiptioii at the moie icfiangihle ciul 


I ptions 
Illumes 





Camhndyo ni Ti'infaHion'S, Yol. XVJII, Plates 17, 18 


PLATE 17. 

Absorptions by solutions ^if erbium nitrate, neutral and acid, m two degrees of concentration The 
stiongcr neutral solution had OS.*) 2 gr.iins of the salt pel litie, and the acid solution had m it liesides 
as inueh nitiic .aid as was cqunalont to the amount of neutral salt. 


Rtionger solution, neutial 
.{N rnni thuk 

stronger solution, acid 
ts miu thi( k 


half strength, neutial 
7(5 mm thick 


half-stieiigth solution, acid 
7b mm thick 



The efiirt ol the .icid in leinh niig tin bands inoie diHusc is seen in these photogiaplis, anil in the 
extension of tlie gmieial ahsoi|)tion at the iiioie uliangiblc end of the setond hguio. 


PLATE IH 

Absoijitions by solutions ot dnhninini cbloiide, ncnti.il iiul acid, m two dcgices of concentiation the 
acid solutions conLuniiig the same nnoinit of didyinmin pel litie as the neutral solutions but with 
IndiiKliloiK acid in iddition 

f 1- 



Htionger solution i f DiCP, 
111 all ill, ^8 imn thick 


stionger solution, acid 
38 inm thick 


half-strength, neiiti al 
76 mm thick 


halt Bticngth, acid 
71) iinii thick 


'1 lie' chief ettect of the acid is to extend the geiieial ahsoiption at the inoie lefiaiigible end ot the 
Hiiei tiuni. 
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PLATE 19 

Abnorptions by nearly equivalent solution', of dulymium chloiide in water, in akoliol, .tml m ikohol 
charged with hydrochloric acid. The acid solution was prepared from the neutral akoholiL sr)hilit>n bj 
imssing hydrochloric acid gas into it and was found to be about nine-tenths of the sticngth in dulMumin 
of the neutral solution. 



The geiieial absorption at the more leliangiblc end is evtondcd a little b\ the alcohol, <ii)d still 
more by the addition of acid 

The bands are gcneiallj leiiderod more diffuse bv alcohol and .i little shifted tuuaids the led end of 
the spectrum, the shift inci easing as the icfrangibiliU decreases 

The acid hccms to didiise away the bands in the blue, the stiong ))aii at about X')20 aie just 
visible m the spectrum of the <icid solution cousideiably shifted towards tlu* led And the strong group 
in the yellow is still more shifted, and so spiead out that several of the component bauds aie separated 


Pl.ATK 20 


Absorptions by equivalent solutions of didvmium niti ite in water and in glvcorol 



iqueoufl holution 


glycerol Holution 


No dclimte shift of the bands by the glvcoml appeals in the photogiaph, but theie is an extension 
of the gencial absoiption at the moic lefiaugiblc end of the s|iK'itnim, and the bands aic lendeied moio 
diftuse by the glycerol. 
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PLATE 21. 


Absorptions by glass of borax coloured with dui}mnnn ovidc and b) 
nitrate containing a quantity of didymium e<jual to that in the gl iss 


I solution in water of didynuuiu 


*-( o 95 os 

Oi ^ iH CO 

kO lO 


I 1 


)orax glass coloured with 
didymium 


iqueous solution of 
dulymuini nitrate 


These photographs are disfigured with hoiizontal lines due to dust on the slit of the spectroscope. 
It will be seen that the bands are for the most part shifted by the borax but \ery unequally so, also 
that the bands aie lendcied more diflusc by the borax and some almost diffused away 



PL\TK 22 


Absoiptions by equnaleiit solutions of duhmium acetate m acetu acid and of didymium nitiate m 
watei. 



didymium acetate 
dissohed lu acetic acid 


equivalent aqueous 
solution of nitrate 


The liands me geneialh shifted towaids the icd by the acetic acid, and m the jdiotogiaph the 
shift diminishes as the band is less letraugible, but the dispersion of the spectroscope also diminishes 
as the light is less lefrangihle, so the appirent diminution of the shift is not altogether leal 

The acetic acid also increases the diffuseness of the bands, as is very manifest in the cttse of the 
band at about X47(), and may bo traced m otheis 
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PLATE 23. 


AbMorptions by 
with ammonia. 


solution's of dicl^mium chlonde in 


water, and 


of didjinmm tat ti ate in water chaiged 


§ 

>o 


c 

US 


I I 



The birtiatc has all its bands uioie diffuse than the chloiide, .some of them almost diffused away, 
and tliey aie shifted towards the icd 
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